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Computational Assessment of Fluid Flow in Stenotic Arteries: Applications in
Targeted Drug Therapy

by NIMRA MUQADDASS

Blood flow dynamics are crucial in the development and progression of cardiovas-
cular diseases. Computational modeling of blood circulation in arteries is vital for
understanding disease symptoms and enhancing treatments. Aneurysms, stenoses,
and atherosclerosis can change blood flow characteristics, leading to serious health
complications due to abnormal blood flow patterns and high wall shear stresses
(WWS). Simulating these changes can help in detecting cardiovascular diseases early
and managing them effectively.
The commencement of the dissertation involves an effort to create a model of the 2D
shape of a non-uniform artery wall that has a restricted segment, using a segmented
function, which includes an obstruction of approximately 40%. The blood flow in the
body follows a rhythmic pressure gradient that imitates the heart’s systolic and dias-
tolic phases. Because blood behaves like a non-Newtonian fluid in certain situations,
the Casson model for non-Newtonian fluids is used to account for the yield stress
resulting from the formation of red blood cell aggregates at low shear rates. The
Navier-Stokes equations, which describe incompressible and unsteady fluid flow,
are expanded to include the non-Newtonian behavior of blood flow in radial coor-
dinates. This is accomplished by including a temperature equation.
To analyze the impact of stenosis over the flow, drug delivery agents such as cop-
per (Cu) and alumina (Al2O3) nanoparticles with a concentration of about 0.03%
are used. The concept of magnetohydrodynamics (MHD) involves applying a mag-
netic field to blood flow in an artery, taking into account the Hall current, to deliver
magnetic drug carriers to a specific location within the bloodstream. The simulation
of blood flow begins from a state of rest with zero velocity and temperature, using
initial conditions to simplify the mathematical modeling process. On the symmetry
axis, a zero radial gradient condition is applied to both velocity and temperature,
while no-slip conditions are applied to the arterial wall.
The complexity of the governing partial differential equations is removed by non-
dimensionalizing them. There are two cases to consider: the first case involves
disregarding the long wavelength approach, which remains open issue for future
consideration. The alternative scenario involves presenting the acquired dimension-
less PDEs through the long-wavelength approximation and then applying a radial
coordinate transformation to simplify them even further. Afterward, MATLAB soft-
ware is utilized to execute the 2D explicit forward time central space (FTCS) dif-
ferentiation method. Momentum and thermal analysis were done for blood, Cu-
blood nanofluid, and Cu-Al2O3-blood hybrid nanofluid, along with wall shear stress
(WWS) and local Nusselt number (Nulocal) evaluation.

HTTP://WWW.UNIPA.IT
http://department.university.com


vi

We proceed to revise the last batch of dimensional partial differential equations
(PDEs) describing the behavior of non-Newtonian Cu-Al2O3-blood by incorporating
magnetohydrodynamic (MHD) effects. Our approach involves converting the PDEs
into a Reynolds-averaged Navier Stokes equation (RANS), which employs Reynolds
averaging to account for turbulence in the mean flow. This is achieved by decom-
posing the flow variables into average and perturbed components. The equations for
fluid dynamics include turbulent forces caused by eddy shear and molecular turbu-
lence. These forces are accounted for using Boussinesq’s eddy-viscosity hypothesis,
which is based on the average flow of the fluid. Additionally, the Zero-equation tur-
bulence model, which is also called the algebraic turbulence model, is utilized by
combining the principles of Prandtl mixing length and Boussinesq approximation.
Turbulent flow is considered unsteady and fully developed, and flow properties are
also modified using the Prandtl mixing length model with the laminar and turbu-
lent effect contribution. The subsequent step involves making these equations non-
dimensional and then utilizing radial coordinate transformations. The resulting set
of dimensionless partial differential equations that consists of Reynold and turbu-
lent Prandtl numbers are then simulated using FTCS methodology. Additionally,
the effect of various emerging parameters is analyzed through a graphical represen-
tation of the momentum equation for high Reynold numbers (Re = 42000, 46000).
The last analysis involved flow momentum and pressure for the laminar flow sce-
nario by considering blood as a Newtonian fluid. Using AutoCAD software, a 3D
constricted artery with a 70% elliptical shaped stenosis was created. To proceed fur-
ther, an ideal mesh was created using OpenFOAM’s blockMesh and snappyHexMesh
tools. The simulation for laminar and incompressible flow has been conducted using
the icoFoam solver, which guarantees the convergence of the simulation at Courant
number ≈ 0.2 < 1. Two different scenarios have been taken into account for the
velocity inlet. Firstly, a parabolic velocity profile was used with a maximum inlet
velocity of 0.003m/s. The outlet velocity was set to zero gradient and the inlet pres-
sure was also set to zero. Secondly, we used a constant inlet velocity of 0.0137m/s
for laminar flow with a Reynolds number of 200. We graphically analyzed the mo-
mentum and pressure of the fluid both at the center of the stricture and throughout
the constriction arterial segment for both inlet velocity conditions.
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Introduction

Initial Overview

Cardiovascular diseases (CVDs) remain a global health concern, necessitating con-
tinual advancements in the understanding and management of arterial conditions.
Throughout a person’s lifetime, the heart pumps approximately 5 liters of blood into
the cardiovascular circulatory system every minute in order to maintain the proper
functioning of organs, tissues, and cells. Although this system has evolved to be
highly effective, it is still vulnerable to a variety of different heart and vascular dis-
orders. In fact, cardiovascular diseases (CVDs) are to date the most common cause of
death both in Italy and worldwide (Ritchie, 2018) (Figure 1). According to the World
Health Organization (WHO) (Mendis, Puska, and Norrving, 2011), many premature
deaths, including 3 million people under 60 years old, could have been prevented
through improved diagnostics and interventions. For proper function and survival,
the cardiovascular system, which includes the heart, blood vessels, and blood, is re-
sponsible for a continuous supply of nutrients and oxygen, as well as the removal of
waste products (Paulsen, 2010; Tortora and Grabowski, 2000).

(A)

(B)

(C)
FIGURE 1: (A) The number of deaths caused by CVDs in Italy, cate-
gorized by gender and on a yearly basis, from 2000 to 2017. (B) Glob-
ally, and per 100,000 population, the average death rate from CVDs
in 2017. C Europe’s 2017 CVD death rate: per 100,000. The data and

images were adapted from Our World in Data (Ritchie, 2018).

The presence of red blood cells plays a vital role in determining the behavior
of blood and its properties Table 1. Therefore, a comprehensive understanding of
the impact of these cells on the fluid properties is essential for developing effective

https://ourworldindata.org/
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preventative measures against vascular diseases. The obstruction of vessels leads
to reduced blood flow and slower circulation, which can be attributed to wall shear
stress. As such, it is crucial to examine hemodynamic factors related to blood and
vessels to gain a better understanding of arterial diseases (Huang et al., 1987). Nu-
merous research studies have showcased the successful application of experimental
and numerical methods in the field of medical treatment. Among these, Chen and
Lu (2004) conducted an investigation into the wall shear stress of blood, utilizing the
Carreau-Yasuda fluid model. Concurrently, