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Abstract

We introduce a geometric-mechanical artefact designed for laboratory activities related to
Calculus topics (3D models and construction instructions are freely available online). With
new capabilities and a new design, this instrument adopts some mechanisms historically
introduced to solve inverse tangent problems (that analytically correspond to solving dif-
ferential equations). By such an instrument, besides materially revealing the tangent to a
curve (tangent mode), it is possible to trace the graph of exponential functions and parabo-
las starting from the geometrical properties of their tangent (curvigraph mode). Further-
more, one can perform transformations as derivatives and integrals (transformation mode).
Our research project aims to study the use of this artefact mainly for secondary school
students. In this paper, we present the analysis of its semiotic potential, referring to the
instrumental approach and the Theory of Semiotic Mediation. We also focus on a second-
ary school teacher manipulating the artefact to identify exploration processes and gestures
of usage. The analysis supports the choice of starting the exploration in the tangent mode
and suggests that the artefact fosters the emergence of the idea of the tangent line.

1 Introduction

The history of mathematics offers several examples of the intertwined relationships
between artefacts and the development of mathematical ideas over the centuries. On the
other hand, research in mathematics education is widely interested in the educational use
of material and digital tools for mathematics teaching and learning (Monaghan et al.,
2016). This interest has increased in the last decade, supported by the emergence of theo-
retical frameworks for planning experimentation and analysing results and processes. Even
if digital tools are more studied because they offer new possibilities for approaching and
representing mathematical concepts (Calder et al., 2018), some research focuses on the use
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of both digital and material tools (for instance, Maschietto & Soury-Lavergne, 2013). Nev-
ertheless, the interest in material artefacts, such as mathematical machines (Bartolini Bussi
& Maschietto, 2006), remains in mathematics education.

In this paper, we introduce a material artefact issued from the history of mathematics
that can be constructed by digital fabrication tools (e.g., collaborating with a FabLab) fol-
lowing the instructions and the 3D models freely available at https://www.thingiverse.com/
thing:6619300. Even though such a tool is new (patented, designed, and constructed by the
second author), it embodies the historical ideas related to the mechanical implementation
of the solution of inverse tangent problems. Here, as a first provisional name, we refer to
it as the “Multipurpose Tangent Solver,” shortened in MTS. Our research project concerns
the study of this artefact for laboratory activities concerning Calculus, above all with sec-
ondary school students. As the first step of this project, we propose the MTS to a secondary
school teacher expert in the educational use of material tools for geometry (i.e., the math-
ematical machines preserved at the University of Modena e Reggio Emilia; Bartolini Bussi
& Maschietto, 2006); we are interested in analysing how this teacher explores the new arte-
fact. In this sense, this paper can be considered a case study (Stake, 1995).

After presenting the historical setting and description of the new artefact, this paper
introduces the theoretical background framing the use of tools in mathematics education.
Finally, it carries out the analysis of the exploration by a secondary school teacher. Even
though such a case is very specific, the results obtained shed some light on the expected
behaviour and represent the starting point for more general activities.

2 Historical Setting

Regarding the conception of Calculus, we are obliged to think of the physical approach
on the basis of Newton’s method of fluxions and fluents. Though Newton considered the
foundational role of constructions by machines for algebraic curves (cf. Blasjo, 2023), we
have no clue that he thought of mechanical tools in relation to Calculus, probably because
his main analytical tools (infinite series) have no direct counterpart in finite mechanics. For
such a reason, we follow Leibniz’s more geometrical approach. From this perspective, the
geometrical resolution of differential equations by mechanical tools constitutes an excit-
ing chapter in the history and philosophy of science and technology. Indeed, both theo-
retical and actual machines (cf. Figure 1) formed a relevant example deeply involving the
mathematical development, the design, and the practical construction of instruments in a
common perspective. The starting geometrical problem is to construct a curve given the
properties of its tangent, the so-called “inverse tangent problem” (as general references, see
Bos, 1988; Tournes, 2009 or also, for a brief introduction, Crippa & Milici, 2019).

2.1 Background

Since the seventeenth century, the development of algebra as an analytic tool for geometric
problems posed a foundational problem for mathematicians: How could such solutions and
constructions be accepted in the dominant geometric paradigm of the time? There was a
need for a general class of curves beyond circles and segments, and previous geometers
introduced curves as traces of ideal planar machines. The conditions such machines had to
satisfy to be considered “geometrical” constitute the “exactness issue.” As well exposed in
Bos (2001), such a quest got the first widely accepted answer by La Géométrie of Descartes
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Fig. 1 Various mechanisms solving inverse tangent problems

(1637). Specifically, Descartes proposed a class of machines tracing algebraic curves as a
synthetic part of his method and polynomial algebra as an analytical tool to simplify the
problems. That determined a dualism between “geometric” (in modern terms: algebraic)
and “mechanic” (transcendental) curves, being only the first ones considered acceptable
in a Cartesian setting. Soon after the spreading of Descartes’ canon, mathematicians got
habituated to polynomials, which became no longer a crucial step for problem-solving but
directly the solution.

In that period, there were only a few transcendental curves (e.g., the Archimedean spiral
or the quadratrix), but a new general method to generate curves beyond Cartesian limits
was about to emerge. A problem proposed in Paris by the architect Claude Perrault in the
1670 s provided the first insight (cf. the top left of Fig. 1, published in Poleni, 1729). The
problem was easily described: if we move the end of a chain watch along a line slowly
enough to avoid inertia, what curve does the watch describe? Cartesian tools appeared
powertless to answer.

2.2 Foundation

In Perrault’s setting, the traction is crucial. That provided the name “tractional motion,”
and the traced curve was called “tractrix.” Nevertheless, the passage from problems to con-
structions is not trivial: using a chain watch moving on a table is hard to consider ideal
enough as a mathematical construction. The first step was to refine the problem to become
a “pure geometrical problem,” using the words of Huygens (1693). Indeed, the key is that
the direction of the taut chain is always tangent to the tractrix. Such a tangent problem
radically differs from the classical ones. At least since the Classical Greek period, tangent
problems involved finding the tangents to given curves satisfying specific properties. The
problem is inverted now: we know the tangent properties and seek the curve with these tan-
gent lines. That is the rise of “inverse tangent problems.”
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However, how can inverse tangent problems be concretely implemented? The reference
to a heavy load having friction on a plane (as the watch) involved physical issues far from
the domain of pure geometry, e.g. the unwanted role of velocity (because of the inertia that
the load acquires) or the non-perfect horizontality of the plane. In 1693, Huygens provided
an instrumental legitimacy to the tractrix: the curve is geometrical because it guides the
direction/tangent of the curve and can be traced as precise and straightforward as circles
from compasses. In doing that, Huygens designed instruments for the tractrix using a rigid
rod instead of a string to work both in traction and compression. Some of these sketches are
visible in the top centre of Fig. 1 (Bos, 1988). In the same year of Huygens’ publication,
other relevant players in the early development of Calculus (Jean and Jacques Bernoulli,
L’Hopital) paid attention to tractional motion. Among them, Leibniz (1693) proposed a
general canon of geometric constructions beyond Cartesian limits: mathematicians do not
have to restrict geometry to algebraic curves. Still, they should include any curve traced by
a continuous and uniquely defined motion (Crippa, 2020). Suitable ideal machines con-
stituted the foundational insights that brought Leibniz to justify his Infinitesimal Calculus
geometrically (Blasjo, 2017).

