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Abstract 

Certain remarks are provided related to weak nullstellensatz exploiting 
some problems proposed in Fulton’s book entitled “An Introduction to 
Algebraic Geometry” and elementary notions of Functional Analysis. 

Let K  be an algebraically closed field of characteristic zero. 

I. If [ ],...,,1 nXXf K∈  ,...,,1 K∈naa  then 

( )∑ ∏
=
≥ =

−λ=

nl
l

l
n

i

n

l

i
llii aXf

...,,1

1
0 1

"  (1) 

for certain K∈λ nii "1  (see [1, Problem 1-7, (a)]). 

Example. If ,CK =  ( ) [ ]XXXf C∈+= 12  and ,C∈a  then ( ) =Xf  

( ) ( ) σ+−μ+−λ aXaX 2  with ,1=λ  ,2a=μ  .1 2a+=σ  

If ,1=n  then [ ]XK  is a Euclidean domain (ED). By Division Algorithm, we 
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obtain1 ( ) ( ) ( ) ( )XrXqaXXf +−=  with 0=r  or ( ),10 aXegreg −∂=<∂≤  

that is, r is a constant. Repeating this procedure on ( ),Xq  we have ( ) =Xq  

( ) ( ) ( )XsXtaX +−  with 0=s  or ( ),10 aXegseg −∂=<∂≤  and hence ( ) =Xf  

( ) ( ) ( ) ( ) ( ).2 XrXsaXXtaX +−+−  Thus, iterating2 as far as ( )Xt  is a constant, 

we get (1) for .1=n  

We suppose that the hypothesis is true for ( ).11 >− nn  

In [ ] [ ][ ] [ ]nnnn XDXXXXX == −111 ...,,...,, KK  (with [ ]11 ...,, −= nXXD K  

only UFD), the polynomial division is possible3 if the (polynomial) quotient has 
invertible leading coefficient, as in ,nn aX −  so that 

( ) ( ) ( ) ( )nnnnn XXraXXXqXXf ...,,...,,...,, 111 +−=  

with r, however, constant ( )( ),10because nn aXegreg −∂=<∂≤  and thus 

,1 qegqegfeg nnn XXX ∂>+∂=∂  with [ ].nXDq ∈  In the same manner, we 

proceed by successive division of ( )nXXq ...,,1  by ,nn aX −  obtaining 

( ) ( ) ( ) ( )nnnnn XXsaXXXtXXq ...,,...,,...,, 111 +−=  

with s, as usual, constant, ( ) [ ]nn XDXXt ∈...,,1  and 

( ) ( )....,,...,, 11 nXnX XXqegXXteg nn ∂<∂  

Therefore, 

( ) ( )( ) ( )( ) ( ),...,,...,,...,,...,, 11
2

11 nnnnnnnn XXsaXXXraXXXtXXf +−+−=  

and we proceed in similar manner until t is devoid of degree in ,nX  with the final 

result (generalizing the last expression for f, bearing in mind that r and s are 
constants) that 
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1∂eg p is the degree of the polynomial p. 
2The iterative procedure is finite because ∂eg t is finite. 
3By means of the algorithm of the Gröbner’s basis, see [2]. 
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with ,N∈ni  ,K∈λ − jin  .j∀  But, by the inductive hypothesis (that holds true for 

,)11 ≥−n  we have 
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and substituting in (2), it becomes 
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with ,,11 K∈λλ −− jijj nn"  .j∀  Except changes in indices, the last expression is of 

the type (1), and, hence the result is true for n. 

II. If [ ],...,,1 nXXf K∈  0>∂ feg  and ( ) 0...,,1 =naaf  for ,...,,1 K�∈naa  

then 
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for certain (not unique) [ ],...,,1 ni XXG K∈  i∀  (see [1, Problem 1-7, (b)]). 

We deduce (3) from (1), proceeding by finite induction on n. If ,1=n  then 

( ) 0=af  with [ ],Xf K∈  and by the well-known Ruffini’s theorem, we have 

( ) ( ) ( ).XgaXXf −=  We suppose that the statement is true for ( ).11 >− nn  

Then 
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4We may suppose 1≥li  for some l, because, if ,0=li  ∀l, by (1) follows that const.,=f  
against .0>∂ feg  Hence, without loss of generality, let .nl =  
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and, isolating the term ,00 ni"λ  we have 
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so that 
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since ( ) ( ),0...,,0...,, 1 ≠−nn ii  we have [ ]11 ...,, −∈ nXXg K  to be nonconstant 

such that ( ) ( )( ) ;0...,,...,, 111 ==− nn aagaag  and thus, by the inductive hypothesis 

for 1−n  (and being verified the conditions of the theorem for such g), we have 
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for certain [ ] [ ]( ),...,,...,, 111 nnl XXXXH KK ⊂∈ −  so that, substituting in the last 

formula (♣) for f, we have 

( )nXXf ...,,1  
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Thus the statement holds true also for n. 

III. For each ( ) ,...,,1
n

naa K∈  nn aXaXI −−= ...,,11  is a maximal ideal 

of [ ]nXX ...,,1K  (see [1, Problem 1-21]). 

                                                      
5Let us remember that we have supposed ,1≥ni  that is, .01 ≥−ni  



GIUSEPPE IURATO 50 

First proof. If J is another proper ideal such that JaXaX nn ⊆−− ...,,11  

[ ],...,,1 nXXK⊂  then by I, we have, for each ,Jf ∈  that 

( ) ( )∑ ∏
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...,,1
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111 ...,,...,, 1"  

with 0>∂ feg  (because, if ,0=∂ feg  ( )Jf ∈  would be constant, that is, invertible, 

against to the fact that J is a proper ideal6), and then 1≥li  for some l. So ⊆J  

,...,,11 nn aXaX −−  whence ....,,11 nn aXaXJ −−=  

Second proof. If ( ) ,...,,1
n

naaP K∈=  let [ ] KK →φ nP XX ...,,: 1  be the 

(polynomial) evaluation map ( ) ( )....,,...,, 11 nn aafXXf x  It is a surjective map, 

so that [ ]nP aa ...,,Im 1K=φ  is a finitely generated integral K -algebra. If ∈f  

,PKer φ  then ( ) ,0....,,1 =naaf  and therefore, by II, it follows that ∈f  

,...,,11 nn aXaX −−  that is, ....,,11 nnP aXaXKer −−⊆φ  Obviously, 

( ) ,0...,,1 =naaf  ,...,,11 nn aXaXf −−∈∀  so ⊆−− nn aXaX ...,,11  

,PKer φ  and we conclude that ....,,11 nnP aXaXKer −−=φ  But Pφ  is an 

epimorphism, so that [ ] ,...,,1 Pn KerXX φ≅ KK  and since K  is a field, it 

follows that PKer φ  is a maximal ideal; hence ( )Pnn KeraXaX φ=−− ...,,11  is 

a maximal ideal. 

IV (Pre-weak Nullstellensatz). [ ] nnn aXaXXX −−≅ ...,,...,, 111KK  (see 

[1, Problem 1-21]). 

[ ]nXX ...,,1K  is an UFD, so that [ ] nnn aXaXXX −− ...,,...,, 111K  is a 

field. If 

[ ]nXXi ...,,: 1KK   

is the natural monomorphism of immersion, and 

[ ] [ ] nnnn aXaXXXXX −−→π ...,,...,,...,,: 1111 KK  

                                                      
6We recall that the group of units of [ ]nXX ...,,1K  is .K� 
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is the canonical epimorphism of projection (quotient map), then it follows that 

[ ] nnn aXaXXXi −−→π=σ ...,,...,,: 111KK  

is a ring homomorphism with functional law 

( ) ( )( ) ( ) .,...,,11 K∈∀−−+=π=σ kaXaXkikik nn  

We prove that σ is bijective. If ( ) ( ),kk ′σ=σ  then we have ( ) ,0=′−σ kk  that 

is, ,σ∈′− Kerkk  where 

( ){ }....,,,; 11 nn aXaXkikkKer −−∈∈=σ K  

But, in any case, ( )ki  is a scalar constant [ ]( )nXX ...,,in 1K  and, if =′− kk  

,0≠ξ  then it would be ( ) ,...,,0 11 nn aXaXi −−∈ξ≠  that is, the maximal 

ideal nn aXaX −− ...,,11  would contain an invertible element, which is not 

possible. Hence ( ) ,0=ξi  or ,0=ξ  that is, ,kk ′=  and thus σ is 1-1. Therefore, 

.0dim =σKerK  Thus K  is isomorphic to ( ).Im Kσ=σ  Since ,1dim =KK  it 

follows that 

 ( ) ( ) ( ).dimdimdimdim1 KKKK KKKK σ=σ+σ== Ker  (♠) 

On the other hand, if 

( ) [ ] ,...,,...,,...,,...,, 111111 nnnnnn aXaXXXaXaXXXf −−∈−−+ K  

then it is ( )kaXaXf nn σ=−−+ ...,,11  for some K∈k  if and only if ( ) ∈− kif  

....,,11 nn aXaX −−  Then, for the maximality of nn aXaX −− ...,,11  (by 

III), first of all ( )kif −  must be not invertible. We obtain this if, for example, ( )ki  

is the zero-degree term of the polynomial f, provided it exists and is nonzero. Thus, 
if f is constant, for ( ) ,fki =  then we have ( ) ,...,,0 11 nn aXaXkif −−∈=−  

whereas, if f is not constant, then it is 0>∂ feg  and ( )kif −  is not a constant 

polynomial, for any ( ) ;K∈ki  therefore, the last is not a unit of [ ],...,,1 nXXK  

namely, not invertible. Thus we can consider the equation ( )( )kiin  ( ) ∈− kif  

,...,,11 nn aXaX −−  for any choice of ( ).ki  In the same hypothesis, if I is an 

arbitrary maximal ideal of [ ]nXX ...,,1K  and [ ]nXXf ...,,1K∈  is given, a priori, 
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then it is not easy to do in such a way that ( ) Ikif ∈−  for some7 .K∈k  But, for 

our purpose, if ,...,,11 nn aXaXI −−=  supposing that ( )kif −  is not a constant 

(as above), it is enough, simply, to observe that, if ( )( ) ( ) ,0...,,1 =− naakif  then, 

by II, it follows that ( )( ) nn aXaXkif −−∈− ...,,11  as required, whereas,              

if ( )( )( ) ,0...,,1 ≠− naakif  then we have this last zero condition for ( ) =ki  

( )....,,1 naaf  Therefore, σ is also surjective. 

