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SOME REMARKS ON HILBERT’S (WEAK)

NULLSTELLENSATZ
GIUSEPPE IURATO
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97100 Ragusa (RG)
Sicily, Italy
e-mail: iurato@dmi.unict.it
Abstract

Certain remarks are provided related to weak nullstellensatz exploiting
some problems proposed in Fulton’s book entitled “An Introduction to
Algebraic Geometry” and elementary notions of Functional Analysis.

Let K be an algebraically closed field of characteristic zero.

LIf f eK[X, ..., Xy], &, ..., a; € K, then

n

f= Z XiyninH(Xl —a)! (1)

120 1=1
I=1,..,n

for certain Aij..i, € K (see [1, Problem 1-7, (a)]).

Example. If K=C, f(X)=X?>+1eC[X] and aeC, then f(X)=
MX —a) +u(X —a)+o with L =1, p=2a, o=1+a’

If n=1, then K[X] is a Euclidean domain (ED). By Division Algorithm, we
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obtain' f(X)=(X —a)q(X)+r(X) with r=0 or 0<degr <1=2aeg(X —a),
that is, r is a constant. Repeating this procedure on q(X), we have q(X)=
(X —a)t(X)+s(X)withs=0o0r0<degs <1=2eg(X —a), and hence f(X) =

(X —a)’t(X)+ (X —a)s(X)+ r(X). Thus, iterating® as far as t(X) is a constant,
we get (1) for n = 1.

We suppose that the hypothesis is true for n —1 (n > 1).

In K[Xy, ..., Xp]1=K[Xy, ..., Xn_11[Xn]= D[X,] (with D = K[X, ..., X;1_;]
only UFD), the polynomial division is possible® if the (polynomial) quotient has
invertible leading coefficient, as in X, — a,, so that

fF(X1s s X)) = A(Xq, s Xp) (X = an) + 1(Xq, ooy Xp)

with r, however, constant (because 0 < degr <1=0eg(X,, —a,)), and thus

degx, f =adegx q+1>0egyx 0, with gqe D[X,]. In the same manner, we

proceed by successive division of q(Xj, ..., X,) by X, —a,, obtaining
q(Xl, ooy Xn) = t(Xl, ooy Xn)(Xn - an)+ S(Xl, ey Xn)
with s, as usual, constant, t(Xi, ..., X,) € D[X,] and

oegy t(Xy, ..., Xp) < degx a(Xy, ..., Xp).

Therefore,
2
F(X5 s Xp) =XYooy X)) (X —an)" + (X, ooy X)) (X =) +5(Xq, s Xp),

and we proceed in similar manner until t is devoid of degree in X,,, with the final

result (generalizing the last expression for f, bearing in mind that r and s are
constants) that

in )
f(Xl, e Xn) = |(X1, s Xn—l)(Xn - an)ln + inn—j(xn - an)J (2)
j=0

'6eg p is the degree of the polynomial p.
*The iterative procedure is finite because deg t is finite.

By means of the algorithm of the Grébner’s basis, see [2].
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with iy € N, A; _i € K, Vj. But, by the inductive hypothesis (that holds true for

Ih—)

n-12>1), we have

n-1
I(Xl»"'s Xn—l): Z kjl"'jn—lH(le _aI)JI’
I1=1
I1=1

=0
=1,..,n-1

and substituting in (2), it becomes

n-1 . . in .
f(X1ses Xp)= Z 7“]1~~~jn_1H(Xj|_al)“(xn_an)ln+Z}“infj(xn_an)1
J120 1=1 j=0

I=1,...,n-1

A e K, Vj. Except changes in indices, the last expression is of

with A

in= |

the type (1), and, hence the result is true for n.

1 dn-12

I If f e K[Xy,..., X,], eg f >0 and f(a,..,a,) =0 for a, ..., ay € K,
then

F(Xps o Xn) = D Gi(Xs oo X)) (X = ) 3)
i=1

for certain (not unique) G; € K[X, ..., X,,], Vi (see [1, Problem 1-7, (b)]).

We deduce (3) from (1), proceeding by finite induction on n. If n =1, then
f(a)=0 with f € K[X], and by the well-known Ruffini’s theorem, we have
f(X)=(X —a)g(X). We suppose that the statement is true for n—1(n > 1).

Then
n -
i
FX o X)) = Y A [ O =)
120 =1
I=1,...,n
n-1 ) )
4 i i
=0 D e [ —at [(Xn —an)h,
in =0 =1
I=1,...,n-1
*We may suppose ij > 1 for some I, because, if i = 0, VI, by (1) follows that f = const.,

against deg f > 0. Hence, without loss of generality, let | = n.
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and, isolating the term A...; , we have

n-1 n-1
Z Kil..-inH(Xl -a) = Z lil---inH(xl —a))" + A0,
i1 >0 1=1 i1 >0 1=1
|:1,...,n*1 (il,....,in_1)¢(0,...,0)
so that
n-1 _ .
f= Z Z 7‘i1~~inH(Xl —a)" [(Xp —ay)"

in 120 =1

I=1,...,n—1
n-1 _ _
= > Kiin | JOX =80 + R0.giy | (X = 2"

in i1>0 i=1

R V)
n-1 _ _
- > Kigeig | | X —a)" [(Xp —aq)

in 120 1=1
(iy in-1)%(0,...,0)

+ Z:ko-..oin (Xp —ap)". (%)

in
Putting

n-1 .
9(Xps ey Xpog) = Z XilminH(Xl -a),
=1

120
(i e in=1)%(0, ..., 0)

since (i, .. in_1) # (0, ..., 0), we have g € K[X|, ..., X;,_;] to be nonconstant
such that g(ay, ..., a,_1)(= 9(ay, ..., @,)) = 0; and thus, by the inductive hypothesis

for n —1 (and being verified the conditions of the theorem for such g), we have

n-1
9(X 1 s Xnt) = D HIXps oo X)) (X = &)
=1
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for certain H; € K[Xy, ..., X_1](c K[X, ..., X;;]), so that, substituting in the last

formula (%) for f, we have

F(X, o Xp)

= Z g(xl» ) Xn—l)(xn - an)in + ZKOMOin(Xn - an)in
in

In

n-1 ) )
= Z ZHI(XD s Xno) (X) = ag) [(Xp — )" + 27‘0~~~0in(xn —ap)"
= i

in

n—1 .
= D (Xp = a)Hi(Xp, s Xn) D (X = ap)"
1=1 in

in-1
+ ZXO---Oin(Xn - an)ln (Xn - an)

In

n—1
o= ZGI(Xls o X)) (Xp =) + Gp(Xy, ooy X)) (X —2p)
1=1

n
= D Gi(Xp, s Xp)(X) — )
I=1
with

GI(Xps s Xn) = HI(Xps s Xpg) D (X =), 1 =1,.,n—1,
n

in—1
Gn (X, v Xn):Z(Xn_an)ln .
in

Thus the statement holds true also for n.

I11. For each (ay, ..., a,) € K", | =(X, —ay, .., X, —a,) isamaximal ideal
of K[Xj, ..., Xp] (see [1, Problem 1-21]).

*Let us remember that we have supposed i, > 1, that is, iy — 1> 0.
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First proof. If J is another proper ideal such that (X; — ay, ..., X, —a,) < J
< K[X, ..., Xp], then by I, we have, for each f € J, that

n
kil"‘inH(Xl —q )II € (Xl —ay, - Xn - an)
=1

i1>0
=l,...,Nn

F(X], o Xp) =
|

with deg f > 0 (because, if deg f =0, f(e J) would be constant, that is, invertible,
against to the fact that J is a proper ideal®), and then ij >1 for some I. So J <

<x1 —aj, .. Xn - an>, whence J = (Xl —a, .. Xn - an>.