To sum up, even though the habituation of mathematicians to consider polynomials as
solutions made obsolete the interest in machines for algebraic curves, machines regained
importance at the end of the seventeenth century, this time to justify the construction of
transcendental curves.

2.3 Expositions and Teaching

The first generation of mathematicians working on tractional motion focused on the ideal
role machines could assume to justify the construction/introduction of certain transcenden-
tal curves. The vision in the first half of the eighteenth century rapidly evolved: curves like
the tractrix or the logarithmic were well-known and generally accepted. Thus, the interest
was no longer foundational but in real machines tracing analytic curves.

Giovanni Poleni was an emblem of this period of technological flourishing. Mathema-
tician, physician, astronomer, and interested in engineering studies, Poleni (1729) pro-
posed the machines for the logarithmic curve (cf. top right of Fig. 1) and for the tractrix,
which were also built and used for exhibitions and teaching (for the reconstruction of
these machines, see Milici & Plantevin, 2022). In 1739, Poleni inaugurated a laboratory of
experimental physics (Teatro di filosofia sperimentale) at the University of Padua, which
was unanimously praised by his contemporaries. He took the opportunity to set up one of
the first university courses based on laboratory experiments (previously, he had students
come to his home in his personal scientific cabinet). For this reason, Poleni paid attention
to the design of his tractional machines: they were no longer only theoretical machines
but also practical instruments guaranteeing adequate usability and accuracy. Poleni had a
disciple, Giambatista Suardi, who continued his work as a designer of mathematical instru-
ments. Among other ideas, Suardi (1752) simplified and technically perfected the tractional
instruments for the tractrix and the logarithmic curve.

In these machines, a “wheel” played the role of driving the direction of the curve, like
the blade of a pizza cutter or the front wheel of a bike. As visible in the bottom right of
Fig. 1 (image from Milici, 2015), considering a wheel rolling on a curve, the direction
of the rolling wheel is tangent to the curve (in the image, the direction is represented by
a bar). The passage from the dragged weight of late 17th construction to the wheel is not
a purely technical improvement. Indeed, dragged weight and wheel implement different
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mathematical contents that coincide only in simple cases (Dawson et al., 2021). Note that
the first introduction of the wheel in inverse-tangent constructions precedes Poleni. Indeed,
quite far from the academic environment, an English schoolteacher invented the machines
for the hyperbola quadrature and the tractrix (Perks, 1706; Perks, 1714-1716).

2.4 Theoretical Achievements

Poleni’s, 1729 publication made a strong impression on the geometers of his time. After
reading it, Euler (1736) imagined tractional motion constructions to solve differential
equations that he could not integrate in finite form by algebraic methods. Among other
results, Euler succeeded in integrating the famous Riccati equation using tractional motion,
which had remained unsolved for a long time. From there, an epistolary dialogue continued
between Euler and Poleni for more than 4 years, revealing interesting interactions between
theoretical and practical concerns.

Following on from Euler’s work, a son of Jacopo Riccati (the mathematician of the Ric-
cati equation) demonstrated that it is possible to exactly integrate any differential equation
v’ =f{x,y) using tractional motion (even though he did not explicitly specify anything about
the set of admissible functions f). From a theoretical point of view, Riccati (1752) was the
culmination of the ancient problem-solving tradition through the construction of curves.
Descartes had shown how to construct algebraic curves by a simple continuous motion
using linkages. Riccati, for his part, established that many transcendental curves can be
generated by a simple continuous motion from the differential equations that define them
(cf. Tournes, 2009).

2.5 Practical Instruments

After the middle of the eighteenth century, the theory and practice of tractional motion
rapidly fell into oblivion. The geometric paradigm was no longer dominant, and new math-
ematicians were interested in exploring mainly the analytical counterpart of infinitesimal
analysis. However, in the late nineteenth and early twentieth century, a new generation of
mathematicians and engineers re-invented essentially Poleni’s solutions, increasing only
the complexity of these instruments. Such instruments, called integraphs, were used nei-
ther to give a foundation nor to explain certain concepts. They were adopted to solve dif-
ferential equations formally untreatable and kept their market until the widespread adop-
tion of digital computation in the second half of the twentieth century. Thus, precision and
efficacy were given much more care. An integraph is visible in the bottom left of Fig. 1
(Abdank-Abakanowicz, 1886). In the first half of the twentieth century, larger machines
were built by connecting several integraphs to solve differential systems or higher-order
differential equations.

A vast collection of integraphs is described in Pascal (1914). Ernesto Pascal created a
mathematics seminar at the University of Naples and annexed a laboratory to each math-
ematics chair. These structures, probably inspired by what he had seen in Germany during
his stay in Gottingen, significantly contributed to boosting research in his university and cre-
ating links between pure and applied mathematics. In addition, in terms of teaching, these
laboratories allowed professors to complete their theoretical courses by having students
work on problems using mathematical instruments and models. Similarly to Poleni, Pascal
designed and realised various integraphs, collected them in his laboratory (Gabinetto della
cattedra di analisi infinitesimale), and used them to teach Calculus.
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2.6 Analogue Computation

Tractional motion has also recently gained interest from the perspective of theoretical
analogue computation. Unlike digital computation, analogue computation does not deal
with symbolic manipulation but with changing continuous quantities. From the compu-
tational perspective, we can consider Descartes’ Géométrie (Section 2.1) as the proposal
of a “balance” between geometric constructions (synthesis) and symbolic manipulation
(analysis) with the introduction of suitable ideal machines. In modern terms, that is a
balance between analogue and symbolic computation. The synthetic part of Descartes’
program was extended by tractional motion, even though the class of the acceptable
machines was not historically defined; the analytic part was soon extended by intro-
ducing non-finitary methods (infinite sums and infinitesimal elements). As proposed by
Milici (2015), an interesting question is if it is possible to extend Descartes’ balance in
a finitist way.

The first step in this direction was to define a broad class of ideal machines beyond
Cartesian ones. The machines of Descartes may be considered linkages, which Kempe
(1876) showed to be algebraically complete in his Universality Theorem: for any finite
part of an arbitrary algebraic plane curve, we can ideally construct a linkage drawing it.
To overcome Cartesian limits and exhaustively define machines for tractional motion,
Milici (2012) proposed the “tractional motion machines” as an extension of linkages
with a tool named “wheel” able to drive the direction of a point.

Some computational, historical, and philosophical answers about tractional machines
appeared in Milici (2020). Indeed, unlike infinitesimal analysis, an analysis without
infinitary objects has been extended beyond the limits of algebraic polynomials by early
twentieth-century differential algebra. Differential algebra (Ritt, 1950) today is a branch
of computer algebra in which differential algebraic structures (such as rings and fields)
are equipped with the operation of derivation. Informally, the indeterminates can be
considered not numbers but continuous (and differentiable) functions. With these exten-
sions, it is possible to define a new convergence of tractional motion machines (analogue
computation), differential algebra (symbolic manipulations) and a well-determined class
of mathematical objects (differentially algebraic functions, i.e. solutions of polynomial
equations in the function and its derivatives) that gives scope for a constructive founda-
tion of (a part of) Infinitesimal Calculus without the conceptual need of infinity. A dif-
ferential universality theorem provides this balance and the subsequent definition of the
constructive limits of tractional motion (Milici, 2020).