Hence, by (♠), it follows that 

[ ] ( ) 1dim...,,
...,,dim

11
1 =σ=

−−
KK

KK
nn

n
aXaX

XX  

and so [ ][ ] .1:...,,...,, 111 =−− KK nnn aXaXXX  

Remark 1. However, among the results established in IV, the only useful is the 
injectivity of σ (see final proof of VIII), whose proof, besides, remains unchanged 
also for any maximal ideal I of [ ],...,,1 nXXK  so that we have the immersion 

(restriction of the scalars): 

[ ] ,...,,: 1 IXX nKK σ  

where, for the maximality of I, [ ] IXXA n...,,1K=  is a field ( ),A=  hence a 

finitely generated field extension8 of .K  

On the other hand, in view of the next result VIII, we might call the results of 
IV to be the pre-Weak Nullstellensatz. 

Remark 2. The Weak Nullstellensatz that we prove further in VIII, concerns 
with an arbitrary proper ideal I of [ ],...,,1 nXXK  in the proof of which we use an 

auxiliary maximal ideal J containing it. Only, a posteriori (see final proof of VIII, 

                                                      
7We shall deal with that question in VIII. 
8The usual proof of A≅K  (Weak Nullstellensatz) follows from the subsequently proof 
(conducted through the E. Nöether’s Normalization Lemma, and others field theory tools) that 

,0=KAtr  namely, that the transcendence degree of the field extension KA  is zero, so 

that KA  is a finitely generated algebraic extension (hence finite) of .K  Then, the thesis 

descend by the algebraic closure of .K  
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and Remark 6), we deduce that every maximal ideal of [ ]nXX ...,,1K  is of the form 

,...,,11 nn aXaX −−  a statement that is an equivalent form of the Weak 

Nullstellensatz (see [2]). 

Let K  be an arbitrary field of characteristic zero, not necessarily algebraically 
closed. 

Let KA  be an arbitrary linear unitary commutative K -algebra. For each ,KAa ∈  

let9 

( ) { ( ) }1
, 1thatsuch ; −λ−∃/∈λλ=σ KK K K AA aa  

be the ( )KK ,A -spectrum of a in ;KA  ( ) ( )aar AA KK KK K ,, \σ=  is said the 

( )KK ,A -resolvent of a in .KA  

There exists linear unitary commutative K -algebras in which such spectrum 
may be empty for some of its elements: for instance, if KA  is a linear unitary 

commutative integral K -algebra of finite degree ( )1>  over ,K  then it follows that 

it is a field, and so ( ) ∅=σ aA KK ,  for each ( )∅≠∈ KK KA\Aa  because, since 

{ },0\1 KK Aa A ∈λ−  ,K∈λ∀  there always exists ( ) .1 1−λ− KAa  

Likewise, if ( ),XA KK =  then ( ) ., ∅=σ XA KK  

It follows that the question relative to the emptiness, or not, of the spectrum of 
the generic element of a given linear unitary commutative K -algebra, is not trivial 
(see IX). 

If ( )KAG  denotes the group of units of KA  and ( )KAM  denotes the set of all 

maximal ideals of ,KA  then we have ( ) ( ) .\ MAGA AM KKK M∈⊆ ∪  

For each KAa ∈  such that ( ) ,, ∅≠σ aA KK  the correspondence 

( ) ( ) ( ) ( ) ( ) ( )aaaAGAaa AA KKKKK KK ,, ,1,,\:, σ∈λλ−=λΩλ→σ⋅Ω x  

is called spectral map on a; it is injective. 

                                                      
9

KA1  denotes the unit of such K -algebra. 
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For each KAa ∈  such that ( ) ,, ∅≠arA KK  the correspondence 

( ) ( ) ( ) ( ) ( ) ( )araaRAGaraR AAA KKK KKK ,
1

, ,1,,:, ∈λλ−=λλ→⋅ −x  

is called resolvent map on a; it is immediate to prove that ( )⋅,aR  is injective, and 

also verify the following relations: 

( ) ( ) ( ),,,1, , araRaaR AA KKK ∈λλλ+=λ  

said to be the Hilbert’s identity, and 

( ) ( ) ( ) ( ) ( ) ( ),,,,,,, ,21212121 araRaRaRaR A KK∈λλλλλ−λ=λ−λ  

said to be the resolvent equation. 

If KA  is a linear unitary commutative K -algebra, then ∗
KA  denotes the 

(algebraic) dual K -linear space of ,KA  namely, the set of all linear functionals from 

the K -linear space KA  to K  endowed with the usual structure of K -linear space. 

Among the elements of ,∗
KA  there exists particular linear functionals, namely, 

the multiplicative linear functionals, that are also (nonzero) ring homomorphisms 
between the ring structure of the K -algebra KA  and the ring structure of :K  we 

denote their set by ( ) ( { }),0\∗⊆Δ KK AA  and, a priori, it has no particular algebraic 

structure. More specifically, the elements of ( )KAΔ  are said to be the characters of 

.KA  

If KA  is an arbitrary linear unitary commutative K -algebra, with support A, 

then an KA -ideal I of it, is a subset AI ⊆  such that ,Iba ∈μ+λ  ,, K∈μλ  

,, Iba ∈  and ,Iab ∈  ,Aa ∈  .Ib ∈  If ( )⋅+,,A  is the ring structure of ,KA  then 

the class of all ideals of ( )⋅+,,A  is equal to the class of all ideals of :KA  in fact, it 

is evident that an KA -ideal is also an ideal of ( ),,, ⋅+A  whereas, if I is an ideal of 

( ),,, ⋅+A  from ,Iab ∈  ,Aa ∈  ,Ib ∈  since ,1 Aa A ∈λ= K  ,K∈λ  it follows 

that Ib ∈λ  for each .K∈λ  

Remark 3. Let KA  be a linear unitary commutative K -algebra, with K  

algebraically closed. Let ( )KAL  be the K -linear space of all linear endomorphisms 

of the K -linear space .KA  
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Then we have the following representation (of K -algebras): 

( ) ,,,: KKK AaaAAT a ∈∀ϕ→ xL  

where ,: axxa →ϕ  .KAx ∈  We say T to be the regular representation of .KA  

Let (with abuse of notation) [ ] ;dim: ∞<== nAA KKK K  if { }nvv ...,,1=B  

is a base of the K -linear space ,KA  let B
aM  be the ( )nn, -matrix associated to            

aϕ  with respect to ,B  so that let10 ( ) ( )IM aa λ−=λ BB detp  be the characteristic 

polynomial of aϕ  with respect to ,B  where I is the ( )nn, -identity matrix, and 

.K∈λ  It is ( ) [ ]λ∈λ KB
ap  with ( ) ,neg a =λ∂ Bp  and, if ( ) { ,; KK ∈λλ=ϕaEig  

( ) }0=λB
ap  is the set of eigenvalues of aϕ  for every { },0\ KK AAa ∈  we have 

( ) ( )aEig Aa KK K ,σ⊆ϕ  because, if ( ),aEig ϕ∈λ K  then ( ) xxa λ=ϕ  for, at least, 

one eigenvector KAx 0≠  of λ, so that ,xax λ=  hence ( ) ,01 KK AA xa =λ−  that 

is, ( ) ,01 KK AAa =λ−  whence ( ) .1 1−λ−∃/ KAa  Therefore, since ( ) ,∅≠ϕaEigK  

{ }KK AAa 0\∈  because of the algebraic closure of ,K  it follows that ( )aA KK ,σ  

∅≠  for each { },0\ KK AAa ∈  and for ( ),00 , KK KK AAσ∈  we conclude that 

( ) ,, ∅≠σ aA KK  .KAa ∈  

Nevertheless, in infinite dimension, may be ( ) ∅=ϕaEigK  for some ,KAa ∈  

and therefore, in such a case, we proceed in another manner. 