Second proof. If P =(ay, .., a,) € K", let ¢p : K[Xy, ..., X,] > K be the
(polynomial) evaluation map f(X, ..., X;,) ~ f(a, ..., a). It is a surjective map,
so that Im¢p = K[ay, ..., a,] is a finitely generated integral K -algebra. If f e
Ker ¢p, then f(a, .., a,) =0, and therefore, by Il, it follows that f e
(X;—ap, .., Xp—ay), that is, Ker¢p < (X;—ay, .., Xy —ap). Obviously,
f(aj, .. a,) =0, Vfe(Xi-ap..,Xp—-2an), so (X;—ap,..,X,—a,) <
Ker ¢p, and we conclude that Kerdp =(X;—a,..., X, —a,). But ¢p is an
epimorphism, so that K = K[X, .., X,,]/Ker ¢p, and since K is a field, it
follows that Ker ¢p is a maximal ideal; hence (X — ay, ..., X, — a,) (= Ker ¢p) is

a maximal ideal.

IV (Pre-weak Nullstellensatz). K = K[Xq, ..., X, ]/{X| =&y, ..., X, —a,) (see
[1, Problem 1-21]).

K[Xy, ..., Xp] is an UFD, so that K[Xy, ..., Xq]/{(X| —ay, ..., X, —a,) is a
field. If

i:K o K[X{ . Xp]

is the natural monomorphism of immersion, and

T: K[Xl, ey Xn] —> K[Xl, ey Xn]/(X1 = ap, ..o Xn - an>

We recall that the group of units of K[X, ..., X,] is K.
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is the canonical epimorphism of projection (quotient map), then it follows that
c=mnoi:K > K[X{, .., Xq]/{X] =a, .. Xn—an)
is a ring homomorphism with functional law
o(k) = n(i(k)) = i(k) + (X; — &y, .., Xp —ap), VkeK

We prove that o is bijective. If o(k) = o(k’), then we have o(k — k') = 0, that

is, k — k' € Ker o, where
Kero = {k; k e K, i(k) e (X1 —ay, ..., X;, —ap)}.

But, in any case, i(k) is a scalar constant (in K[X, ..., X,]) and, if k —k' =
€ # 0, then it would be 0 #i(€) e (X; —ay, ..., X, —a,), that is, the maximal
ideal (X;—a, ..., X, —a,) would contain an invertible element, which is not
possible. Hence i(€) = 0, or & =0, thatis, k = k’, and thus o is 1-1. Therefore,
dimy Ker 6 = 0. Thus K is isomorphic to Imc = o(K). Since dimg K =1, it
follows that

1 = dimg K = dim Ker o(K) + dimg o(K) = dimg o(K). (%)
On the other hand, if
f(Xl, ey Xn)+(X1 —ap, . Xn - an> [S K[Xl, ey Xn]/(X1 —ay, .. Xh — an>,

thenitis f +(X;—ay,..., X, —ap) = o(k) for some k € K if and only if f —i(k) e
(X; =@y, ..y Xy —an). Then, for the maximality of (X; —ay, ..., X, —a,) (by
1), first of all f —i(k) must be not invertible. We obtain this if, for example, i(k)
is the zero-degree term of the polynomial f, provided it exists and is nonzero. Thus,
if f is constant, for i(k) = f, then we have f —i(k)=0¢e(X; —a, .., X, —a,),
whereas, if f is not constant, then it is deg f > 0 and f —i(k) is not a constant
polynomial, for any i(k) € K; therefore, the last is not a unit of K[X, ..., X,],
namely, not invertible. Thus we can consider the equation (in i(k)) f —i(k) e
(X1 —ay, ..., Xy —ap), for any choice of i(k). In the same hypothesis, if | is an

arbitrary maximal ideal of K[X, ..., X,] and f e K[X{, ..., X,] is given, a priori,
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then it is not easy to do in such a way that f —i(k)e | for some’ k € K. But, for
our purpose, if | = (X; — &y, ..., X, — ap), supposing that f —i(k) is not a constant
(as above), it is enough, simply, to observe that, if (f —i(k))(a, ..., ay) = 0, then,
by Il, it follows that (f —i(k))e (X; -ay, .., X, —a,) as required, whereas,
it (f —i(k))(ay,...,a5) =0, then we have this last zero condition for i(k)=

f(ay, ..., a,). Therefore, o is also surjective.

Hence, by (#), it follows that

K[X{, ... X;]
X1 —ap, .y Xp —2an)

dimy 7 = dimg o(K) =1

and so [K[X1, ..., X,]/{(X] —ay, ... Xp—ay): K]=1.

Remark 1. However, among the results established in 1V, the only useful is the
injectivity of o (see final proof of VIII), whose proof, besides, remains unchanged

also for any maximal ideal | of K[Xy, ..., X;], so that we have the immersion

(restriction of the scalars):
o: Ko K[Xy, .., X,]/I,

where, for the maximality of I, A =KI[Xj, .., X,]/I is a field (= A), hence a

finitely generated field extension® of K.

On the other hand, in view of the next result VIII, we might call the results of
1V to be the pre-Weak Nullstellensatz.

Remark 2. The Weak Nullstellensatz that we prove further in VIII, concerns
with an arbitrary proper ideal | of K[X, ..., X,], in the proof of which we use an

auxiliary maximal ideal J containing it. Only, a posteriori (see final proof of VIII,

"We shall deal with that question in VIIL.

5The usual proof of K = A (Weak Nullstellensatz) follows from the subsequently proof
(conducted through the E. Noether’s Normalization Lemma, and others field theory tools) that
tr A/K = 0, namely, that the transcendence degree of the field extension A/K is zero, so

that A/K is a finitely generated algebraic extension (hence finite) of K. Then, the thesis
descend by the algebraic closure of K.
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and Remark 6), we deduce that every maximal ideal of K[Xj, ..., X,,] is of the form

(X;—ay, .., X, —a,), a statement that is an equivalent form of the Weak

Nullstellensatz (see [2]).

Let K be an arbitrary field of characteristic zero, not necessarily algebraically
closed.

Let Ag be an arbitrary linear unitary commutative K -algebra. For each a € Ay,

let’

o pe k(@) = {A; & €K such that A(a—Alp, )"}
be the (Ag, K)-spectrum of a in Ag; ra, x(a)=K\op, g(a) is said the
(Ag, K)-resolvent of a in Ag.

There exists linear unitary commutative K -algebras in which such spectrum

may be empty for some of its elements: for instance, if Ay is a linear unitary
commutative integral K -algebra of finite degree (> 1) over K, then it follows that

it is a field, and so cp, g(a) =@ for each a e Ax\KAg (# &) because, since
a-Ap, € Ag\{0}, VA €K, there always exists (a — Ala, )
Likewise, if Ag = K(X), then o, x(X)=4.

It follows that the question relative to the emptiness, or not, of the spectrum of
the generic element of a given linear unitary commutative K -algebra, is not trivial
(see I1X).

If G(Ak) denotes the group of units of Ax and M(Ag) denotes the set of all

maximal ideals of Ag, then we have A \G(Ax) < Umem(ag)M-
For each a € Ag such that o, x(a) # &, the correspondence
Qa, 1) opp k(@) > Ag\G(Ag), L~ Qa, 1) =(a-1lg), A eop x(d)

is called spectral map on a; it is injective.

’1 Ag denotes the unit of such K -algebra.
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For each a € Ag such that ry, x(a) # &, the correspondence
-1
R(@, ): ra k(@) > G(Ag), A~ R@ A)=(@-rp ), Lery k@)

is called resolvent map on a; it is immediate to prove that R(a, -) is injective, and

also verify the following relations:

aR(a, &) =1p, +AR(a, 1), A e rp, x(a),

said to be the Hilbert’s identity, and

R(a, 21) = R(a, 25) = (A =A2)R(@, A)R(@, A2), Ay, Ry € May x(8),
said to be the resolvent equation.

If Ag is a linear unitary commutative K -algebra, then Ay denotes the
(algebraic) dual K -linear space of Ay, namely, the set of all linear functionals from

the K -linear space A to K endowed with the usual structure of K -linear space.

Among the elements of Ay, there exists particular linear functionals, namely,
the multiplicative linear functionals, that are also (nonzero) ring homomorphisms
between the ring structure of the K -algebra Ag and the ring structure of K: we
denote their set by A(Ag)(< Ax \{0}), and, a priori, it has no particular algebraic
structure. More specifically, the elements of A(Ag) are said to be the characters of
Ag.