3 The New Artefact

In this work, we introduce the MTS (Multipurpose Tangent Solver), a new artefact that
collects the legacy of the instruments for the inverse tangent problem. It integrates the
eighteenth-century “curve-tracing” perspective with the subsequent “transformation”
perspective. We realised the MTS with typical FabLab tools (laser cutting, 3D print-
ing, CNC milling; see https://www.thingiverse.com/thing:6619300 also for images and
videos). According to the numbering on the left of Fig. 2, it is made up of the following
components:
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Fig.2 The MTS: its components and some details
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The frame. It allows the plate [2] to slide along its long sides. Under it, a paper sheet
is posed to leave traces.

The plate. 1t is a rectangular piece of transparent plexiglass with three guides carved
out, the two little ones perpendicular to the big one (a little guide, not well visible in
the figure, stands below the peg [4]).

Two rods. They play as linear guides to be put on the plate (pieces [4], [5], and [6] can
slide inside). The rods can be joined to form a T in which a rod is the perpendicular
bisector of the other; to shorten, we call the first “height rod” and the second “base
rod” (as if they were the typical representation of the base and height of an isosceles
triangle). Using the base or height is irrelevant when using a single rod.

The peg. After fixing it in a point of the two little guides of the plate [2], it slides inside
arod [3].

The positional pointer. It is a pen holder that can slide inside a rod [3] and the big guide
of the plate [2] (see also Fig. 2, top right).

The directional pointer. It is a pointer with, on its bottom, two parallel wheels (they
can rotate at different speeds when touching the paper sheet). As the positional pointer,
it can slide in a rod [3] and the big guide of the plate [2]. It has a cap to constrain the
direction of the rod through which it passes to be parallel or perpendicular to the direc-
tion of the wheels (see also Fig. 2, bottom right).

Pointers have a hole that can be used as a viewfinder (to move the pointer along a curve)

and to put a marker (to make the pointer leave a trace). Note that the square head of the direc-
tional pointer allows the top cap to be right-angle rotated. In the positional pointer, however,
the orientation of the top cap is irrelevant.

In the next section, we outline the primary references for analysing this artefact from an

educational perspective.
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4 Theoretical Background

In this section, we outline the main theoretical references for our study concerning the use
of artefacts in mathematics education and the meaning of tangent lines in approaching
Calculus.

4.1 Artefacts in Mathematics Education

The study of this new artefact is carried out within a semiotic perspective, sharing the
assumption that “sign and representations play an essential role in mathematics” (Hoff-
mann, 2006, p. 279) and “Mathematical cognition is mediated by representations. Mathe-
matical activity is performed by means of visible signs, and by interpreting and transform-
ing signs we develop mathematical knowledge” (Hoffmann, 2006, p.279). According to
research carried out to frame the work with artefacts within an educational perspective, we
mainly adopt two components for our theoretical background: the instrumental approach
(Rabardel, 1995/2002) and the Theory of Semiotic Mediation (Bartolini Bussi & Mariotti,
2008). We present these two references in this section.

The instrumental approach is rooted in research on the use of tools in human activity,
and it is widely used in mathematics education research; it pays attention to the distinc-
tion between artefact and instrument. The former is a material or abstract object already
produced by human activity; the latter is a mixed entity with components from the artefact
and the user’s utilisation schemes developed during activities. The process leading to the
development of the instrument to perform specific tasks is called instrumental genesis. It
consists of instrumentation (concerning the emergence and development of the utilisation
schemes) and instrumentalisation (concerning the emergence and evolution of the different
components of the artefact, drawing on the progressive recognition of its potentialities and
constraints). Utilisation schemes are of particular interest from a mathematics education
perspective because they are strongly related to the construction of knowledge.

The Theory of Semiotic Mediation (TSM) has been elaborated on and applied to math-
ematics education by Bartolini Bussi and Mariotti (2008) from a Vygostkian perspective.
The fundamental idea is that a teacher uses a specific artefact as a tool of semiotic media-
tion for constructing mathematical meanings. In this framework, a crucial notion is the
semiotic potential of an artefact: its analysis is fundamental for the conception of tasks
for students and is at the basis of the teacher’s action with students. The semiotic potential
of an artefact is defined as a double semiotic link: on the one hand, the link of the arte-
fact established with the student’s personal meanings and signs emerging when using it to
accomplish a task (tasks must be suitable for students); on the other hand, the link of the
artefact with the mathematical meanings evoked by its use and recognisable as mathemat-
ics by an expert. The analysis of the semiotic potential considers three components (Bar-
tolini Bussi & Mariotti, 2008): historical references, mathematical content, and utilisation
schemes. Following the instrumental approach, the last component concerns the analysis of
the possible utilisation schemes to perform a task and the related meanings (personal and
mathematical ones) emerging during the task resolution.

Activities for students are organised within didactical cycles, including group activities
with the artefact, individual activities, and collective mathematical discussions. In research
on mathematical machines, students’ activities start with exploring the chosen artefact,
which engages students in a rich semiotic activity. This exploration is often structured
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following four main questions (Bartolini Bussi et al., 2011) that can be proposed in work-
sheets depending on students’ level and educational aims. These questions integrate some
elements from the instrumental approach:

(1) How is the machine made? (TSM-Q1) This kind of question fosters students to describe
the physical structure of the machine, detecting physical components and their spatial
relations. It aims to support instrumental genesis and can be more detailed by asking
what the machine’s components are or what geometrical figures are represented by
the machine’s linkage, if any. The aim is to identify signs relevant to the subsequent
questions and support the geometrical representation of the machine (for instance, a
peg or a pointer can represent a point; a rod can represent a segment or straight line).

(2) What does the machine make? (TSM-Q2) Two processes must be activated to answer
this question. The first process concerns how to use the machine to achieve a specific
aim (e.g., to draw some figures); it is essential to move some pegs or rods of the
machine and trace their trajectory. It supports the emergence of user utilisation schemes
and gestures of usage. The second process concerns the production of conjectures on
mathematics evoked by the artefact; this process is stimulated by the physical structure
of the machine and by the analysis of the relationships between the drawn figures to
detect invariant properties. In this case, the emergence of mathematical meanings is
fostered: new signs are produced, and the relationships among them can be identified
(Arzarello & Sabena, 2011).

(3) Why does it make it? (TSM-Q3) Students are expected to argue the conjectures pro-
duced through question TSM-Q2, up to constructing a proof (depending on students
and class level). Arguments usually draw on the mathematical properties identified
since the answers to question TSM-Q2.

(4) What could happen if ...? (TSM-Q4) This final task fosters the solution of open-ended
problems and connects problem-posing and problem-solving activities.

In this paper, we consider the analysis of the semiotic potential of the MTS. From our
perspective, the four questions described above can provide an outline for analysing mate-
rial artefacts for mathematics learning/teaching and their semiotic potential. Indeed, these
questions are strictly related to the analysis of the mathematical content and instrumental
genesis. Regarding the conception of tasks for students, essential in the Theory of Semiotic
Mediation, the organisation of classroom activities within didactical cycles and the role of
the teacher are not considered here because this paper does not deal with an experimental
phase with students.