V. We have the following results: 

(1) If KA  and KA′  are linear unitary commutative K -algebras and 

KK AA ′→ϕ :  is a homomorphism of linear unitary commutative K -algebras, then 

( )( ) ( )aa AA KK KK ,, σ⊆ϕσ ′  for each .KAa ∈  If ϕ is an isomorphism, then 

( )( ) ( )aa AA KK KK ,, σ=ϕσ ′  for each .KAa ∈  

(2) If KA  and KA′  are linear unitary commutative K -algebras such that 

,KK AA ′⊆  then ( ) ( )aa AA KK KK ,, σ⊆σ ′  for each .KAa ∈  

                                                      
10The determinant that follows, is computed in the abstract field .K  
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(3) If K′  is a (over) field such that KK ′⊆  and K′A  is a linear unitary 

commutative K′ -algebra, then, by restriction of the scalars, said KA  the 

corresponding linear unitary commutative K -algebra, we have (i) ( ) ⊆σ aA KK ,  

( )aA KK ′′σ ,  for each ;KAa ∈  (ii) ( ) ( )aa AA KK KK K ,, σ=σ ′′ ∩  for each ;K′∈ Aa  

(iii) ( ) ( )aa AA KK KK ′′′ σ⊆σ ,,  for each .KAa ∈  

(4) If a is invertible in ,KA  then ( ) { ( )}.; ,
11

, aa AA KK KK σ∈λλ=σ −−  

Furthermore, for each ,KAa ∈  we have ( )aA μσ∈λ KK ,  if and only if ∈μλ  

( )aA KK ,σ  for every { }.0\K∈μ  

(5) If ( ),, aA KKσ∈λ  then ( ),,
n

A
n AKKσ∈λ  ,N∈∀n  .2≥n  

(6) (Polynomial spectral mapping theorem) If K  is algebraically closed and 
( ) [ ],XXp K∈  then ( )( ) ( ( ))apap AA KK KK ,, σ=σ  for each .KAa ∈  

(7) (Rational spectral mapping theorem) If K  is algebraically closed, for 
each KAa ∈  and for each rational function ( )XK∈χ  regular on ( ),, aA KKσ  

then ( ( )) ( )( ).,, aa AA χσ=σχ KK KK  

Let us prove (1). If KAa ∈  and ( )( ),, aA ϕσ∈λ ′ KK  then ( ( ) ) 11 −
′λ−ϕ∃/ KAa  

( ( ) ( )) (( ) )11 11 −− λ−ϕ=λϕ−ϕ= KK AA aa  in ,KA′  so that ( ) 11 −λ− KAa  cannot exist 

in ,KA  otherwise (( ) )11 −λ−ϕ KAa  would exist in ;KA′  thus ( )., aA KKσ∈λ  The 

last part of (1) follows immediately from the first part. 

(2) follows from (1) with ϕ the natural immersion. 

In the case (3), first of all it is KK ′= AA 11  because KA  and K′A  have the same 

(inner) addition and multiplication laws but different (external) scalar multiplication 

law. If KAa ∈  and ( ),, aA KKσ∈λ  then ( ) 11 −λ−∃/ KAa  in ,KA  and since K∈λ  

,K′⊆  it is also ( ) 11 −
′λ−∃/ KAa  in ,K′A  so that ( ),, aA KK ′′σ∈λ  whence ( )aA KK ,′σ  

( ),, aA KK ′′σ⊆  that is (i). Conversely, if ( ),, aA KK ′′σ∈λ  then ( ) 11 −
′λ−∃/ KAa  in 

,K′A  with K′∈λ  and not necessarily with ;KK ′⊆∈λ  then, if it is also ,K∈λ  
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we have KKK AAA ∈λ=λ ′ 11  so that, by ,KAa ∈  it is ( ) 11 −λ−∃/ KAa  in ,KA  

namely, ( ),, aA KKσ∈λ  whence ( ) ( );,, aa AA KK KK K σ⊆σ ′′ ∩  but, by (i), it 

follows that ( ) ( ),,, aa AA KK KK ′′σ⊆σ  whereas, by definition of spectrum, it is also 

( ) ,, KKK ⊆σ aA  so that ( ) ( ) ;,, KKK KK ∩aa AA ′′σ⊆σ  in conclusion ( ) ∩aA KK ′′σ ,  

( )aA KKK ,σ=  for each .KAa ∈  

For the proof of (iii), we have, for each ,K′∈ Aa  

( ) { ( ) } ( ) ;in1thatsuch; ,
1

, KK KKK KKK ∩aAaa AAA ′′
−

′′′ σ=λ−∃/∈λλ=σ  

but ( ) ( )aa AA KK KK K ,, σ=σ ′′ ∩  for each ,K′∈ Aa  by (ii), and ( ) ⊆σ aA KK ,  

( )aA KK ′′σ ,  for each ,KAa ∈  by (i), so that ( ) ( )aa AA KK KK ′′′ σ=σ ,,  for each 

.KAa ∈  

For the proof of (4), observing that ( ),0 , aA KKσ∉  since a is invertible, it is 

enough to consider the identities ( ),11 1111
KK AA aaa λ−λ−=λ− −−−−  0≠λ∀  for 

the proof of the first part, and ( ) ( ) ,11 1111 −−−− λμ−μ=λ−μ KK AA aa  0≠μ∀  for 

the proof of the second part. 

As regard (5), if ( ),, aA
n

KKσ∉λ  then by the identity, 

( ) ( ) ( )KKK A
nnnn

AA
nn aaaaa 111 1221 −−−− λ+λ++λ+λ−=λ− "  

( ) ( ) 2,,,1 ≥∈∀λλ−= nnaba A NK  

with ( ) ,1, 121
KK Aaaab A

nnn ∈λ++λ+=λ −−− "  since ( ) ,1 1−λ−∃ KA
nna  it 

follows that 

( ) ( ( ) ( ) ),1,11 1−λ−λλ−= KKK A
nn

AA aaba  

that is, ( ) ,1 1−λ−∃ KAa  whence ( )., aA KKσ∉λ  

For the proof of (6), first of all, we recall the usual correspondence 
( ) ( ) KAapXp ∈→  between (abstract) polynomials and polynomial functions (that 
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it is bijective if KA  is an infinite integral algebra); moreover, in a commutative ring, 

if ∏ =
=

n
i iaa 1 ,  ,2≥n  then a is invertible if and only if each ia  is invertible. 

We establish the statement for each KAa ∈  such that ( ) ∅≠σ aA KK ,  because, 

otherwise, we will have a trivial case. Furthermore, the assertion is true if ( )Xp  is a 

constant polynomial, so that let ( ) 1≥=∂ nXpeg  with ( ) [ ]∑ =
∈=

n
i

i
i XXaXp 0 ;K  

hence, if ( ),, aA KKσ∈λ  then we have formally 

( ) ( ) [ ] [ ] ( [ ])∑ ∑∑
= ==

λ−=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
λ−=λ−

n

i

n

i

i
XiX

n

i

i
i

i
iX XaaXapXp

0 10

111 KKK  

( [ ]) ( [ ]) ( [ ]) ( )∑
=

− λ−=λ−λ−=
n

i
X

i
XiX XqXXaX

1

1 111 KKK  

so that ( ) ( ) ( ) ( ) ,1 KK Aaqapap A ∈λ−=λ−  and since ( ) ,1 1−λ−∃/ KAa  it follows 

that ( ( ) ( ) ) ,1 1−λ−∃/ KApap  hence ( ) ( )( ),, app A KKσ∈λ  that is, ( ( )) ⊆σ ap A KK ,  

( )( )., apA KKσ  

Conversely, if ( )( ),, apA KKσ∈μ  let us set ( ) ( ) [ ] [ ].1 XXpXq X KK ∈μ−=  

Because of the algebraic closure of ,K  we have ( ) ( )∏ =
λ−=

n
i iXcXq 1  for some 

c, ,K∈λi  ,i∀  so that ( ) ( ) ( )∏ =
λ−=μ−=

n
i iacapaq 1 ,11 KK  and since ( ( )ap∃/  

) ,1 1−⋅μ− K  it follows that there exists, at least, one { }ni ...,,1∈  such that 

( ) ,1 1−λ−∃/ Kia  hence ( )Kin  must be K0=λ− ia  for such i, whence ( ) K1μ−ap  

,0K=  that is, ( ) ( ( )),, apap A KKσ∈=μ  and thus ( )( ) ( ( )).,, apap AA KK KK σ⊆σ  

Finally, if we fix, arbitrarily, KAa ∈  such that ( ) ,, ∅≠σ aA KK  let =χ  

( )Xgf K∈  be an arbitrary rational function regular on ( )., aA KKσ  Hence, if 

( ) ( ) ( ( )),, agf A KKσχ∈λλ=μ  since 

( ) ( )
( )

( )
( )

( ) ( ) ( ) ( )
( ) ( ) ,11

1−
⎟
⎠
⎞

⎜
⎝
⎛

λ
λ−λ

=
λ
λ−=μ−χ gag

agfgaf
g
f

ag
afa AA KK  
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it follows that ( ( ) ) 11 −μ−χ∃/ KAa  if and only if ( ) ( ) ( ) ( )( ) ,1−λ−λ∃/ agfgaf  that is, 

if and only if ( ) ( ( ) ( ) ( ) ( ) ) ,1 1−λ−λ∃/ KAfagafgag  hence if and only if ( ) ∈λf  

( ) ( )( ),, agA χλσ KK  that is, by (4), if and only if ( ) ( ) ( )( )., agf A χσ∈λλ KK  

VI. If [ ],...,,1 nXXA KK =  then ( ) ∅≠σ fA KK ,  for each [ ]....,,1 nXXf K∈  

First proof. We recall that the group of units of [ ],...,,1 nXXA KK =  say 

( ),KAG  is .K  

If K∈= af  is a constant, then ( ) { } ., ∅≠=σ afA KK  If f is not constant, 

then 0>∂ feg  with ( ) ( ),KK =∉ AGf  that is, f is not invertible and so is also 

KAaf 1−  for each ,K∈a  whence ( ) ., KKK =σ fA  In any case, we have ( )fA KK ,σ  

∅≠  for each [ ]....,,1 nXXf K∈  

Second proof11. Let [ ][ ]nXXKA ...,,1=′K  be the linear unitary commutative 

K -algebra of the formal power series in the variables ....,,1 nXX  Then ,KK AA ′⊆  

so that, by V, (2), we have ( ) ( )ff AA KK KK ,, σ⊆σ ′  for each .KAf ∈  On the 

other hand, if ,0=f  then { } ;0, ∅≠=σ ′ KKA  instead, if 0≠f  is not a invertible 

polynomial in ,KA′  then, at least, ( )fA KK ,0 ′σ∈  so that ( ) ∅≠σ ′ fA KK ,  in this 

case, whereas, if 0≠f  is an invertible polynomial in ,KA′  then it follows that the 

zero-degree term of f, namely, ,0a  must be nonzero, whence KAf ′λ− 1  is a 

polynomial without constant term if ,0a=λ  so that KAaf ′− 10  is not invertible in 

,KA′  and thus at least ( ),,0 fa A KK′σ∈  so that ( ) ∅≠σ ′ fA KK ,  is also true. In 

conclusion, in any case, we have ( ) ∅≠σ ′ fA KK ,  for each ,KAf ∈  and then ≠∅  

( ) ( ),,, ff AA KK KK σ⊆σ ′  KAf ∈  implies ( ) ,, ∅≠σ fA KK  ,KAf ∈  as required. 