If Ak is an arbitrary linear unitary commutative K -algebra, with support A,
then an Ay -ideal | of it, is a subset | < A such that Aa+ubel, A, pek,
a,bel,and abel, ac A bel. If (A +, ) is the ring structure of Ay, then
the class of all ideals of (A, +, -) is equal to the class of all ideals of Ag: in fact, it
is evident that an Ay -ideal is also an ideal of (A, +, -), whereas, if | is an ideal of
(A, +, ), from abel, ae A bel, since a= MA}K e A, A ek, it follows
that Ab € | foreach A € K.

Remark 3. Let Agx be a linear unitary commutative K -algebra, with K

algebraically closed. Let £(Ag) be the K -linear space of all linear endomorphisms
of the K -linear space Ag.
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Then we have the following representation (of K -algebras):
T:Ax > L(Ag), a~ ¢, VaeAg,
where @5 : X = ax, X € Ag. Wesay T to be the regular representation of Ag.
Let (with abuse of notation) [Ax : K] = dimg Ax =N < oo; if B = {v,, ..., V,}
is a base of the K -linear space Ay, let Mf be the (n, n)-matrix associated to
@, with respect to B, so that let' p?(k) = det(Még —Al) be the characteristic
polynomial of ¢, with respect to B, where | is the (n, n)-identity matrix, and
LeK. Itis pE(h) e K[A] with degpS (L) =n, and, if Eigg(e,) = {A; A € K,
pB(1) = 0} is the set of eigenvalues of @, for every a e Ag\{0 Ag §» We have
Eigk (Pa) < o4y, k(@) because, if & € Eigg (¢a), then ¢a(x) = Ax for, at least,

one eigenvector X # Op, of 2, so that ax = Ax, hence (a- M p )X = 0py » that
is, (& —Alp,)=0p,, whence 3(a—Lrlp, )"!. Therefore, since Eigy (¢p,) # @,
a € Ag\{0p, } because of the algebraic closure of K, it follows that o, x(a)

# @ for each a e Ag\{0p, }, and for O € op, k(0a, ), we conclude that

GAK’]K(a) 0, ae A]K'

Nevertheless, in infinite dimension, may be Eigy (¢p,) =< for some a e Ak,

and therefore, in such a case, we proceed in another manner.
V. We have the following results:
(1) If Ag and Ag are linear unitary commutative K -algebras and

¢ : Agx — Ak is a homomorphism of linear unitary commutative K -algebras, then

op x(0(@)) S op, x(a) for each ae Ag. If ¢ is an isomorphism, then
o p 1k (0(2)) = op, x(a) foreach a e Ag.

(2) If Ag and Ay are linear unitary commutative K -algebras such that

Ax c Az, then op x(a) € op, k(@) foreach a e Ag.

""The determinant that follows, is computed in the abstract field K.
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(3) If K' is a (over) field such that K < K' and Ay is a linear unitary
commutative K'-algebra, then, by restriction of the scalars, said Ax the

corresponding linear unitary commutative K -algebra, we have (i) GAK,K(a) c
opp k(@) foreach a e Ag; (i) opap, k()N K =op, x(a) foreach a e Ag;

(i) opy k(2) € o k(@) foreach a e Ag.

(4) If a is invertible in Ag, then op g(a™)={"1eop k(@)
Furthermore, for each a e Ax, we have A € o, g(na) if and only if A/p e

oa k(@) forevery p e K\{0}.

(5)If A e op, k(a), then 1" e op, g(A"), VNeN, n>2.

(6) (Polynomial spectral mapping theorem) If K is algebraically closed and
p(X) e K[X], then o5, k(p(a)) = p(ca, k() foreach a e Ag.

(7) (Rational spectral mapping theorem) If K is algebraically closed, for
each a € Ag and for each rational function y e K(X) regular on o, (a),

then X(GAK’K(a)) = GAK,K(X(H))

Let us prove (1). If a e Ag and A € op, x((a)), then A(¢p(a)—Alp, )y
= (p(a) = (1 N7 =o((a- Mag y!) in A, so that (a — Mg )" cannot exist
in Ay, otherwise @((a —Alp, )') would exist in Aj; thus A e opy k(). The
last part of (1) follows immediately from the first part.

(2) follows from (1) with ¢ the natural immersion.

In the case (3), first of all it is 1 Ax = lag because Ax and Ay have the same
(inner) addition and multiplication laws but different (external) scalar multiplication
law. If @ € Ag and A € op, k(a), then B(a — Alp, )" in Ak, and since A € K
c K, itis also 3(a — Alpy, )Vin A, so that A e o agr, k'(@), whence o, i (a)
c op,, k(a), that is (i). Conversely, if A € op,, gi(a), then (@ —2Alp,, ) in

Ay, with A € K’ and not necessarily with L € K < K'; then, if it is also A € K,
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we have Alp., =2Alp, € Ag SO that, by a e Ag, itis 3(a—2Ala, )t in Ay,
namely, A e op, (@), whence cp, x(a)NK coa k(@) but by (i) it
follows that o, x(a) < oay, x’(a), Whereas, by definition of spectrum, it is also
oae k(@) € K, sothat op, x(a) € oa,, k(@) NK; inconclusion 6., k(a)N

K =oa,, k(@) foreach a e Ag.
For the proof of (iii), we have, for each a € Ag,
O ap, k(@) = {&; A € K such that 3(a - Ala,, ytin Ag) = ope k(@) NKS

but o, k(@)K =04, k(@) for each ae Ag, by (i), and cp, x(a)c
o k(@) for each a e Ag, by (i), so that op,, x(a) = op,, k(@) for each
ae Ag.

For the proof of (4), observing that 0 ¢ GAK‘K(a), since a is invertible, it is
enough to consider the identities a™* — 7‘_11AK = xtala- Ma, ), VA =0 for

the proof of the first part, and (na — Ala, yt=pta- Ml_llAK Y1 W =0 for

the proof of the second part.
As regard (5), if A" ¢ o p. (@), then by the identity,
(@" -y, ) =(a-rp )@+ 2" AP AN, )
=(a-Alp )b(a, 1), VneN, n>2

with b(a, 2)=a"t+ra"2 +.. 4 7J“11A]K € Ag, since 3(@" -1, )Lt

follows that
1p, = (@=21p,)(ba 2)(@" =215, ) ),
thatis, 3(a — Ala, )%, whence A ¢ oag, K (@)

For the proof of (6), first of all, we recall the usual correspondence
p(X) — p(a) e Ax between (abstract) polynomials and polynomial functions (that
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it is bijective if Ak is an infinite integral algebra); moreover, in a commutative ring,
if a= Hin—1 aj, N =2, then ais invertible if and only if each &; is invertible.

We establish the statement for each a € Ag such that op, () # @ because,
otherwise, we will have a trivial case. Furthermore, the assertion is true if p(X) is a

constant polynomial, so that let deg p(X) =n > 1 with p(X)= Zin=o a; X! e K[X];

hence, if A € op, (@), then we have formally

p(X) - p()Ix(x] = D &X' - [Z aiki}uqx] = > (X~ Mgy

i=0 i=0 i=1
n
i—1
= (X = Mgpx)) Y a(X = gpx) ™ = (X = Mggxg)a(X)

i=l
so that p(a) - p(r) = (a - Alp, )q(a) € Ak, and since 3(a—Alp, )L, it follows
that 3(p(a) - p0)1p, ) hence p(R) € opy c(p(a). that is. Plon, (@) <
GAK,K(p(a))-

Conversely, if peop, x(p(a)), let us set q(X) = p(X) - plg[x] € K[X].
Because of the algebraic closure of K, we have q(X)= CHin=1(X — ) for some
¢, Aj € K, Vi, sothat g(a) = p(a) — plg = cl_[in:1 (a —2Ajlg), and since A(p(a)
—p-1g)7h, it follows that there exists, at least, one i {l, .., n} such that
A(a — Ailg )", hence (in K) mustbe a — A; = O for such i, whence p(a)— plx
= O, thatis, p = p(a) € p(oa,, k(@) and thus oa, x(P(a)) = Ploa, k().