We are interested in paying attention to the components for the analysis of the semiotic
potential of an artefact. In the Theory of Semiotic Mediation, the teacher starts his/her role
as a cultural mediator in a discussion about mathematical meanings and signs produced by
the subjects in interacting with an artefact while carrying out a specific task. There are also
gestures among the signs emerging in the first phase of working with the artefact (mainly
concerning TSM-Q1 and TSM-Q2). In the analysis of the educational use of an arithmeti-
cal artefact (a numerical machine called “pascaline Zero+ 1), Maschietto (2015) pays
attention to gestures of usage emerging from the manipulation of the artefact, their rela-
tionships, and the evolution in solving strategies.

These gestures are linked to the subject’s knowledge and the construction of his/her uti-
lisation schemes. Still, they can also be precisely solicited by the features of the artefact
and by an exploratory task seen as an open task that allows the subject to perform various
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actions. Based on gestures, Yoon et al. (2011) explore how people use gestures to support
the construction and communication of their mathematical understanding. In particular, the
authors investigate how a person’s physical gesture space becomes endowed with math-
ematical meaning and how a subject can interpret gestures mathematically. Using gestures
to communicate and create new gestures can support a new understanding of mathematical
concepts (Arzarello & Edwards, 2005; Radford et al., 2005).

In this perspective, we consider it relevant to pay attention to the affordances of the
artefact, i.e., the possibility for action which the environment offers to a subject according
to his/her ability, but also to the constraints on action (Bril, 2015) in the thread of Gibson’s
construct of affordances and constraints to mediated action (Gibson, 1977). At this step
of our study of a new machine, the focus on affordances could help identify what artefact
exploration might foster. At the same time, it becomes relevant to specify design choices
from the perspective of the user’s actions. Monaghan and Trouche (2016, p. 391) claim that
“each tool has affordances and constraints regarding what might be learnt in using each
tool to do the task. The person-task aspect of this dialectic has several dimensions, includ-
ing the person’s engagement in the task and the ability of the person to realise the task.”
Affordances are also central in Chiappini (2013), which considers cultural affordances. In
their reflection on the instrumental approach from an embodied perspective, Shvarts et al.,
(2021, pp. 455 f.) hypothesise that “conceptual understanding in mathematics is related
to active recognition of artefacts’ affordances or recreating of the artefacts in the course
of instrumentalisation within fulfilling students’ intentionality.” They also “propose to see
instrumentalisation as recognition and/or creation of affordances and instrumentation as
development of body potentialities.”

At this step of our study of a new machine, the focus on affordances could help identify
what the exploration of the artefact could foster. At the same time, it becomes relevant to
specify design choices from the perspective of the user’s actions.

4.2 The Meaning of the Tangent Line

Several studies have been carried out on the mathematical content to which the machine
refers, both in secondary school and university. Before learning Calculus, algebraic and
geometrical objects are mainly considered from two points of view: a global point of view
and a pointwise point of view. The former is supported by an iconic visualisation (Duval,
2005) of the graphical representation of the function. For instance, the functions of one
real variable are considered global entities associated with an algebraic expression or a
graph and pointwise correspondences or covariations between two quantities. Since the
beginning, the study of Calculus has added a local point of view to these perspectives: we
need to consider what happens to functions at a specific value and in its neighbourhoods
(Chorlay, 2007; Maschietto, 2008). In the graphic register, a local point of view draws
attention to what happens around a chosen point. The relationships among these points of
view (“global/local game” in Maschietto, 2008) must be considered in teaching Calculus.
Among the concepts of Calculus, research focuses on derivative/tangent and integral. Tall
(2012) identifies the cognitive roots for differentiation and integration in terms of the “local
straightness” of a curve (the property of some graphical representations to seem straighter
and straighter when we zoom around their points, which students have to construct against
previous tangent knowledge, cf. Castela, 1995) and area under the graph (it appears as a
new meaning of area). He further clarifies that local straightness involves a perceptive level
related to a primitive human perception of visual aspects and evokes a global approach
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deeply related to how an individual looks along the graph and apprehends changes in slope.
Otherwise, “local linearity” (the property of some functions to be approximated by a linear
function in the neighbourhood of a point) focuses on the idea of the best linear approxi-
mation of a function at a point, expressed formally. According to him, the cognitive root
for the derivative is thus based on the fact that the graph of a differentiable function at a
particular point looks straight if sufficiently magnified. These ideas were later developed in
subsequent research (Biza, 2011; Maschietto, 2008).

Concerning Calculus, Tall and Vinner (1981) present the analysis of students’ cogni-
tive functioning in terms of concept image (describing the total cognitive structure that is
associated with the concept, which includes all the mental pictures and related properties
and processes) and concept definition (it is a form of words used to specify that concept).
Some research confirms a certain distance between concept images and concept definitions
in students; they also stress that the different elements of a concept image “were often not
conceptually connected in students, who were then unaware of the contradictions among
them” (Przenioslo, 2004, p.129). Other research deepens the analysis of students’ concept
images. Bingolbali and Monaghan (2008) consider the construct of concept image/concept
definition within a social-cultural perspective, pointing out that the experiences ground-
ing the concept image must be contextualised. The authors compare the development of
concept images of the derivative for mathematics and engineering students: starting from
a similar condition, after their university courses, mathematics students do better on ques-
tions regarding tangents, while engineering students do better in rate of change questions.
It seems crucial not only to connect concept images and concept definition but also to
enrich concept images. From our perspective, the MTS could support this.

In general, the construction of the concepts of Calculus is relevant not only in math-
ematics but also in other disciplines, like physics, with additional meanings and applica-
tions. Indeed, several studies in physics education show that students lack basic knowledge
of Calculus (Stoffels et al., 2022).

5 Research Questions

As stated above, our research aims to construct educational activities with the MTS for
approaching Calculus, mainly in secondary school. This paper is interested in analysing an
expert’s artefact exploration.

The first research question concerns the potentiality and affordances of the machine:
Which is its semiotic potential? Which affordances can be identified in this machine?

To formulate the subsequent research question, we introduce three ways the MTS can
be assembled: tangent, curvigraph, and transformation modes. We deepen these modes in
the next section. In activities with students, starting from the simpler version of the artefact
(tangent mode) and later exploring the more complex versions (transformation and curvi-
graph mode) seems reasonable. However, we chose to start from the exploration of the
transformation mode to analyse, besides the semiotic potential and the affordances related
to the specific activity, how an expert can explore this mode without the need for a previ-
ous explicit focus on the wheel for the tangent. Thus, the second research question con-
cerns the exploration processes by a mathematics teacher in two settings:

— The static setting, in which the teacher cannot move the machine: Which components of
the machine do emerge (instrumentalisation)? What movements do we expect? Why?
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— The dynamic setting, in which the teacher can act on the machine: Which are the uti-
lisation schemes that emerge in exploring the artefact? What kind of semiotic activity
can we observe? Are specific gestures detectable?