Note 1. The result in VI holds true if K  is any integral domain. 

Note 2. In IX, we shall prove a more general result for some linear unitary 
commutative K -algebra .KA  

                                                      
11The principle of the method of this second proof, lies on the possible invertibility of a no 
constant polynomial in ,KA′  whose group of units is more large than ( ) .KK =AG  
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VII. Let KA  be an arbitrary linear unitary commutative K -algebra, and 

.KAa ∈  If there exists a ( )KAΔ∈φ  such that ( ) ,K∈λ=φ a  then ( )., aA KKσ∈λ  

If a is not invertible, then, at least, ( ),0 , aA KKσ∈  so that ( ) ∅≠σ aA KK ,  and, 

then it is allowed to consider the following argument: if ( ),, aA KKσ∉λ  then 

( ) ,1 1−λ−∃ KAa  hence ( ) ,01 ≠λ−φ KAa  ( ),KAΔ∈φ  because otherwise 

( ) (( ) ( ) )11111 −λ−λ−φ=φ= KKKK AAA aa  

 ( ) (( ) ) ,011 1
KKK =λ−φλ−φ= −

AA aa  

being ( ) KK 01 =λ−φ Aa  for, at least, one ( ).KAΔ∈φ  Therefore, it must be 

( ) 01 ≠λ−φ KAa  for each ( ),KAΔ∈φ  that is, ( ) ( ) ,1 λ=λφ≠φ KAa  against to            

the hypothesis. Instead, if ( ) ,, ∅=σ aA KK  then ( ) 11 −λ− KAa  exists for each12 

,K∈λ  whence arguing likewise as above, we obtain a contradiction. Therefore, 

( ) 11 −λ−∃/ KAa  for, at least, one ,K∈λ  whence ( ),, aA KKσ∈λ  and thus ( )aA KK ,σ  

.∅≠  

However, we shall return on this result (see Remark 7), in view of a possible 
partial converse to it. 

Remark 4. If we set ( ) ( ) ( ){ },; KK AaaA Δ∈φφ=∗  then, by VII, it follows that 

( ) ( )., aaA A KK Kσ⊆∗  Therefore, VII may be used as a criterion for the spectrum to 

be nonempty (see VIII), when ( )KAΔ  is non-void. For instance, if =KA  

[ ],...,,1 nXXK  since the (polynomial) evaluation map ( ) ( ),kfff k
k

=ζ→
ζ

 

[ ],...,,1 nXXf K∈  is an element of ( ),KAΔ  the equation ( ) K∈λ=φ f  becomes 

( ) ( ) ,λ==ζ kffk  that is, ( ) ,0=λ−kf  hence ( ) 0=λ kg  with λ−=λ fg  

[ ];...,,1 nXXK∈  because of the algebraic closure of ,K  the equation ( ) 0=λ kg  

has always, at least, one solution in K∈k  for each λ (see VI). 

                                                      
12In particular, for ,0=λ  necessarily, it follows that .1−∃a  
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Remark 5. If I is an arbitrary maximal ideal of [ ],...,,1 nXXK  then it follows 

that [ ] [ ]nn XXIXX ...,,...,, 11 KKA ==  is a finitely generated field extension 

of ,K  with ( ),ii XX π=  ,...,,1 ni =  where [ ] [ ] IXXXX nn ...,,...,,: 11 KK →π  

is the quotient epimorphism. Therefore, it is possible to consider the UFD 
[ ],...,,1 nXXA  which is a linear unitary commutative A -algebra, and, also, by the 

restriction of scalars, a linear unitary commutative K -algebra (via σ of Remark 1); 
thus it is also possible to consider [ ]nXX ...,,1K  as a sub-UFD of [ ]....,,1 nXXA  

Let KA′  be the linear unitary commutative K -algebra obtained considering 

[ ]nXX ...,,1A  as a K -algebra, as said above. 

Let AA′  be the linear unitary commutative A -algebra [ ],...,,1 nXXA  and let 

∗′AA  be the dual A -linear space of .AA′  

The map 

( ) ,,,: AA A ∈∀ζ′Δ→ζ kkA kx  

defined via the (polynomial) evaluation map ( ) ( ) A∈=ζ kffk  for each ,AAf ′∈  

proves that there exists ( ):AA′Δ∈φ  for instance, kζ=φ  for .A∈k  

Later on (see VIII), it is important, above all, to verify, in ,KA′  if there exists, at 

least, one ( ),KA′Δ∈φ  where 

( ) { }( { })0\functionallineartivemultiplica:; ∗′⊆→′φφ=′Δ KKK K AAA  

is the set of characters of .KA′  

To this end, since I is a maximal ideal of [ ],...,,1 nXXK  we have that I is a 

proper ideal of it, so that [ ] ,\...,,1 IXXf nK∈∃  with ;0≠f  if J is the maximal 

ideal containing ,f  then we have that I and J are comaximal distinct ideals 

( ),by If ∉  so that [ ] ....,,1 JIXX n +=K  Therefore, it is possible to consider the 

map [ ] KK →φ nXX ...,,: 1  such that ( ) ( ) K0=φ=φ JII ∩  and ( ) ( )0ff =φ  

K∈= 0a  for each ,\ IJf ∈  where 0a  is the zero-degree term of the polynomial f. 

Then it is immediate to verify that φ is a non-zero multiplicative linear functional on 

KA′  if we extend φ from [ ]nXX ...,,1K  to [ ]nXX ...,,1A  setting φ also zero on 

[ ] [ ]....,,\...,, 11 nn XXXX KA  In short, we have ( ).KA′Δ∈φ  
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VIII (Weak Nullstellensatz). If I is any proper ideal of [ ],...,,1 nXXK  then 

( ) .∅≠IV  

If J is the maximal ideal containing I, then we have ( ) ( ),IVJV ⊆  so that 

( )( ) ( )( ),∅≠⇒∅≠ IVJV  and, then it is possible to consider I to be maximal. 

Then [ ] IXXA n...,,1K=  is a field (often denoted by A  as a scalar field - see 

Remark 1), hence a linear unitary commutative A -algebra on itself, namely, .AA  

But, according to Remark 1, A is, also, a linear unitary commutative K -algebra, 
namely, .KA  We are interested in [ ]( ),, fA KKσ  rather than in [ ]( ),, fA AAσ  for 

[ ] ,Af ∈  and, for this, we observe the following. If [ ] { },0\KAIff ∈+=  then we 

have13, for ,K∈λ  that ( ) ( ) ( ) ( ) IfIIfIf A +λ−=+λ−+=λ−+ KKK 111  is 

not invertible if and only if it is zero (in a field, as A), that is, if and only if 
,1 If ∈λ− K  with If ∉  because [ ] 0≠f  in A. Therefore, it is required to find 

{ }0\K∈λ  such that14 ,1 If ∈λ− K  if we wish to prove that15 [ ]( ) ., ∅≠σ fA KK  

Now, taking into account Remarks 1 and 5 ( ),1with =n  we consider [ ],XA  

with the field [ ] IXX n...,,1KA =  as a linear unitary commutative K -algebra, say 

.KA′  Therefore, since there exists ( )KA′Δ∈φ  by VII, it follows that [ ]( )fA KK ,′σ  

∅≠  for each16 [ ] ,KAf ′∈  whereas, by V (2), it follows that [ ]( )fA KK ,′σ≠∅  

[ ]( )fA KK ,σ⊆  implies [ ]( ) ∅≠σ fA KK ,  for each [ ] ,KAf ∈  if we consider KA        

as a linear unitary commutative K -algebra which is a sub-algebra of 
[ ]( ).algebra-as KAK XA =′  

Then [ ]( ) ∅≠σ fA KK ,  for each [ ] { },0\KAf ∈  with [ ]( )fA KK ,0 σ∉  because, 

                                                      
13

KA1  is the unit of [ ] IXXA n...,,1K=  as K -algebra, whereas K1  is the unit of ,K  the 

same of [ ]....,,1 nXXK  
14It is necessarily 0≠λ  because .If ∉  
15See footnote 7  
16Whence, by V, (3)(i), with ,AK =′  it follows that [ ]( ) ∅≠σ fA AA ,  for each [ ] .KAf ∈  

Moreover, we observe that the support of KA  and the support of AA  are equal ( );A=  
likewise for KA′  and ,AA′  with common support [ ].XA  
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by [ ] KAf ∈≠0  with ( )A=A  field, it follows that [ ]f  is invertible, so that 0 cannot 

be an element of [ ]( );, fA KKσ  likewise, each [ ] 0≠f  is invertible in the field A, so 

that it must be [ ] 01 =λ− KAf  for each [ ]( )fA KK ,σ∈λ  because, if it is nonzero, it 

would admit inverse in A whereas ([ ] ) 11 −λ−∃/ KAf  since [ ]( );, fA KKσ∈λ  therefore, 

for any [ ] { },0\KAf ∈  we have [ ] KAf 1λ=  for each [ ]( )., fA KKσ∈λ  Thus 

[ ]( ) ,11 KK AAf λ′=λ=  ,, , KKAσ∈λ′λ  for which ,λ′=λ  whence [ ]( )fA KK ,σ  is 

a singleton for each [ ] { };0\KAf ∈  on the other hand, if [ ] ,0=f  then we have 