Finally, if we fix, arbitrarily, a € Ag such that o, x(a)# J, let 3 =

f/g e K(X) be an arbitrary rational function regular on GAK,K(a). Hence, if

p=~f()/91) € x(oa,, k(a)), since

x(@) = nla, =%—%1AK =(

f(a)g(r) - 1‘(7»)91(61))_1
9(a)g(») '
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it follows that (y(a) - pla, )" if and only if #(f(a)g(r)- f(2)g(a))™", that is,
if and only if Ag(a)(g(r) f(a)/g(a) - f(A)1a, )%, hence if and only if f(1)e
S ae, k (9(2)x(a)), thatis, by (4), if and only if f(1)/g(%) € o p, K (x(2)).

VI If Ag =K[Xy, ..., Xp], then o, x(f) =D foreach f e K[Xy, ..., Xy].

First proof. We recall that the group of units of Ax = K[Xy, .., X,], say
G(Ag), is K.
If f=acK isa constant, then o5, x(f)={a} = Q. If fis not constant,

then deg f >0 with f ¢ G(Ax)(= K), that is, f is not invertible and so is also

f —alp, foreach a e K, whence 5o, x(f)=K. Inany case, we have o p, x(f)
# & foreach f e K[Xy, ..., X,

Second proof™’. Let Ai = K[[Xy, ..., X,]] be the linear unitary commutative
K -algebra of the formal power series in the variables Xq, ..., X,. Then Ax < Ag,
so that, by V, (2), we have op, g(f) < o, k(f) for each f e Ag. On the
other hand, if f =0, then o, x = {0} # &; instead, if f =0 is not a invertible
polynomial in Ag, then, at least, 0 € o, k() S0 that op x(f) =D in this
case, whereas, if f = 0 is an invertible polynomial in Ay, then it follows that the

zero-degree term of f, namely, a;, must be nonzero, whence f -2l is a
polynomial without constant term if A = ag, so that f —agly, is not invertible in
Ak, and thus at least ag € op, x(f), S0 that op, g(f) =@ is also true. In
conclusion, in any case, we have o, k(f) = @ foreach f e Ag, and then & =

op k(f)cona, k(f), feAg impliesop, x(f)#D, fe Ag, asrequired.

Note 1. The result in VI holds true if K is any integral domain.

Note 2. In IX, we shall prove a more general result for some linear unitary
commutative K -algebra Ag.

“The principle of the method of this second proof, lies on the possible invertibility of a no
constant polynomial in Ay, whose group of units is more large than G(Ax) = K.
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VII. Let Ax be an arbitrary linear unitary commutative K -algebra, and
a e Ag. Ifthereexistsa ¢ € A(Ag) suchthat ¢(a) = A € K, then 1 € oo, k().

If a is not invertible, then, at least, 0 € op, k(a), sothat o, k(a) = D and,

then it is allowed to consider the following argument: if % ¢ o, x(a), then

Ja-2lp, )L, hence ¢(a —Mp, ) #0, ¢ € A(Ag), because otherwise
Ix = dllag ) = ¢l(@ - Mp ) (@ —21p )7)

= ¢(a - M )o((a - Alpy, ) =0k,

being ¢(a —Alp, ) =Ox for, at least, one ¢ e A(Ag). Therefore, it must be
d(a—2Alp, ) =0 for each ¢ e A(Ag), that is, d(a) # dp(Ala, ) =2, against to
the hypothesis. Instead, if o, x(a) =2, then (a-2lp, ) exists for each®
A € K, whence arguing likewise as above, we obtain a contradiction. Therefore,
Aa - Ml )* for, at least, one A e K, whence % e o ap,k (@), and thus o p, k (a)

+ @.

However, we shall return on this result (see Remark 7), in view of a possible
partial converse to it.

Remark 4. If we set Ag(a) = {¢(a); & € A(Ag )}, then, by VII, it follows that

Ax(a) ¢ oy, k (a). Therefore, VII may be used as a criterion for the spectrum to

be nonempty (see VIII), when A(Ax) is non-void. For instance, if Agx =

K[Xq, ..., Xp], since the (polynomial) evaluation map f 9; C ()= f(k),
f e K[Xq, ..., Xp], is an element of A(Ak), the equation ¢(f) =2 € K becomes
C(f)y=f(k)=2, that is, f(k)—A =0, hence g,(k)=0 with g, = f -2
e K[Xq, ..., X,]; because of the algebraic closure of K, the equation g, (k) =0

has always, at least, one solution in k € K for each A (see VI).

2| particular, for % = 0, necessarily, it follows that Ja>.
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Remark 5. If | is an arbitrary maximal ideal of K[Xj, ..., X,], then it follows
that A = K[Xy, ..., Xp]/1 = K[X], .., X,,] is a finitely generated field extension
of K, with X; = n(X;), i =1, ..., n, where 7 : K[Xy, ..., Xp] = K[X], o Xp]/1

is the quotient epimorphism. Therefore, it is possible to consider the UFD

A[Xj, ..., Xp], which is a linear unitary commutative A -algebra, and, also, by the

restriction of scalars, a linear unitary commutative K -algebra (via ¢ of Remark 1);
thus it is also possible to consider K[Xj, ..., X;;] as a sub-UFD of A[X{, ..., X,].

Let Ax be the linear unitary commutative K -algebra obtained considering

A[Xq, ..., Xp] as a K -algebra, as said above.

Let Aj be the linear unitary commutative A -algebra A[X, ..., X,,], and let

A% be the dual A -linear space of Aj.

The map
C:A > AAy), k~ &y, VkeA,

defined via the (polynomial) evaluation map ,(f) = f(k) € A foreach f e A},
proves that there exists ¢ € A(A} ): for instance, ¢ = § for k € A.

Later on (see VIII), it is important, above all, to verify, in Ag, if there exists, at

least, one ¢ € A(Ak), where
A(Ag) = {d; & : Ax — K multiplicative linear functional} (< Ag \{0})
is the set of characters of Ag.

To this end, since | is a maximal ideal of K[Xj, ..., X,,], we have that | is a
proper ideal of it, so that 3f e K[X, ..., X ]\, with f = 0; if J is the maximal
ideal containing (f), then we have that | and J are comaximal distinct ideals
(by f & 1), sothat K[Xq, ..., X,] = | + J. Therefore, it is possible to consider the
map ¢ : K[Xy, ..., X,] = K such that ¢(1)=¢(1 NJ)=0g and ¢(f)= f(0)
=3y € K foreach f e J\I, where a; is the zero-degree term of the polynomial f.

Then it is immediate to verify that ¢ is a non-zero multiplicative linear functional on
Ai if we extend ¢ from K[Xq, .., X,] to A[Xy, ..., X,] setting ¢ also zero on

A[Xq, ...y XgNK[X, ..., Xp]. In short, we have ¢ € A(Ak).
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VIl (Weak Nullstellensatz). If 1 is any proper ideal of K[Xj, ..., X,], then
V()= .

If J is the maximal ideal containing I, then we have V(J) <V (l), so that
V(@) =)= V(1) = D), and, then it is possible to consider | to be maximal.
Then A =K[Xj, .., X,]/I is a field (often denoted by A as a scalar field - see
Remark 1), hence a linear unitary commutative A -algebra on itself, namely, A,.
But, according to Remark 1, A is, also, a linear unitary commutative K -algebra,
namely, Agx. We are interested in GAK’K([f]), rather than in GAA,A([f]), for
[f] e A, and, for this, we observe the following. If [f]= f + | € Ax\{0}, then we
have”, for & € K, that (f +1)=Ala, =(f +1)=A(g + 1) =(f —=Alg)+1 is
not invertible if and only if it is zero (in a field, as A), that is, if and only if
f —Alg eI, with f ¢ | because [f]# 0 in A. Therefore, it is required to find
L € K\{0} such that'* f —Alg e I, if we wish to prove that' op x([f]) %@

Now, taking into account Remarks 1 and 5 (with n =1), we consider A[X],
with the field A =K[Xj, ..., X,]/! as a linear unitary commutative K -algebra, say
Ak . Therefore, since there exists ¢ € A(Ak) by VII, it follows that o, x([f])
# @ for each'® [f]e Ak, whereas, by V (2), it follows that @& = op x([f])
c o, k([f]) implies oa, x([f])# D for each [f]e Ak, if we consider Ay
as a linear unitary commutative K -algebra which is a sub-algebra of

Ak (= A[X] as K-algebra).