The third question concerns the emergence of mathematical meanings: How are the
invariant elements identified/detected? When and how does the idea of the tangent line
emerge?

6 Empirical Research Methodology

According to the Theory of Semiotic Mediation, we first analyse the MTS following the
components presented in the “Theoretical background” section. Then, we describe the
structure of the experimental session for its exploration by an expert.

6.1 Semiotic Potential

The analysis of semiotic potential considers three components (Bartolini Bussi & Mariotti,
2008): historical references, mathematical content, and utilisation schemes. The “Histori-
cal setting” section has already dealt with the first point. We analyse mathematical content
and utilisation schemes in this section.

MTS’s components have been designed to be assembled differently for different activi-
ties. In all these cases, one puts and slides the plate on the external guides of the frame.
The directional pointer ([6], Fig. 2) is placed in the big slot of the plate, and at least one rod
is used above the plate through the pointer. There are three modes:

(1) Tangent mode: Curve-tracing or curve-following free mode with only the plate and the
directional pointer with a rod (Fig. 3).

(2) Curvigraph mode: Including the peg on the plate and making the rod pass through it
(Fig. 5), the MTS allows tracing some curves.

(3) Transformation mode: Using two rods and two pointers (Fig. 7), the MTS works as an
integraph to construct derivatives and antiderivatives graphically.

6.1.1 The Tangent Mode

The tangent mode allows one to experiment with a gesture of usage and obtain the
machine’s first signs. The directional pointer has two parallel wheels, so the gesture of
usage is to grasp and move the pointer by its cap (Fig. 3). In doing that, one has to make
the wheels roll without slipping; to move along a given trajectory, the pointer must be dis-
placed back and forward and rotated during the motion (corresponding to a change in the
direction).

If a subject wants to trace a curve with the pointer, he/she can insert a marker in the hole
and move the pointer. The role of the rotation to change the direction radically differs from
tracing a curve freehand or under constraints involving only the position (and not the direc-
tion), as in the gardener’s ellipse.
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Fig.3 The tangent mode for tracing and/or following curves

The wheels’ direction has a solid mathematical meaning: it corresponds to the direction
of the line tangent to the traced curve at the pointer’s position. We need some remarks to
justify in a geometrical way that the direction of a wheel that rotates without slipping is
related to the tangent. As visible in Fig. 4, consider an n-sided regular polygon inscribed
in a fixed circle C. Rotate the polygon side-by-side on the plane and make the two vertices
of the bottom side lie on a given curve. If we call “direction” the intersection of the rotat-
ing figure with the base plane, the direction is a secant to the given curve. If we consider
polygons with more and more sides, the figure tends to the circle C, and its direction tends
to the limit to the secants, i.e., the tangent to the curve.

Fig.4 A polygon rotates along a curve
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The pointer has two wheels with parallel directions, but wheels can have different rota-
tion speeds, like segways and hoverboards. By basic kinematic reasoning, the direction of
the pointer is parallel to the wheels’ directions (such a direction is represented by the little
“wings” at the base of the pointer, cf. right bottom of Fig. 2). Therefore, the centre of the
pointer moves as having a single wheel rotating in the middle of the two wheels.

This mode can support the emergence of the idea of the tangent line to the curve. In
this case, the visualisation can be considered iconic (Duval, 2005), global, and dynamic,
in which the objects are represented not only in the graphic register but also by a “hybrid
representation” matching graphic and material ones. Furthermore, the hand grasping the
pointer can prompt one to focus on the point, fostering a local point of view. The rod plays
a new semiotic role compared to the representation of the straight-line tangent to a curve
at one point (as often happens in graphical representations, cf. Maschietto, 2008): the
machine seems to offer a new graphic-material representation. For this, the tangent mode
could be accessible to secondary school students who have approached the meaning of tan-
gent, for instance, concerning circles and conics sections, or it could be used to suggest the
iconic visualisation of the tangent to a curve according to its meaning in Calculus.

6.1.2 The Curvigraph Mode

For the curvigraph mode, the machine’s structure consists of the plate with the peg, one
rod, and the directional pointer, as represented in Fig. 5. If a subject wants to trace a curve
with the pointer (P in Fig. 5), he/she has to insert a marker in the hole and drag the pointer
by grasping it. The pointer will move along a trajectory determined by the initial point.

In this mode, the machine traces exponentials and parabolas; it acts as the machine
introduced by Salvi and Milici (2013) and later studied in experimental activities by
Maschietto et al. (2019). Naming A the peg, P the directional pointer, and B the projec-
tion of A on the big guide of the plate, the distance AB is an invariant. For the parabola
(left of Fig. 5), the wheels’ direction is perpendicular to PA; for the exponential (right of
Fig. 5), the wheels’ direction is PA. By introducing a Cartesian system with the x-axis
passing through A and B, as in Fig. 6, we have that the machine imposes as a parameter
the constant length AB as the subtangent/subnormal of the traced curves (in Fig. 6, we also
represent the points in another configuration A’B’P’). Assuming AB as a unit to simplify
the calculations, the point P traces the translated exponentials y = +¢*+" (represented in
blue), which are orthogonal to parabolas x = y?/2 + n (represented in red). From a geo-
metrical perspective, the orthogonal trajectories to the pencil of translated exponentials are

5 2

Fig.5 The curvigraph mode: parabola (left), exponential (right)
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Fig.6 The translated exponen-
tials are orthogonal to parabolas

parabolas because exponentials have constant subtangents, and parabolas have constant
subnormals. Note that the initial condition determining the parameters m and n is posed by
the position of the directional pointer when the wheels of the pointer come in contact with
the sheet of paper below.

This second mode can be proposed after identifying the meaning of the wheel about the
tangent to the curve. Identifying the drawn curves as a parabola or an exponential could be
first based on the iconic visualisation (Duval, 2005), based on a global point of view; in
this case, the curve could be recognised by students who have already studied these func-
tions and their graphical representations. However, even if the parabola and exponential
function are studied at secondary school, their properties of subtangent/subnormal are not
usually known. Furthermore, the machine does not directly provide information concern-
ing the standard elements used in constructing these curves; for instance, the parabola is
traced without involving the focus and directrix present in its metric definition. In addition,
even if the tangent and the subtangent lines are embedded in the machine by rods (this
could be seen in terms of affordances), it could be necessary to trace these lines to connect
them with the machine’s structure. The choice of the initial point becomes essential to trace
the curves and support their identification, which needs a local point of view on the trian-
gle ABP (Figs. 5 and 6) during the movement of the rod and the plate. As in tangent mode,
tangent and sub-tangent lines are in the hybrid graphic-material representation. Finally, the
orthogonality relationship between these two curves quoted above is not secondary school
content. A potentially more interesting approach can be to set these constructions as geo-
metric solutions of differential equations (slope fields). Nevertheless, in Italy, this content
is usually studied only in universities (it belongs to the curricula of only a few types of
secondary schools).