[ ]( ) { }.0, =σ fA KK  Therefore, [ ]( ) 1card , =σ fA KK  for all [ ] .KAf ∈  

Thus, it is possible to consider the map 

[ ] ( [ ]( )) [ ] KKK KK AfffA A ∈∀σ∈λ→ψ ,,: ,x  

that it is well-defined because, for [ ] ,0≠f  we have the singleton [ ]( ) =σ fA KK ,  

{ } { }( ),0≠λ  whereas, if [ ] ,0=f  then ( ) { }.00, =σ KKA  

ψ is a monomorphism. In fact, we have [ ] [ ]( ) ,μ+λ=+ψ gf  if [ ]( ) λ=ψ f  and 

[ ]( ) ,μ=ψ g  because, as we will see, ( [ ] [ ]( ) ( ) ) 11 −μ+λ−+∃/ KAgf  so that μ+λ  

[ ] [ ]( ),, gfA +σ∈ KK  and since [ ]( ) 1card , =σ hA KK  for all [ ] ,KAh ∈  it follows        

that [ ] [ ]( ) { };, μ+λ=+σ gfA KK  on the other hand, [ ] [ ]( )gfA +σ∈μ+λ KK ,    

because ([ ] ) 11 −ρ−∃/ KAh  if and only if ,1 Ih ∈ρ− K  and since ([ ] ) ,1 1−λ−∃/ KAf  

([ ] ) ,1 1−μ−∃/ KAg  we have ,1,1 Igf ∈μ−λ− KK  that is, ( ) ( ) ,1 Igf ∈μ+λ−+ K  

so that [ ]( ) [ ] [ ]( ).,, gfgf AA +σ=+σ∈μ+λ KK KK  Thus, 

[ ] [ ]( ) [ ]( ) [ ]( ).gfgf ψ+ψ=μ+λ=+ψ  

Analogously, we have [ ][ ]( ) λμ=ψ gf  because Igf ∈μ−λ− KK 1,1  implies 

( ) ( ) ,11 Igf ∈μ−λ− KK  that is, 

gffggffg λ−μ−λμ+λμ−=λμ+λ−μ− KKK 1211  

 ( ) ( ) ( ) ,111 Igffg ∈μ−λ+λ−μ+λμ−= KKK  
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and since ,1,1 Igf ∈μ−λ− KK  it follows that ( ) ( ) Igf ∈μ−λλ−μ KK 1,1  and 

thus ,1 Ifg ∈λμ− K  whence [ ]( ) [ ][ ]( ),,, gffg AA KK KK σ=σ∈λμ  so that [ ]( )fgψ  

[ ][ ]( ) [ ]( ) [ ]( ).gfgf ψψ=λμ=ψ=  

Finally, if { },0\K∈α  then [ ]( ) αλ=αψ f  because it is enough to observe that 

( [ ] ) ([ ] ) ,11 111 −−− λ−α=αλ−α KK AA ff  and that ( [ ] ) 11 −αλ−α KAf  exists if and 

only if ([ ] ) 11 −λ− KAf  exists, so that [ ]( ) [ ]( ).ff αψ=αλ=αψ  

Finally, since [ ] [ ] [ ]( ){ } { },00,; ==ψ∈=ψ fAffKer K  it follows that ψ is 

injective17. 

Therefore, we have the immersion 

 [ ] KKK IXXA n...,,: 1=ψ  (4) 

that, combined with the immersion (see Remark 1) 

 [ ] ,...,,: 1 IXX nKK σ  (5) 

gives rise to an isomorphism of the type [ ] ( )KKK AIXX n =≅ ...,,1
18. 

On the other hand, for each [ ] { },0\KAIff ∈+=  we have seen that 

[ ] 01 =λ− KAf  in ,KA  for all [ ]( ),, fA KKσ∈λ  so that ( ) ( ) IIIf =+λ−+ K1  

( ).in11since KKK AIA +=  Then ( ) If ∈λ− K1  for each [ ],...,,1 nXXf K∈  

and hence K+∈ If  { } [ ]( )....,,;1for 1 nXXKKK K ⊂∈λλ=  By I, since ⊆K  

[ ],...,,1 nXXK  it follows that [ ] ;...,,1 KK += IXX n  then ,K+∈ IXi  ∈i  

{ },...,,1 n  that is, iii maX +=  with K∈ia  and Imi ∈  for all i, for which ii aX −  

,Imi ∈=  and then ....,,11 IaXaX nn ⊆−−  But nn aXaX −− ...,,11  is a 

maximal ideal (by III), so that nn aXaX −− ...,,11  ,I=  and thus ( ) =IV  
( ),...,,11 nn aXaXV −−  whence ( ) ( ),...,,1 IVaa n ∈  that is, ( ) .∅≠IV  

                                                      
17Direct proof: if [ ]( ) [ ]( )gf ψ=ψ  for [ ] [ ] ,, KAgf ∈  then ,μ=λ  whence [ ] KAf 1λ=  

[ ],1 gA =μ= K  as required. 

18From here, it is also possible to get the thesis continuing in the next Remark 6. 
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Remark 6. If we consider the quotient epimorphism 

 [ ] [ ] [ ] KKKK AXXIXXXX nnn ==→π ...,,...,,...,,: 111  (6) 

with ( ),ii XX π=  { },...,,1 ni ∈  then by VIII, it follows that ( ) ,, ∅≠σ iA XKK  

that is, (( ) ( ) ) ,1 1−+−+∃/ KAii IaIX  for ( ),, iAi Xa KKσ∈  in the field ( ),AK =A  

so that it must be ( ) ( ) .0 KAii IaIX =+−+  Then ,IaX ii ∈−  and hence 

,...,,11 IaXaX nn ⊆−−  so that, by the maximality of nn aXaX −− ...,,11  

(see III), it follows that ....,,11 nn aXaXI −−=  From the latter, it is possible to 

understand the meaning of ( )iA XKK ,σ  ( ( ) ).,via , iXa iAi ∀σ∈ KK  

This is another proof of the fact that any maximal ideal of [ ]nXX ...,,1K  is of 

the type ,...,,11 nn aXaX −−  for certain ( ) ....,,1
n

naa K∈  

Let K  be an arbitrary field. If KA  is an arbitrary linear unitary commutative 

K -algebra such that KK ≅IA  for every maximal ideal I of ,KA  then KA  is said 

to be a spectral algebra. Therefore, the Weak Nullstellensatz proves that 
[ ]nXX ...,,1K  is a spectral algebra. 

Let K  be an arbitrary field of characteristic zero. 

We recall that KA  is always a K -linear space, so that we set (with abuse of 

notation) [ ] .dim: KKK K AA =  Furthermore, if every non-zero element of KA  has 

a multiplicative inverse (that is, KA  is a field extension of ),K  then we call ,KA  

more specifically, a division algebra (according to B. L. Van der Waerden). 

IX. If KA  is a linear unitary commutative integral K -algebra, and K  is an 

arbitrary field of characteristic zero, then we have the following results: 

(1) if K  is not algebraically closed and [ ] ,:2 ∞<≤ KKA  then there exists 

KAa ∈  such that ( ) ∅=σ aA KK ,  (see final Note 3); 

(2) if [ ] ,: ∞=KKA  K  is not algebraically closed and KA  is a division 

algebra, then there exists an KAa ∈  such that ( ) ;, ∅=σ aA KK  



GIUSEPPE IURATO 66 

(3) if [ ] ∞=KK :A  and KA  is not a division algebra, not finitely generated as 

aK -algebra19, then ( ) ∅≠σ aA KK ,  for each ,KAa ∈  whatever be the .K  

(4) (Generalized Gelfand-Mazur) if [ ] ,1: =KKA  then ( ) ∅≠σ aA KK ,  for 

each ,KAa ∈  and ,KK ≅A  whatever be the K  (see Remark 9). 

If KA  is a linear unitary commutative K -algebra, K  is an algebraically 

closed field and [ ] , card: KKK <A  then KA  is a spectral algebra, and therefore 

( ) ∅≠σ aA KK ,  for each .KAa ∈  

Let us prove the first part of the theorem. 

If [ ] ,:2 ∞<≤ KKA  since KA  is an integral domain and a finite dimensional 

K -linear space, it follows that it is a field ( KAxaxxa ∈→ϕ ,:because  is an 

automorphism for each nonzero a) with ∅≠KKK AA 1\  [ ]( ),2:by ≥KKA  so that 

for each ,1\ KKK AAa ∈  we have ( ) ,1\1 1
KK KK AA Aa ∈λ−∃ −  .K∈λ  Thus 

( ) ., ∅=σ aA KK  Therefore, (1) is proved20. 

If KA  is a field, since [ ] ∞=KK :A  and K  is not algebraically closed, it 

follows that KA  is a proper field extension of ,K  so that ,1\ ∅≠KKK AA  and then 

( ) { },0\1 1
KK K AA Aa ∈λ−∃ −  ,K∈λ  ,1\ KKK AAa∈  that is, ( ) ∅=σ aA KK ,  for 

every ;1\ KKK AAa ∈  whence21 (2). 