Then op, x([f]) # @ for each [f] e Ag \{0}, with 0 ¢ op, x([f]) because,

Pl s the unit of A =K[Xy, .., X,]/I as K -algebra, whereas 1y is the unit of K, the
same of K[X, ..., X, ].

"It is necessarily A # 0 because f ¢ I.

13See footnote ’

"*Whence, by V, (3)(i), with K’ = A, it follows that o, A([f])# @ for each [f]e Ag.
Moreover, we observe that the support of Ax and the support of A, are equal (= A);
likewise for Ax and Aj, with common support A[X].
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by 0 = [f] e Ag with A(= A) field, it follows that [ f ] is invertible, so that 0 cannot

be an element of 55, k([]); likewise, each [f] # 0 is invertible in the field A, so

that it must be [f] - Ala, =0 foreach & € op, x([f]) because, if it is nonzero, it

would admit inverse in A whereas A([f]— A1, ) 'since & e & A K ([T]); therefore,
for any [f]e Ag\{0}, we have [f]=2Alp, for each A eop x([f]). Thus
([f1=)Ma, =2"1pe, A A € opy g, for which & =2/, whence op, x([f]) is
a singleton for each [f]e Ag\{0}; on the other hand, if [f]= 0, then we have
o py K ([]) = {0}. Therefore, cardop, x([f]) =1 forall [f]e Ax.

Thus, it is possible to consider the map
viAg > K [f]~ Meop, k([f]), V[f]le Ag

that it is well-defined because, for [f]# 0, we have the singleton op, x([f]) =
{1} (= {0}), whereas, if [f] = 0, then o, (0) = {0}.

v is a monomorphism. In fact, we have yw([f]+[g]) = A+, if w([f]) = A and
v([g]) = 1, because, as we will see, A(([f]+[g]) — (A + p)la, )" so that A + p

€ op k([f]1+[9]), and since cardop, x([h]) =1 for all [h] e Ay, it follows

that o, g([f]+[9])={% +u}; on the other hand, L +peop, x([f]+[9])
because A([h] - pla, )"! if and only if h—ply €1, and since A[F]- M ay )y
A([9] - plpy ), we have f —Alg, g —ulg e |, thatis, (f +g)— (L +p)lg € I,
sothat & +p e op, x([f +9]) =op x([f]+[9]). Thus,

w([f1+[gD) =%+ p=w([f])+w(lg).

Analogously, we have y([f][g]) = A because f —Alg, g —plg €| implies
(f - )\,IK)(g - HlK) € I, that iS,

fg —uf —Ag + Aulg = fg — Aplg + 2hulg —puf —2Ag

(fg = Aulg) + u(f = Alg) + Mg —plg) € 1,
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and since f —Alg, g —plg € 1, it follows that u(f —Alg), AM(g —plg) e | and
thus fg —Aplg € I, whence A € o, k([9]) = o p, k ([T][9]), so that w([fg])
= y([f]lg]) = An = w([f)w([g]).

Finally, if a € K\{0}, then y(a[f]) = o)A because it is enough to observe that
(o f]-orlp )" =a ' ([f]- Al )", and that (aff]-okla, )™ exists if and

only if ([f]—2Ala, )" exists, so that w(a[f]) = ak = ay([f]).

Finally, since Kery ={[f],[f]e Ax, w([f]) =0} = {0}, it follows that v is

injective'’.
Therefore, we have the immersion
v Ag = K[Xq, ., Xp]/l & K “4)
that, combined with the immersion (see Remark 1)
o: Ko K[Xy, .., X,]/I, (5)
gives rise to an isomorphism of the type K = K[X|, ..., X ]/1(= Ax) ™.

On the other hand, for each [f]= f +1 e Ax\{0}, we have seen that
[f]-Alp, =0 in Ag, forall & e op g([f]), sothat (f+1)-A(lg +1)=1
(since 1, =1Ig + Iin Ag). Then (f —Alg)e | for each f e K[Xy, .., X,],
and hence f e | + K (for K = {Alg; A € K} < K[Xy, ..., X;]). By I, since K <
K[X{, ..., Xp], it follows that K[Xj, .., Xp]=1+K; then X;el+K, ie
{1, ..., n}, that is, X; = a; + m; with a; € K and m; e | for all i, for which X; — g;
=m; €|, and then (X; —ay,.., Xp —ap) < I. But (X; —a,.., Xp—ay) isa
maximal ideal (by Ill), so that (X;-ay,.., X, —a,) =1, and thus V(I)=
V(X —ay, ... Xp —ap)), whence (ay, ..., ap) € V(I), thatis, V(1) = &.

"Direct proof: if w([f])=w([g]) for [f], [9] € Ak, then A =, whence [f]= Ma,
=plp, = [g], as required.

'8From here, it is also possible to get the thesis continuing in the next Remark 6.
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Remark 6. If we consider the quotient epimorphism
KX, o Xl = KX, o Xpl/1 = KX, o0 X ] = Ag (6)

with X; = n(X;), ie{l, .., n}, then by VIII, it follows that GAK,K(Yi) + O,
. -1 S .

that is, 3((X; + 1) —(aj + lp, )", for & € op, g (Xj), in the field Ag(= A),

so that it must be (Xj+1)—(a +1)=0p,. Then X;-a el, and hence

(X; —ay, ..., Xy —ay) < |, so that, by the maximality of (X; —ay, ..., X, —a,)

(see 111, it follows that | = (X; — &y, ..., X;; — @,). From the latter, it is possible to

understand the meaning of GAK’K(ii) (via g € GAK’K()Ti ), Vi).

This is another proof of the fact that any maximal ideal of K[X{, ..., X,,] is of

the type (X; —ay, ..., X — @), for certain (aj, ..., a) € K".

Let K be an arbitrary field. If Ak is an arbitrary linear unitary commutative
K -algebra such that Ag /I = K for every maximal ideal | of Ay, then Ay is said

to be a spectral algebra. Therefore, the Weak Nullstellensatz proves that
K[X{, ..., X;y] is a spectral algebra.

Let K be an arbitrary field of characteristic zero.

We recall that Ay is always a K -linear space, so that we set (with abuse of
notation) [Ag : K] = dimy Ag. Furthermore, if every non-zero element of Ay has
a multiplicative inverse (that is, Ak is a field extension of K), then we call Ay,

more specifically, a division algebra (according to B. L. Van der Waerden).

IX. If Ax is a linear unitary commutative integral K -algebra, and K is an

arbitrary field of characteristic zero, then we have the following results:

(1) if K is not algebraically closed and 2 < [Ak : K] < oo, then there exists
a € Ag suchthat op, x(a) =D (see final Note 3);

(2) if [Ag : K]=wo, K is not algebraically closed and Ax is a division

algebra, then there exists an a € Ag such that op, x(a) = &;
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(3) if [Ax : K] = and Ag is not a division algebra, not finitely generated as

aK -algebra®, then o, (a) # @ foreach a e Ag, whatever be the K.

(4) (Generalized Gelfand-Mazur) if [Ax : K] =1, then op, x(a) = @ for
each a € Ak, and Agx = K, whatever be the K (see Remark 9).
If Ax is a linear unitary commutative K -algebra, K is an algebraically

closed field and [Ax : K] < card K, then Ax is a spectral algebra, and therefore

opg k(a) = @ foreach a e Ag.

Let us prove the first part of the theorem.