6.1.3 The Transformation Mode

Concerning the transformation mode, i.e., how to use the MTS to perform transformations,
we use both the pointers as visible in Fig. 7 (and previously introduced in Fig. 2, as [5] and
[6]). Specifically, after joining the two guides to form a T-shaped piece, we put the direc-
tional pointer D on the height rod and, on the base rod, the positional pointer P and the
peg A. Pointers and the peg can slide along the T-shaped piece; therefore, we can consider
the MTS as a “sliding-T integraph” in this mode. After drawing a curve, we can choose
which pointer works as a viewfinder (following the input trajectory without the marker)
and which is the tracer (drawing the output curve with the marker). In terms of action, the
hand guides the viewfinder pointer, which determines the motion of the tracing pointer. To
move the positional pointer or the directional implies a big difference in the related gesture
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Fig.7 The transformation mode: antiderivatives (left) and derivatives (right)

of usage. Indeed, guiding the directional pointer implies guiding its direction (as in the
tangent mode).

In this transformation mode, the relation between the motion of the two pointers should
emerge. A similar experience of functional dependency can be found in the pantographs
for geometrical transformations (Bartolini Bussi & Maschietto, 2008), even though, in that
case, the motion depends only on the position of the pointer and not also on the direction (in
mechanical terms, pantograph’s constraints are all holonomic, which differs from the MTS
because of the wheels).

To understand why this machine is related to Calculus, let us introduce two reference
frames such that abscissae correspond with the little guides (where one can fix the peg) on the
transparent plate, and the two ordinate axes are superimposed. In Fig. 8, we represented in red
the Cartesian axes related to the directional pointer D, and in blue the ones for the positional
pointer P=(x, y): note that the abscissae of the two pointers coincide both in red and blue
reference frames. We also take as a unit the distance between peg A and the big guide of the
plane: thus, peg A has coordinates (x — 1, 0) in the blue reference frame, and the ordinate of P
corresponds to the slope of the line PA (because Ay/Ax = (y — 0)/(x — (x — 1)) = y).

The direction of the pointer D, represented in Fig. 8 by the black segment centred in D, is
set perpendicular to the height rod, which is perpendicular to the base rod; hence, PA is paral-
lel to the direction of D. But if D follows the graph of a function £, its direction corresponds to
the tangent to the curve; therefore, the slope of the line PA and the ordinate of P are the deriva-
tive f .

To sum up, if we move D along the graph of a function in the red reference frame (remem-
ber that, to move D along a curve, we guide its direction), point P traces its derivative in the
blue reference frame. Conversely, when P moves along the graph of a function in the blue ref-
erence frame, D traces one of its antiderivatives (according to the initial position of D). From a
global point of view, the transformation mode provides two curves whose relationships need a
local and pointwise point of view. Identifying the relationships between curves is an important
task in Calculus (Arzarello & Sabena, 2011).

In this transformation mode, it is suitable to start using the machine with simple curves
already traced on the paper, like straight lines (parallel and not to the x-axis), to foster the
identification of relationships between them (TSM-Q2 and TSM-Q3). The need for two refer-
ence systems is essential for recognising the two curves and could be a sign that needs to be
suggested.
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height rod

e

Fig. 8 Introduction of Cartesian systems in the transformation mode

In this section, the MTS has been analysed according to the components of the semi-
otic potential, trying to highlight some possible gestures of use and the traces/signs that the
machine provides. This is based on research already conducted with other machines, some
referring to the same mathematical content described in this article (integraphs, solvers of dif-
ferential equations). Comparing the curvigraph and the transformation modes, even though
tracing curves in the former mode is instrumentally simpler (only one pointer and one rod),
the related mathematical contents are more complex than the one required in the latter mode.
Indeed, the transformation mode mainly focuses on the fundamental theorem of Calculus; on
the other side, the curvigraph mode analytically delves into the geometrical solution of differ-
ential equations.

The analysis carried out in this section represents a sort of a priori analysis of the machine
and its use; in this way, it answers the first research question. To sum up, identifying the
tangent in the first mode represents a crucial step in the mathematical understanding of the
machine. The experimental part will allow us to deal with the exploratory processes, provid-
ing further elements for the construction of tasks for students and/or modifications of the arte-
fact (in terms of gestures, feedback, and affordances).

6.2 Choices for the Exploration

To answer our second and third research questions, we proposed the exploration of the
machine to a mathematics teacher (V). This choice is based on three main reasons:
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(1) The mathematical knowledge embedded in the machine was part of her mathematical
background.

(2) She had expertise in mathematics laboratories with mathematical machines for stu-
dents; she collaborated with the Laboratory of Mathematical Machines of the Univer-
sity of Modena e Reggio Emilia and guided laboratory sessions with high secondary
school students.

(3) She already knew our adopted theoretical framework.

The exploration was supported by one of the authors (P) of this paper; it was entirely
videotaped. The exploration is split into two steps: in the beginning, the machine is pro-
vided in the transformation mode with all the components (Figs. 2 and 7), and then it is
progressively simplified up to the tangent mode. In the first step, we planned two settings:
a static setting, in which the teacher cannot act on the machine, and a dynamic setting, in
which the teacher can move the component of the machine. In this paper, we focus just on
tangents and derivatives/primitives because, as already written, the interpretation of the
role of the rod as a tangent is a crucial element for understanding the mathematics embed-
ded in the machine and its products (curves).

The analysis is based on the videotape and V’s drawings made during the exploration.

7 Findings and Analysis of the Exploration

The analysis of the exploration is organised around two steps: the former corresponds to
the manipulation of the transformation-mode machine, and the latter is related to the analy-
sis of its use in the tangent mode.

7.1 First Step (Transformation Mode)

In this section, we analyse the beginning of the exploration of the machine when it is pro-
posed in the transformation mode.

7.1.1 First Step — Static Setting: Describing the Machine

The exploration starts by asking for the description of the MTS in the transformation mode
(Fig. 7) that corresponds to the question TSM-Q1: “How is the machine made?”. Because
of V’s background, she began the description of the artefact without any further sugges-
tion. Even if V asked to act on the machine, she was invited to describe the machine with-
out moving its components in this step.

4. V: There is a plane [the frame, 1 in Fig. 2], there are two rails on which I suppose
this structure [the plate, 2 in Fig. 2] can shift... Then there is a kind of set square ...
composed of two rods [3 in Fig. 2] forming a right angle. Inside these rods are sliders
[pointers 5 and 6, in Fig. 2]. ... Below, one of the two sliders [6 in Fig. 2] has some
small wheels; the other does not.

5. P: Is there a third slider?

6. V: Ah, yes. The third slider [the peg 6 in Fig. 2] does not touch the plane, right? Two
sliders touch the plane, the one with the little wheels and the one without wheels; on the
contrary, the third slider does not.
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Five minutes from the beginning of the exploration, P asked about the system’s degrees
of freedom but got no direct answer from V. However, the question moved the focus to
other machine components: V saw the holes in the pointers and highlighted the possibility
of inserting a marker.

In this first part of the exploration, the verbalisation is difficult to follow because of
pauses and unfinished sentences. Even if V knew how the exploration of a machine should
be carried out, the components of this machine emerged little by little through the interac-
tion with P. That makes us conclude that exploring the transformation mode is quite tricky,
even for an expert, if introduced as the first activity, because there are too many semiotic
components to be considered (for example, the peg [sentence #6] is mentioned by V only
after P’s question). Indeed, V is familiar with machines having simpler structures, mainly
linkages without the wheel component (e.g., articulated quadrilaterals).