If [ ] ,1: =KKA  then we have that KA  is a trivial extension of ,K  so that 

( ) { }aA a λ=σ KK ,  with KAaa 1λ=  for a unique K∈λa  for every ;KAa ∈  hence 

                                                      
19Therefore, if K  is not algebraically closed, then KA  may be a division algebra, finitely 

generated as K -algebra. For instance, ( )XK  is a division algebra (finitely generated field 
extension of ,)K  not finitely generated as K -algebra, for which (3) does not hold, as already 
seen. 
20For instance, if ,RK C=A  then ( ) ., ∅=σ iRRC  

21For instance, if ,QK R=A  then [ ] ∞=QR :  and ( ) ., ∅=σ eQQR  
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( ) ,, ∅≠σ aA KK  ,KAa ∈  and thus (4) is proved, with ,KK
ψ
≅A  where →ψ a:  

,aλ  .KAa ∈  

For the proof of (3), assume it to be false. 

Let ( ) ∅=σ aA KK ,  for, at least, one ,KAa ∈  so that we have ( ) ,1 1−λ−∃ KAa  

,K∈λ∀  whence it follows that, in particular, ( ).KAGa ∈  If ,1 KAa =  then for 

,1K=λ  we arrive at an absurdity so that let ( ) { };1\ KK AAGa ∈  if ( ) { },1 KK AAG =  

then we obtain again an absurdity, so we suppose ( ) { } .1\ KK K AAG A ⊂≠∅  

Consider [ ][ ],λA  the linear unitary commutative integral K -algebra of the 

formal power series in λ (considered, a priori, as an abstract theoretical variable), 
with coefficients in ( ).ofsupport KAA =  Since a is invertible, we have22 

 ( ) ( ) ( )∑ ∑
∈ ∈

+−−+−− λ=λ−λ=λ−

0 0

.1,1 11111

N N
KK

n n

nn
A

nn
A aaaa  (7) 

We endow [ ][ ]λA  with an adapted topology as follows. We recall that, if Ω is an 

abstract set (of indices), and A is a unitary commutative ring, then we denote                

the total algebra, generated by the monoid (of multi-indices) Ω
0N  over A, by 

                                                      
22In a power series ring [ ][ ],TA  where A is an arbitrary unitary commutative ring, subsists the 

following Neumann’s expansion ( ) ∑ ∈
− =−

0
.1 1

Nn
nTT  Moreover, we recall that, if we 

consider the norm 

[ ][ ] ∑∑
∈∈

λ=⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
λν→λν

00

,oforder,: 0
NN

N
n

n
n

n

n
n aaA  

then we may define the convergence 

 ∑ ∑ ∑ ∑
∈ = ∈ =

∞→
≥⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
λ−λν⇔λ=λ

0 00 0
lim

N Nn

n

i n

n

i

i
i

n
n

def
i

i
n

n
n naaaa  (8) 

definitively, from which it follows the result: if { }
0N∈χ n  is a sequence of [ ][ ],λA  then 

∑ ∈
χ

0Nn n  converges if and only if ( ) ,lim +∞=χν∞→ nn  whence, by (8), also it follows that 

the general term of a convergent power series tends to zero (see [5]). 
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[[( ) ]]:Ω∈iiXA  it is the algebra of formal power series in the indeterminates 

( )Ω∈iXi  with coefficients in A, whose general element is of the type =u  

∑ Ω∈ν
ν

ν
0N Xa  with term ν

νXa  νX(  in multi-index notation) of degree .0≥ν  

By the well-known identification series-sequences, we have [[( ) ]] ,0
Ω

≅Ω∈
NAXA ii  

where 
Ω
0NA  is the formal Cartesian product of many copies of A, that is, of the type 

( )∏
∈ ∈ ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈∀∈ϕ→ϕϕ=
Ii Ii

iii IiSiSIS ,,,:; ∪�  

where Ω= 0NI  and ,ASi =  .i∀  By the Axiom of Choice (Zermelo), .0 ∅≠
ΩNA  

Hence, for instance, it is possible to endow A with the discrete topology, and then 

( ) [[( ) ]]Ω∈≅
Ω

iiXAA 0N  with the product topology that we will call the canonical 

topology (if ,card ∞<Ω  such a topology is discrete). In this topological space, it is 

possible to prove the following result (see [5, Chapter IV, Section 4, n. 2]). 

X. Let Ξ be an infinite set of indices and ( ) Ω∈jju  be a family of elements of 

[[( ) ]]Ω∈iiXA  with ∑ν
ν

ν= Xau jj  for each .Ξ∈j  Then the following conditions 

are equivalent: 

1. The family ( ) Ξ∈jju  is summable in [[( ) ]].Ω∈iiXA  

2. 0lim =jj u  taken along the filter of complements of finite subsets of Ξ  

(cofinite filter). 

3. For every ,0
Ω∈ν N  0=νja  except for a finite number of indices .Ξ∈j  

When, at least, one of these conditions holds, then the series ∑ Ξ∈
= j juu  is 

equal to ∑ν
ν

νXa  with ∑ Ξ∈ νν = j jaa  for each .0
Ω∈ν N  

Remark. As an example of summable family, we consider the following: if 

[[( ) ]]Ω∈∈ iiXAu  with νa  the coefficient of νX  in u, then the family ( ) Ω∈ν
ν

ν 0NXa  

is summable with sum u (see, also, footnote 21). 
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In our case, we consider [ ][ ]λA  as above with 1card =Ω  and ( ) Ω∈iiX  reduced 

only to λ. By the convergence of the series of (7) for every ,K∈λ  it follows that 

the general term of these, tends to 0 in the adapted topology of X, (2), whence also 
that 

 ( ) ( ) 0limlim 11 =λ=λ +

∞→

+−

∞→

nn
n

nn
n

aa  (9) 

in .0N  On the other hand, ∞=Kcard  because K  has characteristic zero, so that 

,card ∞=A  and therefore there is a natural continuous23 bijection between the 

algebra of (abstract) polynomials of [ ] [ ][ ]( ),λ⊂λ AA  and the algebra of polynomial 

functions ( )( ),,:typetheof AAff ∈λ∀∈λ→λ  namely, ( )., AApolF  Thus, by 

(9), it follows that ( ) 01 →λ+− nna  and ( ) 01 →λ+ nna  for every ,A∈λ  hence also 

for ,1A=λ  whence 

 ( ) ( ) .0lim,0lim 11 == +

∞→

+−

∞→

n
n

n
n

aa  (10) 

But, since λ is arbitrary for every ,0≠λ  we have 

( ) ( ) { },0\,11 11111 K∈λ∀λ−λ−=λ− −−−−−
AA aaa  

from which it follows that (10) must hold simultaneously, which is absurd since (in 

the integral domain A), we have ( ) ( ) ,111
A

nn aa =++−  .0N∈∀n  Hence, (3) must be 

true. 

We prove the second part of the theorem. 

                                                      
23This continuity holds in the previous topologies of [ ][ ]λA  (where [ ]λA  is dense), and in the 

discrete topology of the algebra of polynomial functions ( ) ( )( )AAAApol ,, FF ⊆  (induced 

by the discrete topology of ( ),, AAAA F≅  where AA  must be understood as product set - 
see [9, Chapter II, Section 5, n. 2] - but endowed with the discrete topology). Furthermore, 
since we have excluded that A may be a division algebra not finitely generated as K -algebra, 
the natural identification [ ] ( )AAA pol ,F≅λ  holds true (for instance, this does not subsist if 

A is the (infinite) pure transcendental field ( ),XK  since, because of the singularities of the 
rational functions, these do not be extended, as a functions, on the whole of A). 
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If I is an arbitrary maximal ideal of ,KA  then it follows that IAA KK =
~  is a 

field extension of .K  Suppose ,~ KK ≠A  and let .\~ KKAx ∈  Hence, ( )
KAx ~1λ−  is 

invertible for every ,K∈λ  that is, ( ) ,,~ ∅=σ xA KK
 and then ( ) .,~ KKK

=ρ xA  

Therefore, since [ ] , card: KKK <= An  if { }nxx ...,,1  is a system of generators for 

,KA  it follows that { }niIxx ii ...,,1; =+=  is a system of generators for ,~
KA  so 

that [ ] . card :~ KKK <≤ nA  Hence, {( ) }K
K

∈λλ− − ;1 1~Ax  is a linearly dependent 

system because we have {( ) } ( ) , card card;1card ,~1~ KK KKK
=ρ=∈λλ− − xx AA  

whence 

( )∑
Λ∈

− =λ−μ
i

AAii x
KK

~1~ 01  for some ,K∈μi  ,Λ∈i  not all zero, 

and for each finite set (of indices) Λ. Therefore, x  is algebraic over ,K  so that 

,K∈x  which is impossible. Thus, ,~ KK ≅A  and we have the proof arguing as in 

that of VIII. 

Note 3. If K  is algebraically closed, then [ ] ∞<< KK :1 A  cannot be true. In 

fact, since KA  is an integral domain and [ ] ,:1 ∞<< KKA  KA  would be a field 

and, therefore, KK ≅A  because K  is algebraically closed. Hence ,1dim =KK A  

as against [ ] .1: >KKA  

Likewise, if [ ] ,: ∞=KKA  then K  is algebraically closed and KA  is a division 

algebra. Instead, if K  is algebraically closed and KA  is a division algebra, then (see 

4 of IX) ,KK ≅A  and so, in this case, we have again ( ) ,, ∅≠σ aA KK  .KAa ∈  

Finally, we observe that the condition [ ] KKK  card: <A  in the last part of the 

theorem, is satisfied by every linear unitary commutative K -algebra having a (finite 
or) infinite system of generators Θ  whose cardinality has an order of infinity less 
than of K  (we recall that ,card ∞=K  since K  is algebraically closed): for 

instance, may be 0card ℵ=Θ  and .2card 0ℵ=K  

Then, if we take into account the order of infinity of ,card K  it is possible to 

extend the first part of IX, on the basis of its second part. 