If 2 <[Ag :K]< oo, since Ak is an integral domain and a finite dimensional
K -linear space, it follows that it is a field (because ¢, : x — ax, x € Ak is an

automorphism for each nonzero a) with Ag\Kl, = & (by [Ag : K] > 2), so that

for each a e Ag\Klp, , we have 3(a-ila, yte Ag\Klp, , A eXK. Thus

oy k(a) = @. Therefore, (1) is proved™.

If Ag is a field, since [Ax : K]=o and K is not algebraically closed, it
follows that Ay is a proper field extension of K, so that Ag\Kls, = <, and then
E'(a—}\,lAK )716 AK\{OAK}’ rekK, ae AK\K]'AK' that iS, GAK’K(a) = for
every a e Ag\Kl,, ; whence™ (2).

If [Ax : K]=1, then we have that Ay is a trivial extension of K, so that

opp k(@) = {Aa} with @ = 4,1, foraunique 1, € K forevery a e Ag; hence

¥ Therefore, if K is not algebraically closed, then Ax may be a division algebra, finitely
generated as KK -algebra. For instance, K(X) is a division algebra (finitely generated field
extension of K), not finitely generated as K -algebra, for which (3) does not hold, as already
seen.

“For instance, if Ax = Cg, then oo r(i) =@

#'For instance, if Ay = Rg, then [R: Q] = and ORg,q(e) = 2.
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i

opp,k(a) =D, ae Ag, and thus (4) is proved, with Ag = K, where y:a —

7\,a, ae A]K'
For the proof of (3), assume it to be false.

Let op, k(a) =D for, at least, one a € Ag, so that we have 3(a — Al )y,
Vi e K, whence it follows that, in particular, a € G(Ag). If a =1, then for
A =1k, we arrive at an absurdity so that let a € G(Ag )\{la, }; if G(Ag) = {la, .

then we obtain again an absurdity, so we suppose & # G(Ag )\Ip, } © Ag.

Consider A[[L]], the linear unitary commutative integral K -algebra of the

formal power series in A (considered, a priori, as an abstract theoretical variable),

with coefficients in A(= support of Ay ). Since a is invertible, we have™

-1 ~(n+1 -1 -1 1
(@=np ) = D a ™ @ )= Y A (7)
neNo HGNO
We endow A[[A]] with an adapted topology as follows. We recall that, if Q is an
abstract set (of indices), and A is a unitary commutative ring, then we denote

the total algebra, generated by the monoid (of multi-indices) Ng2 over A, by

2In a power series ring A[[T]], where A is an arbitrary unitary commutative ring, subsists the
following Neumann’s expansion (1-T)! = ZneN T". Moreover, we recall that, if we
0

consider the norm

v Al[A]] > Ny, v[ Zank”J = order of Zankn,

neNy neN

then we may define the convergence

> " = lim Zn:aix‘ P v[ > an - Zn:aix‘} >n (8)

neN, n=>%iZ0 neN, i=0
definitively, from which it follows the result: if {x}, eN, is a sequence of A[[r]], then
ZneNO xn converges if and only if lim,_,., v(x,) = +o, whence, by (8), also it follows that

the general term of a convergent power series tends to zero (see [5]).
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Al[(Xi)icoll: it is the algebra of formal power series in the indeterminates
X; (i € Q) with coefficients in A, whose general element is of the type u =

ZVENQ a, X" with term a, X" (X" in multi-index notation) of degree | v | = 0.
0

0
By the well-known identification series-sequences, we have A[[(X);_q]] = ANO

Q
where AN0 s the formal Cartesian product of many copies of A, that is, of the type
I1si= {(p; 9:1 | Jsi.oli)es;, vie |},
iel iel
Q
where | = Ngz and S;j = A, Vi. By the Axiom of Choice (Zermelo), ANO = &
Hence, for instance, it is possible to endow A with the discrete topology, and then

Q
(AN =) Al[(X; )icq ]l with the product topology that we will call the canonical

topology (if card Q) < oo, such a topology is discrete). In this topological space, it is

possible to prove the following result (see [5, Chapter IV, Section 4, n. 2]).

X. Let E be an infinite set of indices and (u;);.q be a family of elements of
Al[(X))icql] with uj = ZvajvxV for each j € =. Then the following conditions
are equivalent:

1. The family (uj)jEE is summable in A[[(X; ). ]]-

2. limju; = 0 taken along the filter of complements of finite subsets of =
(cofinite filter).

3. Forevery v e Nf)), aj, = 0 except for a finite number of indices j e =.

When, at least, one of these conditions holds, then the series u = Zj€: uj is

; Q
equalto ) a,X" with a, = ZjeE aj, foreach v e Ng.
Remark. As an example of summable family, we consider the following: if
u e Al[(Xj)i.q]] with a, the coefficient of X" in u, then the family (a, X V)veNf))

is summable with sum u (see, also, footnote *").
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In our case, we consider A[[L]] as above with cardQ =1 and (X;);_o, reduced

only to A. By the convergence of the series of (7) for every A € K, it follows that

the general term of these, tends to 0 in the adapted topology of X, (2), whence also
that

lim a~ ™D = fim a™i" = ¢ 9)

n—oo n—oo

in Nj. On the other hand, card K = o because K has characteristic zero, so that
card A = o, and therefore there is a natural continuous® bijection between the
algebra of (abstract) polynomials of A[A](c A[[A]]), and the algebra of polynomial
functions (of the type f : 2 — f(X) € A, VA € A), namely, Fpo (A, A). Thus, by

(9), it follows that a~ ™" — 0 and a™\" - 0 for every A € A, hence also

for A =15, whence

lim a ™Y =0, 1im a™Y = 0. (10)

n—oo n—oo

But, since A is arbitrary for every A # 0, we have
@' -t =2 la@a-a), v e Ko,

from which it follows that (10) must hold simultaneously, which is absurd since (in
the integral domain A), we have a~(MDa(n+1) 1p, Vn e Nj. Hence, (3) must be

true.

We prove the second part of the theorem.

BThis continuity holds in the previous topologies of A[[A]] (where A[L] is dense), and in the
discrete topology of the algebra of polynomial functions Fpq (A, A)(c F(A, A)) (induced

by the discrete topology of AN = F (A, A), where A? must be understood as product set -
see [9, Chapter II, Section 5, n. 2] - but endowed with the discrete topology). Furthermore,
since we have excluded that A may be a division algebra not finitely generated as K -algebra,
the natural identification A[A] = F o (A, A) holds true (for instance, this does not subsist if
A is the (infinite) pure transcendental field K(X), since, because of the singularities of the

rational functions, these do not be extended, as a functions, on the whole of A).
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If | is an arbitrary maximal ideal of Ay, then it follows that ZK = Ag/l isa
field extension of K. Suppose Ag # K, and let X € Ag \K. Hence, (X — M;\K) is
invertible for every A € K, that is, G;K,K(Y) =, and then p;K’K(Y) =K
Therefore, since n = [Ag : K] < card K, if {X;, ..., X} is a system of generators for
A, it follows that {X; = X; + I;i = 1, ..., n} is a system of generators for A, so

that [Ax : K] < n <card K. Hence, {(X — MKK )'; & e K} is a linearly dependent

5 -1 _ - %) =
system because we have card{(X — MKK) ; A e K} = card pAK,K(X) = card K,
whence
Zui (X- WZ\K )_1 = OKK for some p; € K, i € A, not all zero,
ieA
and for each finite set (of indices) A. Therefore, X is algebraic over K, so that

X € K, which is impossible. Thus, KK = K, and we have the proof arguing as in
that of VIII.

Note 3. If K is algebraically closed, then 1 < [Ag : K] < o cannot be true. In
fact, since Ay is an integral domain and 1 < [Ag : K] < o0, Ax would be a field
and, therefore, Ax = K because K is algebraically closed. Hence dimy Ag =1,
as against [Ag : K] > 1.

Likewise, if [Ag : K] = oo, then K is algebraically closed and A is a division
algebra. Instead, if K is algebraically closed and Ay is a division algebra, then (see

4 of IX) Ag = K, and so, in this case, we have again op, x(a) # &, a e Ag.