7.1.2 First Step — Static Setting: Identifying Movements and Constraints

Before V moved the machine for answering to the second question TSM-Q2, P asked
how the machine could move and what the constraints were, in order to support V’s
instrumentalisation.

First, V. made some conjectures about the relationships between the components.

10. V: So, I think that the structure [the plate] on the two rails moves vertically follow-
ing the rails and ... if this structure moves, [...] this slider [the positional pointer] will
move to the left, and this one [the peg] will move upwards, I suppose. [...] Thus, the
constraints... I think the machine [the plate] can probably be flipped because there is
another groove here [the little guide of the plate without the peg]. You can flip it [the
plate] by inserting this rod [actually, she refers to the peg] into this groove [the lit-
tle guide without the peg], 1 suppose. The constraints are given by ... these ... small
grooves; I guess the slider [poinfer] can only shift in there [in the big guide of the plate]
and go to the bottom ...

In her answer [#10], we distinguish conjectures about movement in the first part of the
answer (“So, ... upwards, I suppose”) and conjectures about constraints in the second part
(“Thus, the constraints...”). As the components emerge gradually and are required to be
related in the movement, the outcome of the corresponding actions also seems difficult to
anticipate. This is emphasised by V’s use of “I suppose” and her pauses in the answer.

7.1.3 First Step — Dynamic Setting: Acting on the Machine

Then, P proposes to put the hands on the machine without further instructions. V tested her
conjectures directly by moving the transparent structure. In (#12), V verified the movement
of the pointer with wheels, but V also formulated other conjectures on the role and mean-
ing of other components. P supported V in her manipulation of the machine with some
remarks on the movement of the pointer (#13) and some gestures of usage (use of the two
hands, light pressure on the pointer).

12. V: [V moves the plate up and down the frame and keeps all the other components

free, as visible in the top left of Fig. 9] I thought that while sliding [the plate], the rod
would have moved [with respect to the plate]. Instead, only the wheeled slider moves
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Fig.9 Gestures in the manipulation of the third mode

[she does not notice that the rods also move, even though the direction AP stays con-
stant].

13. P: Notice that the wheeled slider is now moving. If it should not move, that’s
because the machine is just a prototype, and one has to... [gesture of pressing down
the directional pointer].

Figure 9 shows some gestures made by V when exploring the machine. They appear
different from those described in our analysis in the “Semiotic potential” section,
because in this manipulation V makes attempts to look for gestures of usage also based
on her previous experience. Indeed, in the analysis of the instrumental genesis, it is
common to observe the adaptation of schemes related to other instruments (Rabardel,
1995/2002).

Following the movement of MTS components, the question of degrees of freedom can
be asked (#15). Indeed, V had experienced different mathematical machines working on
a plane, which can be broadly distinguished in curve tracers (e.g., machines tracing conic
sections) and tools for planar transformations (e.g., pantographs). This question concerns
TSM-Q2 for exploring an artefact (“What does the machine make?”’) because it allows us
to characterise the machine as a curve drawer (the tracer has one degree of freedom) or a
transformation instrument (the tracer has two d.o.f., representing a function between points
of the plane).

15. P: OK, up to now, how many degrees of freedom have you found?

16. V: We understood that [while sliding the plate] it moves only this [the directional
pointer] ... Ah, that is true. Previously, we noticed that [in the directional pointer]
there is a hole. Thus, I suppose that we can insert a pencil. However, there is also a
hole in the slider without wheels. Thus, maybe, when I assemble the machine differ-
ently, one can switch the sliders... I do not know... To sum up, I would say that the
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tracing point is this one [the directional pointer] because this point [the positional
slider] ... stays still [with respect to the plate]; hence, it traces a line parallel to the
rails.

In her answer (#16), V assigned the role of a tracing pointer to the hole where it is pos-
sible to insert the pencil/marker. This element can be traced back to the analysis regarding
affordances: an expert knows that a hole is a good candidate to contain a pencil in draw-
ing machines. Having identified the tracing pointer, V implicitly attributed one degree of
freedom to the system because she cannot get anything but a straight line. In this way, she
interprets the sign produced by the machine as a curve and, according to her previous expe-
rience, considers the system as a curve tracer. She did not relate the mutual motion of the
two pointers and, therefore, did not recognise the two degrees of freedom.

22. V: [V moves the rods with the right hand by pivoting on the peg while keeping the
plate fixed with the left hand, as visible in the top right of Fig. 9] So when I move the
square [i.e., the perpendicular rods], the two sliders can move. OK, I thought this slider
[the positional pointer] was fixed [on the rod]; instead, it can slide. Moreover, in this
case, the peg that does not touch the sheet is fixed [on the plate] whether I move the
plate or the T [the rods]. [...] I think it [the peg] can move in its groove [the little groove
where the peg is placed].

23. P: There is a screw to fix the peg inside this groove.

24. V: OK. Then, after fixing it, everything else moves according to its position. If I
move the square [the rods], then I obviously move the slider without wheels. [V makes
the positional slider reach its bottom position and start moving the plate up and down]
In this case, it [the positional slider] is at the end of the plate—maybe I reached a limit
position [also the directional pointer reached a limit position and got stuck, as visible
in the bottom left of Fig. 9]. [V goes back to a not-limit position, as visible in the bot-
tom right of Fig. 9 and V moves the plate up and down.] However, the trace is always
a straight line if the tracer is this [the positional pointer]. Maybe I can move them [the
rods and the plate] simultaneously...

From this moment until the end of the first step, the exploration is influenced and par-
tially compromised by the gestures of usage that V could not implement without several
suggestions by P. For example, P drew a straight line on the sheet of paper under the
machine and asked V to follow it with the directional pointer. While V verbalised the pre-
paratory gestures to respond to that task, P specified a gesture of usage to follow the line
with the directional pointer and to get the trace using the positional pointer, again empha-
sising tactile feedback from the machine. In this first part of the exploration, in some cases,
V made conjectures about the role of some components of the machine; in other cases, she
referred to her experiences with the pantographs (mathematical machines for geometrical
plane transformations). V’s instrumental genesis appears a complex process, even if it is
supported by P. This suggests paying close attention to students’ instrumental genesis, if
and how previous experience could represent an obstacle (in the sense of Brousseau, 1976)
to the exploration of the machine.

The analysis of the first step of the exploration highlights two aspects. The first one
is related to the design of the machine since, as already mentioned, the machine appears
too complex from a semiotic perspective. Moreover, the tactile feedback of the machine is
very weak, especially if one does not know what to expect. The other aspect concerns the
second research question, relating to the exploratory process by an expert. This analysis
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supports the choice of proposing the machine in the more straightforward tangent mode for
secondary school activities and even with university students and teachers.

After this first step, P assembled the MTS in the tangent mode by removing the posi-
tional pointer and the peg. A single rod is put in the direction of the wheels of the direc-
tional pointer.

7.2 Second Step (Tangent Mode)

With the MTS in the tangent mode (Fig. 3), P traced a curve on the paper sheet and asked
V to follow it.