SOME REMARKS ON HILBERT’S (WEAK) NULLSTELLENSATZ 71 

Remark 7. Under the hypothesis and notations of VIII, by (4), it follows that 

{ }0\∗∈ψ KA  is a non-zero24 multiplicative linear functional. We write this, more 

specifically, as .Iψ  

Let KA  be a linear unitary commutative integral K -algebra that satisfies IX, 

(3). Let ( ) ( { }),0\∗⊆Δ KK AA  the set of characters of .KA  

Each ( )KAΔ∈φ  is surjective and ,1dim =KK  so that ,KK ≅φKerA  and 

then φKer  is a maximal ideal of .KA  Conversely, let M be an arbitrary maximal 

ideal of .KA  Putting ,~ MAA KK =  we obtain that KA~  is a field, therefore also (by 

the restrictions of the scalars) a linear unitary commutative K -algebra. Using VIII 

(via (3)) of IX, we have ( ) ,,~ ∅≠σ aA KK
 with ( ) ,1card ,~ =σ aA KK

 for each .~
K�Aa ∈  

Analogously, we may define the monomorphism KK →ψ AM
~:  like Iψ  of (4), 

and, if KK AA ~: →π  is the quotient epimorphism, then KK →πψ=φ AMM :D  

is a multiplicative linear functional with ,MKer M =φ  so that ( ),KAM Δ∈ψ  since 

MKer M =φ  is a proper ideal, whence ( ).KAM Δ∈φ  Furthermore, since =M  

MKer φ  with Mφ  surjective, it follows that ψ is also surjective, so that .~ KK ≅A  

Therefore, from this last result, it follows that any K -algebra satisfying IX, (3), 
is a spectral algebras. 

Furthermore, if ( )KAM  denotes the set25 of all maximal ideals of such an KA  

(often called maximal spectrum of ),KA  then it follows the existence of a bijective 

map between ( )KAΔ  and ( ),KAM  namely, ( ) ( ),: KK AA M→Δξ  given by 

.φφ Kerx  

Thus for such K -algebras of IX, (3), it is possible to have the converse of the 
result in VII because, if KAa ∈  and ( ),, aA KKσ∈λ  then ( )KAa 1λ−  is not 

                                                      
24Since ψ is injective. 
25It is non-void because KA  is not a field, so that there exists, at least, one maximal ideal 
containing { }.0 KA  
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invertible, and therefore, it belongs to the proper26 ideal .1 KAaJ λ−=λ  Let 

( )KAI M∈λ  be the maximal ideal containing ;λJ  if ( ) ( ),1
KAI Δ∈ξ=φ λ

−
λ  then 

,λλλ ⊇=φ JIKer  so that ( ) ,1 λφ∈λ− Kera AK  that is, ( ) ,01 KK =λ−φλ Aa  

whence ( ) ,λ=φλ a  with λφ  non-zero because λλ φ= KerI  is a proper ideal. Now, 

we prove that such λφ  is unique, because, if λ′I  is another maximal ideal containing 

,λJ  then ( )λ
−

λ ′ξ=φ′ I1  may be, a priori, distinct by ,λφ  and then we will prove that 

.λλ φ′=φ  For this consider λIAK  and we put ,λ+= Ixx  .KAx ∈  If ,λ∉ Ix  

then λλ +=+= IxIxY KK  is an ideal of KA  with YI ⊂λ  ( ),since λ∉ Ix  so 

that it must be KAY =  by the maximality of ,λI  hence ,1 YA ∈K  that is, =KA1  

yax ′+  for some { }KK 0\∈a  ( )λ∉ IAK1since  and ,λ∈′ Iy  whence ,1 xaIA =
λK  

and then ( );,
1 xa IA KK λ

σ∈−  but λIAK  is a field, so that ( ) 11 −
λ

μ− IAx K  does 

not exist if and only if ( ) ,0, ∅≠σ KKA  that is, if and only if ,1 λ∈μ− Ix AK  

whence .1
λ

μ= IAx K  But also ( )
λλ

−=λ= IAIA ax KK 11 1  because KAx 1λ−  

,λ∈ J  so that ( ),1−=λ=μ a  hence yx A +λ= K1  for some .λ∈ Jy  Thus for every 

,KAx ∈  we have yx A +λ= K1  for some .λ∈ Jy  Therefore, if ,λλλ ⊇′=φ′ JIKer  

then we have λλλ ′⊆ IIJ ∩  so that, by ,1 yx A +λ= K  ,λ∈ Jy  

( ) ( ) ( ) ( ) ,,111 KKKK Axxyyx AAA ∈∀φ′=+λφ′=λ=+λφ=φ λλλλ  

and hence .λλ φ′=φ  

Thus, from Remark 4, we conclude that ( ) ( ),, aAaA
∗=σ KKK  for each ,KAa ∈  

if ( ) .∅≠Δ KA  

Let KA  be a linear unitary commutative integral K -algebra that satisfies IX, 

                                                      
26

λJ  is a proper ideal because it contains the non-invertible element ( ):1 KAa λ−  in fact, 

otherwise, it would be ,1 JA ∈K  so that ( )KK AA af 11 λ−=  for some ,KAf ∈  against the 

non-invertibility of ( ).1 KAa λ−  
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(3). If we set 

( ) ( ) ( )KAaa Δ∈φφ=φ ,ˆ �  and ,KAa ∈  

then we can define the following correspondence, called Gelfand’s transformation 
(or the canonical functional representation of )KA : 

( )( ) ( ) ,,ˆ,,: KKK K AaaaaAA ∈∀=Δ→ GxFG  

where ( )( )KK ,AΔF  denotes the usual linear unitary commutative K -algebra of 

maps from ( )KAΔ  to ;K  ( ) aa ˆ=G  is called the Gelfand’s transform of a. It          

is, also, possible to consider G  as the result of the following semi-duality pairing 

( ) ( ).,, aaa φ=φ→φ  

That G  is a ring homomorphism follows from 

( )( ) ( ) ( ) ( ) ( )bababa μφ+λφ=μ+λφ=φμ+λG  

( ) ( ) ( ) ( )( ) ( ) ( )KAbaba Δ∈φφμ+λ=φμ+λ= ,ˆˆ GG  

and 

( )( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )., KAbabaabab Δ∈φφφ=φφ=φ=φ GGG  

Therefore, ( )KAG  is a K -subalgebra of ( )( ),, KKAΔF  whose elements separate 

the points of ( ):KAM  indeed, by ( ) ( ),KK AA Δ≅M  if ( )KAMM M∈21,  with 

( ),iiM φξ=  ( ),KAi Δ∈φ  ,2,1=i  and ,21 MM ≠  then ,ii KerM φ=  2,1=i  and 

there is an 21 \ MMa ∈  such that ( ) 0ˆ 1 =φa  and ( ) ,0ˆ 2 ≠φa  so that, if we put (with 

abuse of notation) ( ) ( )Maa ˆˆ =φ  and ( ),φξ=M  we have, at least, ( ) 0ˆ 1 =Ma  and 

( ) .0ˆ 2 ≠Ma  

Then, as a result of a partial converse of VII, we have 

XI (Wiener-Gelfand). Let KA  be a linear unitary commutative integral              

K -algebra satisfying IX, (3), that is, not a division algebra. Then 

(1) ( ) ( ) ( ) ( )( ) ( )aAaaAaA GG Im, =Δ==σ ∗
KKKK  for each .KAa ∈  

(2) { }0\KAa ∈  is invertible if and only if ( ) 0ˆ ≠φa  for each ( ).KAΔ∈φ  
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(3) { }0\KAa ∈  is invertible if and only if â  is invertible in ( )( )KK ,AΔF  with 

.ˆ1ˆ 1 aa =−  

(4) ( ) . rad∩ K
KAM

AMKer
M

G
∈

==  

(5) (Spectral mapping theorem) ( )( ) ( )( ) ( )aa AA KKK KK ,,, σ=σ Δ GF  for each 

.KAa ∈  

Indeed, if ( ),, aA KKσ∈λ  then there is a ( )KAΔ∈φλ  such that ⊇φλKer  

,1 KAa λ−  whence ,1 λφ∈λ− Kera AK  that is, ( ) ( ) ( ),Imˆ aaa G∈λ=φ=φ λλ  

and then ( ) ( ).Im, aaA G⊆σ KK  Therefore, (1) follows from VII. 

Then { }0\KAa ∈  is invertible if and only if ( ),0 , aA KKσ∉  that is, by (1), if 

and only if ( ),Im0 aG∉  hence if and only if ( ) ( ) 0ˆ ≠φ=φ aa  for every ∈φ  

( ).KAΔ  Therefore, (2) is proved. Furthermore, (3) follows immediately from (2). 