Finally, we observe that the condition [Ag : K] < card K in the last part of the

theorem, is satisfied by every linear unitary commutative K -algebra having a (finite
or) infinite system of generators ® whose cardinality has an order of infinity less
than of K (we recall that card K = oo, since K is algebraically closed): for
instance, may be card® = ¥, and card K = 20,

Then, if we take into account the order of infinity of card K, it is possible to

extend the first part of 1X, on the basis of its second part.
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Remark 7. Under the hypothesis and notations of VIII, by (4), it follows that
v € Ag\{0} is a non-zero® multiplicative linear functional. We write this, more

specifically, as .

Let Ag be a linear unitary commutative integral K -algebra that satisfies 1X,

(3). Let A(Ag)(< Ak \{0}), the set of characters of Ag.

Each ¢ € A(Ag) is surjective and dimyg K =1, so that Ag/Ker¢ = K, and
then Ker ¢ is a maximal ideal of Ag. Conversely, let M be an arbitrary maximal
ideal of Ag. Putting E\K = Ag /M, we obtain that ZK is a field, therefore also (by
the restrictions of the scalars) a linear unitary commutative K -algebra. Using VIII

(via (3)) of IX, we have GKK,K(a) # (), with card G;K’K(a) =1, for each a € Ag.

Analogously, we may define the monomorphism ), : KK — K like y;| of (4),
and, if n: Ag — KK is the quotient epimorphism, then ¢p =y om: Ag > K
is a multiplicative linear functional with Ker ¢p; = M, so that vy, € A(Ag), since
Ker ¢py = M is a proper ideal, whence ¢p € A(Ag). Furthermore, since M =

Ker ¢pq with ¢y, surjective, it follows that y is also surjective, so that KK =~ K

Therefore, from this last result, it follows that any K -algebra satisfying 1X, (3),
is a spectral algebras.
Furthermore, if M(Ag) denotes the set™ of all maximal ideals of such an Ax

(often called maximal spectrum of Ay ), then it follows the existence of a bijective

map between A(Ag) and M(Ax), namely, &:A(Ag) > M(Ax), given by
o ~~ Ker ¢.

Thus for such K -algebras of X, (3), it is possible to have the converse of the
result in VII because, if a € Ax and % € op, x(a), then (a—Alp, ) is not

HSince v is injective.
Bt is non-void because Ay is not a field, so that there exists, at least, one maximal ideal

containing {0, }.
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invertible, and therefore, it belongs to the proper”® ideal J, = (a—nl Ax ). Let
I, € M(Ag) be the maximal ideal containing J; if ¢, = £ '(I;) € A(Ag), then
Ker (I);L = IK ) J;L, so that (a - klA]K) e Ker (1);», that is, (I)}L(a — klA]K) = OK,

whence ¢, (a) = A, with ¢, non-zero because |; = Ker ¢, is a proper ideal. Now,

we prove that such ¢, is unique, because, if | is another maximal ideal containing

3., then ¢ = £7(15) may be, a priori, distinct by ¢, , and then we will prove that
dp = ¢%. For this consider Ag/l; and we put X = x+ 1, Xe Ag. If x ¢ I,
then Y = (X) + I, = Kx + Iy is an ideal of Ag with I, Y (since x ¢ I;), so
that it must be Y = Ag by the maximality of I;, hence 1p, €V, thatis, 1p, =

ax +y' for some a € K\{0 } (since 1o, ¢ ;) and y" € I, whence 1p, /), = aXx,

and then a™'e GAK/%K(Y); but Ag /I, is a field, so that (X — HlAK/Il)_I does
not exist if and only if o, x(0)= @, that is, if and only if X —ulp, €Iy,
whence X =l g,. But also X =2l g, (= a_llAK/lk) because X — Alp,
€ J;, sothat p=A(=a™'), hence x = Mp, +y for some y € J;. Thus for every
X € Ag, we have X = Al + Y for some y € J;. Therefore, if Ker ¢ = 1; 2 Jj.,

then we have J; < Iy, (11} sothat,by x =Alp, +Y, Y €I,
0 (%) = dp (M p +Y) =Ap, =05 (Mp, +Y)=93(X), Vxe Ag,
and hence ¢, = ¢).

Thus, from Remark 4, we conclude that o, (a) = Ak (a), for each a e Ay,

if A(Ag) # @.

Let Akx be a linear unitary commutative integral K -algebra that satisfies 1X,

% J, is a proper ideal because it contains the non-invertible element (a — Al AK): in fact,
otherwise, it would be 15, € J, sothat 1p, = f(a - Al ) for some f e Ay, against the

non-invertibility of (a — Al ).
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(3). If we set
a(9) = o(a), ¢ A(Ag) and a € Ag,

then we can define the following correspondence, called Gelfand’s transformation
(or the canonical functional representation of Ag):

G:Ax > F(A(Ak), K), a~ G(a)=4, Vae Ak,

where F(A(Ag), K) denotes the usual linear unitary commutative K -algebra of
maps from A(Ag) to K; G(a)=4a is called the Gelfand’s transform of a. It

is, also, possible to consider G as the result of the following semi-duality pairing
(a, ¢) > (a, ) = §(a).

That G is a ring homomorphism follows from
(G(ra + ub))(9) = ¢(ra + pb) = Ad(a) + nd(b)

= (A& + ub)(¢) = (AG(a) + nG(h)) (¢), ¢ € A(Ag)
and
(G(ab)) (¢) = ¢(ab) = d(a)a(b) = (G(a) (9)) (G(b)(9)), & € A(Ag).

Therefore, G(Ax) is a K -subalgebra of F(A(Agk), K), whose elements separate
the points of M(Ag): indeed, by M(Ax) = A(Ag), if M|, My € M(Ag) with
M; =£(¢i), ¢i e A(Ak), i=1,2, and M| = M,, then M; =Ker¢;, i=1,2 and
there is an a € M{\M, such that d(¢;) = 0 and a(¢,) # 0, so that, if we put (with
abuse of notation) a(¢) = 4(M) and M = &(¢), we have, at least, 4(M;) = 0 and
a(M,) = 0.

Then, as a result of a partial converse of VII, we have

X1 (Wiener-Gelfand). Let Ax be a linear unitary commutative integral

K -algebra satisfying 1X, (3), that is, not a division algebra. Then
(1) op, k(a) = Ax(a) = G(a)(A(Ak)) = ImG(a) for each a e Ag.

(2) a € Ag\{0} isinvertible if and only if 4(¢) = 0 for each ¢ € A(Agk).
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(3) a € Ag\{0} is invertible if and only if & is invertible in F(A(Agk), K) with
a'l=1a

(@) Ker G =[Ny _uyae)M = rad Ag.

(5) (Spectral mapping theorem) o z((ay ), k), k(9()) = op, k(a) for each
ae Ag.

Indeed, if % € o, x(a), then there is a ¢; € A(Ag) such that Ker¢; o
(@—Mlp, ), whence a—ilp, €Kerg,, that is, a(¢)=9;(a)="2 e ImgG(a),
and then o, x(a) € ImG(a). Therefore, (1) follows from VII.

Then a e Ag\{0} is invertible if and only if 0 ¢ op, x(a), thatis, by (1), if

and only if 0 ¢ ImG(a), hence if and only if a(¢)=¢(a)= 0 for every ¢ e
A(Ax ). Therefore, (2) is proved. Furthermore, (3) follows immediately from (2).

As regard (4), because of the bijective correspondence & : ¢ — Ker ¢, between
A(Ag) and M(Ak), we have a € Ker G if and only if & = 0, that is, if and only
if 4(¢) =0, ¢ € A(Ak), hence if and only if a € Ker ¢, ¢ € A(Ag), therefore, if

. € ~ .
and only if a e ﬂ¢€A(AK) Ker ¢ = ﬂM M(Ag) M = rad Ag (the latter being the
so-called Jacobson’s radical of Ay).