7.2.1 Second Step — Manipulation and Gestures

In continuity with the gestures of the first step (while moving the directional pointer along
a straight line), V directly grasped the pointer and followed the drawn curve (Fig. 10).
Unlike the transformation mode, V looked confident while manipulating the artefact in this
case. Another gesture of usage emerges, supporting her instrumental genesis: she placed
the pointer in the starting point by positioning its hole upon the curve. The starting point is
chosen by V on an extremity of the curve.

Other gestures are established during the description of the motions of the plate and the
rods aiming to follow the curve (#68): shifting the plate and seeing the curve through the
hole. P asked for the explication of a gesture important for the meaning the machine can
mediate: first, he asked where to place the hands to follow the curve (#69), then he asked
for the use of only one hand (#71). In this case, P supported V’s instrumental genesis.

68. V: [To move along the curve] I move the plate and the square [one rod], following
the curve by looking inside the hole [...]

69. P: Where is it more convenient to put the hands to follow that curve?

70. V: On the slider, I think [Fig. 10].

71. P: I agree with you. So, is it necessary to use two hands, or can only one be enough?
72. V: Maybe only one; with the second hand, one can complicate the manipulation.

Fig. 10 Gestures in the manipulation of the tangent mode
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It is interesting that, differently from the transformation mode, in this simpler case,
V autonomously asked herself the role of the plate. She recognised that, in this mode, it
worked only to keep the pointer up. Indeed, we are using none of the two little guides (the
ones perpendicular to the big one, in which one can fix the peg). From the perspective of
affordances, that can constitute an obstacle when analysing this mode (there are unused
elements that confuse the user). That provided a clue to improve the design of newer proto-
types to avoid the plate in tangent mode.

7.2.2 Second Step — The Emergence of the Idea of the Tangent Line

As introduced in the “Semiotic potential” section, the relation between the direction of the
wheel and the tangent is crucial. After V moved the pointer, as visible in Fig. 10, P posed
some questions to focus on the gestures of usage.

79. P: How can we follow the traced curve?

80. V: By guiding with our hands this slider.

81. P: Yes, and we not only translate it, but we also make another kind of motion...

82. V: Sure, we must rotate it. Wait, I will try to formulate a sensible sentence. To sum
up, like before [in the transformation mode, while moving along a straight line], [I put
the directional pointer] in the initial position, then I follow [the curve], and I have [...]
both to translate and rotate it [the directional pointer]. Obviously, that depends on the
provided curve.

The controlled movement of following a curve (#82) suggests paying attention to the
wheel and the relationship between the rod and the curve.

83. P: What does this rod represent? With respect to the drawn curve?

84. V: At each point, it is the tangent line...

85. P: Yes.

86. V Yes, at each point of the curve, it is the tangent line at the curve in the point.

When the attention is focused on only one element, the tangent line emerges (#84, 86)
by matching the curve drawn on the paper with the rod as a unique sign. The iconic visuali-
sation of the tangent line seems to support its identification, even if V refers to a local point
of view (#84: “at each point”). Of course, this meaning emerges if the subject, as V, has
this concept image. This can answer our third research question.

8 Conclusions

This paper focused on analysing a new material artefact, the Multipurpose Tangent Solver
(MTS, cf. https://www.thingiverse.com/thing:6619300), constructed on historical sources
and related to Calculus. Our research project aims to study this artefact for proposing it
to secondary school students; this requires gathering elements on MTS use, constraints,
and manipulation for constructing appropriate tasks. As the first step of our project, we
were interested in analysing how a secondary school teacher explores this artefact. From a
semiotic perspective, our analysis of the artefact and exploration process was based on the
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theoretical background of the instrumental approach and the Theory of Semiotic Media-
tion. In this first step, we asked three research questions.

The first research question asked which is the semiotic potential of the artefact. It is a
kind of a priori analysis within the chosen theoretical frameworks. Three modes for using
the MTS were identified, as well as some crucial elements that should be considered in the
conception of tasks, particularly regarding the link to students’ personal meanings. The
tangent mode appears interesting for secondary school because it offers the material rep-
resentation of the tangent and can support a local point of view by following a curve when
grasping the pointer.

The second research question focused on the exploration processes during the use of
the artefact: we decided to observe and analyse them in an exploration task with a teacher
expert in mathematics and instruments (i.e., mathematical machines). We chose to start
from the exploration of the transformation mode to test whether an expert can easily fol-
low the exploration without previously focusing on the relation between the wheel direc-
tion and the tangent. The answer was negative: the exploration was tricky for the inter-
viewed expert. The wheel’s role was not grasped naturally; wheels were seen as one of the
many components and did not get any particular focus. Likewise, detecting the constraints
requires a non-trivial effort to produce conjectures and tests. Similar conclusions are coher-
ent with Maschietto et al. (2019), which tested another decomposable artefact for solving
inverse tangent problems. The results of this analysis support the idea that the exploration
of the artefact must start with the tangent mode. The analysis of the expert’s exploration
furnished suggestions regarding the design of the artefact, eliminating as much as possi-
ble the components not strictly evoking a mathematical meaning. For example, the little
guides in the plate made V focus on possible modes without an interesting mathemati-
cal counterpart (cf. begin of “First step — Static setting: describing the machine” section,
#10). Furthermore, using the plate in the tangent mode introduced the problem of guiding
this component as an additional gesture (cf. end of “Second step — Manipulation and ges-
tures” section). However, the main design problem was related to the need to keep the plate
pressed to avoid the sliding of the pointer’s wheels (cf. “First step — Static setting: describ-
ing the machine” section, #13). Successive design improvements are visible at www.machi
nes4math.com

The third research question asked if and when the invariants and the idea of the tangent
line emerged during the exploration of the artefact. The transformation mode proposed at
the beginning of the exploration did not effectively generate such an emergence, as evinced
in the discussion on the second research question above. Differently, the tangent mode fos-
tered the interpretation of the rod in terms of the tangent line. In other words, this mode
seems to provide an iconic visualisation of the tangent line to the curve in a point. Even
though such a point constitutes only the starting point of the constructions available with
the MTS, the relation between the direction of the wheels and the tangent is crucial for
understanding the mathematics embedded in the machine and its behaviour in the curvi-
graph and transformation mode. This suggests exploiting the link between the tangent line
and the inverse problem within an education perspective; it can be approached at school by
starting from the simplest mode and then moving to more complex modes.

The results obtained in our research will represent the starting point for the next steps,
which include materially improving the artefact and focusing on the construction of work-
sheets for secondary school students, in line with the research on the educational use of
mathematical machines (Bartolini Bussi & Maschietto, 2008). Another future perspective
is to study MTS’s potential in consolidating the related mathematical meanings with uni-
versity students.
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In conclusion, we must emphasise the role of historical and epistemological compo-
nents, which are highly important in sustaining the students’ interest. Besides introduc-
ing new voices from history and mathematicians into the teaching of Calculus, the MTS
allows new experiences related to the meaning of the tangent line and its role in construct-
ing curves and transformations. Interestingly, our approach can also be adopted in a purely
synthetic geometrical way without referring to formulas. Historical and epistemological
reflections can also be integrated by reviving suitable experiences (e.g., Perrault’s con-
struction of the tractrix) and reading excerpts of original manuscripts (e.g., Huygens, Leib-
niz, Poleni). In contrast with the abstraction of a topic analytically involving infinity, we
hope to provide new ways to get students in touch with Calculus.
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