As regard (4), because of the bijective correspondence ,: φ→φξ Ker  between 

( )KAΔ  and ( ),KAM  we have GKera ∈  if and only if ,0ˆ ≡a  that is, if and only 

if ( ) ,0ˆ =φa  ( ),KAΔ∈φ  hence if and only if ,φ∈ Kera  ( ),KAΔ∈φ  therefore, if 

and only if ( )( )∩ ∩K K
KA AM

AMKera
Δ∈φ ∈

ξ
==φ∈

M
 rad  (the latter being the 

so-called Jacobson’s radical of ).KA  

Finally, we establish (5) for each KAa ∈  such that ( ) ,, ∅≠σ aA KK  since, 

otherwise, the assertion is plainly true. If ( )( ) ( )( ),,, aA GF KKKΔσ∈λ  then 

( ( ) ( )( ) ) ,1 1
,

−
Δλ−∃/ KKAa FG  hence it is zero, at least, at one point of its domain, that 

is, there exists ( )KAΔ∈φ  such that ( ( ) ( )( ) ) ( ) ( ) ,011 , =λ−φ=φλ− Δ KK K AA aa FG  

whence ( ) ,λ=φ a  and then (by VII) ( )., aA KKσ∈λ  Conversely, let ( ),, aA KKσ∈λ  

and therefore, there exists an ( ) ( )KK AAM Δ≅∈M  such that ( ) ,1 1 Ma A ∈λ− −
K  

that is, ( ) ( )φξ=∈λ− −11 Ma AK  for a unique ( ),KAΔ∈φ  whence ( ) ,01 =λ−φ KAa  

that is, ( ( ) ( )( ) )( ) ,01 , =φλ− Δ KKAa FG  and therefore ( ( ) ( )( ) )KK ,1 Aa Δλ− FG  is not 

invertible, and so ( )( ) ( )( ).,, aA GF KKKΔσ∈λ  
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If { },0rad KK AA =  we say that KA  is semi-simple, then G  is injective if and 

only if KA  is semi-simple. 

For semi-simple algebras, we have the isomorphism ( ),KK AA G≅  with 

( )KKAG -subalgebra of ( )( )., KKAΔF  

Note 4. XI may be used as useful criterion for non-voidness, or not, of the 
spectrum of a given element, by means of the analysis of ( ),KAΔ  only when it is 

non-void. For instance, if KA  is a pure transcendental field extension of an arbitrary 

field of characteristic zero, say ,K  then we have ( )XA KK =  and thus ( ) :∅=Δ KA  

indeed, if ( ),KAΔ∈φ  ( ) KK →φ X:  would be a non-zero surjective multiplicative 

linear functional. Since ( )XK  is a field ( )( ),withhence ∅=KAM  φ must be 

injective, that is, φ would be an automorphism between ( )XK  and ,K  which is 

impossible. 

On the other hand, ( )XK  does not satisfy IX, (3), since ( )XK  is not finitely 

generated as K -algebra, so that, for this XI, (1) does not hold. Nevertheless, VII is 
not in contrast with that, if ( ),XA KK =  because, in this case, it is (see Remark 4) 

( ) ,∅=∗ aAK  KAa ∈  for ( )( ) ,∅=Δ XK  but ( ) ( ) { },, aaX =σ KK  ,K∈∀a  and 

( ) ( ) ,, ∅=σ aX KK  ( ) .\KK Xa ∈  

Due to the last results, if we define 

( ) ( ) ( )∪�
K

K KKK
Aa

A aA
∈

⊆σ=Ω ,  

as the Gelfand’s spectrum of ,KA  then we may consider the bijective map 

( ) ( ) ( ),,,: KKK AAA Ω∈λ∀φλΔ→Ωϕ λx  

making it possible to consider ( ) ( ( ))KK AA Ω≅Δ
ϕ

 also as the Gelfand’s spectrum of 

;KA  but ( ) ( ),KK AA M
ξ
≅Δ  so that ( ) ( ).KK AA Ω≅M  

XII. Let KA  be a linear unitary commutative integral K -algebra that fulfills 
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IX, (3). If ,KAai ∈  ,...,,1 ni =  then either there exists ( )KAΔ∈φ  such that 

( ) ,0ˆ =φia  ,...,,1 ni =  or there exists ,KAbi ∈  ni ...,,1=  such that ∑ =
n
i iiab1  

.1 KA=  

Indeed, if naa ...,,1  is a proper ideal of ,KA  then there exists, at least, one 

maximal ideal containing it, say M, so that let ( ) ( )KAM Δ∈ξ=φ −1  with =M  

,φKer  whence ,Mai ∈  i∀  implies ( ) ( ) .0ˆ =φ=φ ii aa   Instead, if naa ...,,1  is a 

not proper ideal, then ,...,,1 KAaa n =  so that ,...,,1 1 nA aa∈K  from which it 

follows the second statement. 

Remark 8. On the basis of the last results of the previous Remark 7, we 
introduce an application connected with elementary algebraic geometry. 

Let K  be algebraically closed. Let ( )JVV =  be an affine variety, defined      

by the ideal [ ],...,,1 nXXJ K⊆  not reduced to only one point. Then, if =KA  

[ ] ( ) ( )VVIXX n Γ=...,,1K  is the coordinate ring of V, with ( )( ),JVIJ ⊆  then 

( )VΓ  is not a field27, so that ( ) .∅≠KAM  Furthermore, ( )VΓ  is a linear unitary 

commutative integral K -algebra, with ( )[ ] ,: ∞=Γ KV  that it is not a division 

algebra, and so ( )VA Γ=K  satisfies IX, (3) (see also Note 3). 

We prove that ( ) ( )( ).VJV ΓΔ≅
ι

 Indeed, if ( ) ( ),...,,1 JVaaP n ∈=  then we 

have the (polynomial) evaluation map ( ),: PffP →ζ  [ ],...,,1 nXXf K∈  hence 

there exists a unique monomorphism ( ) K→Γψ VP :  such that ,πψ=ζ DpP  

where [ ] ( )VXX n Γ→π ...,,: 1K  is the quotient epimorphism, so that we may 

associate to P the monomorphism ( )( ),VP ΓΔ∈ψ  namely, let .: PP ψ→ι  

Conversely, if ( )( ),VΓΔ∈ψ  then [ ] KK →πψ=ϑ nXX ...,,: 1D  is a 

homomorphism. Let ( ),ii Xa ϑ=  ,...,,1 ni =  then ( )....,,1 naaP =  Therefore, 

                                                      
27Indeed, it is known the equivalence of the following conditions: (1) ( )JV  is a point; (2) 
( ) ;K≅Γ V  (3) ( )[ ] .: ∞<Γ KV  See [1, Problem 2-4]. 
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( ) ( ) ( ) ( )( ) ( ),...,,...,, 11 fXXfaaff nnP ϑ=ϑϑ==ζ 28 so that ,Pζ=ϑ  whence 

πψ=ϑ=ζ=πψ DD PP  for which, by the uniqueness of ,Pψ  it follows that 

( ).PP ι=ψ=ψ  Furthermore, for each ( ),VIf ∈  we have ( ) ( )naafPf ...,,1=  

( ) ( ) ( ) ( )( ) 0=πψ=πψ=ϑ= fff D  because ( )VIf ∈  and therefore, ( ) ,0=π f  

so that ( ).JVP ∈  Hence, ι is bijective29, and since it is immediate to verify that it is 

also a homomorphism, we conclude that ( ) ( )( ) ( ( )( ) { }).0\∗
ι

Γ⊆ΓΔ≅ VVJV  

On the other hand, as regards to what has been said above, we have 

( )( ) ( )( ),VV Γ≅ΓΔ
ξ
M  whence ( ) ( )( ),VJV Γ≅ M  achieving results similar to those 

described in [6, Chapter I, Exercises30 26, 27]. We prove this property, also taking 
into account the notation of [6, Exercises 26, 27]. 

We recall that ( ) ( )KK AA M
ξ
≅Δ  with ,: φ→φξ Ker  so that we have simply 

PPKerP m=φ→ιξ=μ :D  for every ( ).JVP ∈  Therefore, μ is bijective, as 

required. 

Remark 9. Historically, the origin of the notion of spectrum of an element of an 
algebra may be recognized in a proof given by Weyl in [10, Chap. V, Part A, Section 
7, p. 316 (of the Dover edition)], where he proves that the only division algebra of 
finite order, over an algebraically closed field, is this field itself. 

                                                      

28Indeed, if ( ) ∑ ∏
=
≥ =

=

nj
j

j
n

i

n

j

i
jiin XaXXf

...,,1

1
0 1

1 ,...,, "  then, since ϑ  is a ring homomorphism, 

we have 

( ) ( )( ) ( ( )) ( )∑ ∏ ∑ ∏
= =
≥ = ≥ =

ϑ=
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

ϑ=ϑ=ϑϑ

nj
j

nj
j

j
n

j
n

i

n

j i

n

j

i
jii

i
jiin fXaXaXXf

...,,1 ...,,1

11
0 1 0 1

1 ....,, ""  

29Among other things, the bijectivity of ι implies that each character of ( )VΓ  is a 
(polynomial) evaluation map. 
30These exercises seem to be an initial link-point between Algebraic Geometry and Operator 
Algebras Theory. 
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On the other hand, the so-called Gelfand-Mazur theorem says that every 
complex Banach algebra, that is a division algebra, is (isometrically) isomorphic to 

.C  This theorem is truly one of the most fundamental theorems in the study of 
commutative Banach algebras. It was announced by Mazur in 1938 (see [11]) and 
proved by Gelfand in 1941 (see [12]). For various other proofs of this theorem, see 
[13]. 

Remark 10. By an evasive suggestion of Danilov (see [4, part II, Chapter 1, 
Section 1, Subsection 1.5]), about a presumed analogy (of enunciations) between the 
Weak Nullstellensatz and the Gelfand-Mazur theorem of the Theory of Operator 
Algebras (as, for example, exposed by [3, Chapter 1, Section 4]; see, also, [8]), we 
have outlined above results, taking into account few, but meaningful, problems 
proposed by Fulton [1], and two exercises of [6], together with some subjects drawn 
from the theory of abstract Banach algebras that could be extended in a purely 
algebraic setting. 

On the other hand, in another context, Almira in [2] (and [7]), has given a proof 
of the Weak Nullstellensatz through both the Fundamental Theorem of Algebra (via 
Gröbner’s division algorithm), and the Gelfand-Mazur theorem, but only in the case 

,CK =  following a procedure completely different from that taken here. 
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