Finally, we establish (5) for each a € Ag such that © AK,K(a) # (J, since,
otherwise, the assertion is plainly true. If A € or(aar) k), k(G(a)), then
A(G(a) = Mz (a(ag ),K))_l, hence it is zero, at least, at one point of its domain, that
is, there exists ¢ € A(Ax) such that (G(a) = M ra(ax ), k) (9) = d(@ —Ala, ) =0,
whence ¢(a) = A, and then (by VII) A € o, x(a). Conversely, let & € o, x(a),

. -1
and therefore, there exists an M € M(Ag ) = A(Ag ) such that (a —2Alp, )" € M,
thatis, (@a—Llp, )eM = £71(¢) for a unique ¢ € A(Ax ), whence ¢(a— Ma, ) =0,

that is, (G(a)~Alr(a(ag),k))(9)=0, and therefore (G(a)—Alr(a(ay)k)) is not

invertible, and so & € 6r(z(Ax ), K), K (G(2)).
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If rad Ag = {Op, }, we say that Ay is semi-simple, then G is injective if and

only if Ay is semi-simple.

For semi-simple algebras, we have the isomorphism Ax = G(Ag), with

G(Ag K -subalgebra of F(A(Ag ), K).

Note 4. XI may be used as useful criterion for non-voidness, or not, of the

spectrum of a given element, by means of the analysis of A(Ag), only when it is
non-void. For instance, if Ay is a pure transcendental field extension of an arbitrary
field of characteristic zero, say K, then we have Ay = K(X) and thus A(Ag ) = O@:
indeed, if ¢ € A(Ag), ¢ : K(X) — K would be a non-zero surjective multiplicative
linear functional. Since K(X) is a field (hence with M(Ax)= ), ¢ must be
injective, that is, ¢ would be an automorphism between K(X) and K, which is

impossible.

On the other hand, K(X) does not satisfy IX, (3), since K(X) is not finitely

generated as K -algebra, so that, for this XI, (1) does not hold. Nevertheless, VII is
not in contrast with that, if Ax = K(X), because, in this case, it is (see Remark 4)

Ag(a) =9, ae Ag for A(K(X)) =@, but ogx)k(a)=1{a}, VaekK, and
GK(X),K(a) =0, ae K(X)\K

Due to the last results, if we define

AAg) = | oae. k@< K)

aEAK
as the Gelfand’s spectrum of Ay, then we may consider the bijective map

P Q(AK) - A(A]K)» A~ ¢7w VA e Q(AK):

making it possible to consider A(AK)(g Q(Ag)) also as the Gelfand’s spectrum of
g
Ax; but A(Ag) = M(Ax), so that M(Ax) = Q(Ak).

XI1. Let Ax be a linear unitary commutative integral K -algebra that fulfills
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IX, 3). If aj € Ag, i=1,..,n, then either there exists ¢ € A(Ax) such that
4(¢)=0, i=1,..n, orthere exists bj € Ag, i=1,..,n such that Zin=1 b;a;
= Iy

Indeed, if (ay, ..., a,) is a proper ideal of Ay, then there exists, at least, one
maximal ideal containing it, say M, so that let ¢ = & '(M) e A(Ag) with M =
Ker ¢, whence a; € M, Vi implies ¢(aj) = &;(¢) = 0. Instead, if (a, ..., a,) isa
not proper ideal, then (ay, ..., 8n) = Ag, so that lp, € (ay, ..., @), from which it

follows the second statement.

Remark 8. On the basis of the last results of the previous Remark 7, we
introduce an application connected with elementary algebraic geometry.

Let K be algebraically closed. Let V =V (J) be an affine variety, defined
by the ideal J < K[Xj, ..., X,], not reduced to only one point. Then, if Ag =
K[X{, .., Xp]/1(V)=T(V) is the coordinate ring of V, with J < I(V(J)), then
(V) is not a field”, so that M(Ax) # @. Furthermore, T'(V) is a linear unitary
commutative integral K -algebra, with [[(V): K] = oo, that it is not a division

algebra, and so Ax = T'(V) satisfies 1X, (3) (see also Note 3).

We prove that V(J) = A(T(V)). Indeed, if P =(a, ..., a;) € V(J), then we
have the (polynomial) evaluation map Cp : f — f(P), f e K[X|, ..., X,;], hence

there exists a unique monomorphism yp : (V) — K such that {p =y om,
where w:K[X, ..., X ] > (V) is the quotient epimorphism, so that we may

associate to P the monomorphism yp € A(T'(V)), namely, let 1: P — yp.

Conversely, if y e A(T(V)), then 3=yon:K[X}, .., Xp]>K is a

homomorphism. Let a = 3(X;), i=1, .. n, then P=(a, .., a,). Therefore,

"Indeed, it is known the equivalence of the following conditions: (1) V(J) is a point; (2)
rV)=zK; 3) [[(V): K] < . See[l,Problem 2-4].
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Cp(f) = f(ay, ... ag) = F(9(X;), ..., 9(X,)) = 9(f),*® so that 9 = Lp, whence
ypon=Cp =3 =yomn for which, by the uniqueness of wyp, it follows that
v = yp = U(P). Furthermore, for each f e I(V), we have f(P)= f(a,...,a,)
=9(f)=(yon)(f)=wy(n(f)) =0 because f € I(V) and therefore, n(f) =0,

so that P € V(J). Hence, 1 is bijective”, and since it is immediate to verify that it is
also a homomorphism, we conclude that V(J) = AT V) (< (T(V))"\{0}).
On the other hand, as regards to what has been said above, we have

g o I
AT(V)) 2 M(T(V)), whence V(J) = M(I'(V)), achieving results similar to those
described in [6, Chapter I, Exercises® 26, 27]. We prove this property, also taking

into account the notation of [6, Exercises 26, 27].

<
We recall that A(Ag) = M(Ag) with &: ¢ — Ker ¢, so that we have simply
p=Eo1:P — Kerdp = mp for every P €V(J). Therefore, pn is bijective, as

required.

Remark 9. Historically, the origin of the notion of spectrum of an element of an
algebra may be recognized in a proof given by Weyl in [10, Chap. V, Part A, Section
7, p- 316 (of the Dover edition)], where he proves that the only division algebra of

finite order, over an algebraically closed field, is this field itself.

noo
ZIndeed, if (X, .., X;) = z aj...i, H XIJ-J, then, since 9 is a ring homomorphism,
ijZO j=1
j=L..,n

we have

n

X)), 0 90X = D ag [TOXT =98 D ayq [T X7 | = 9(F).
j=1

ij20 .ijZO j=1

j=l,.,n j=l,..,n

»Among other things, the bijectivity of 1 implies that each character of I'(V) is a

(polynomial) evaluation map.

These exercises seem to be an initial link-point between Algebraic Geometry and Operator
Algebras Theory.



78 GIUSEPPE IURATO

On the other hand, the so-called Gelfand-Mazur theorem says that every
complex Banach algebra, that is a division algebra, is (isometrically) isomorphic to
C. This theorem is truly one of the most fundamental theorems in the study of
commutative Banach algebras. It was announced by Mazur in 1938 (see [11]) and
proved by Gelfand in 1941 (see [12]). For various other proofs of this theorem, see
[13].

Remark 10. By an evasive suggestion of Danilov (see [4, part 1I, Chapter 1,
Section 1, Subsection 1.5]), about a presumed analogy (of enunciations) between the
Weak Nullstellensatz and the Gelfand-Mazur theorem of the Theory of Operator
Algebras (as, for example, exposed by [3, Chapter 1, Section 4]; see, also, [8]), we
have outlined above results, taking into account few, but meaningful, problems
proposed by Fulton [1], and two exercises of [6], together with some subjects drawn
from the theory of abstract Banach algebras that could be extended in a purely

algebraic setting.

On the other hand, in another context, Almira in [2] (and [7]), has given a proof
of the Weak Nullstellensatz through both the Fundamental Theorem of Algebra (via
Grobner’s division algorithm), and the Gelfand-Mazur theorem, but only in the case

K = C, following a procedure completely different from that taken here.
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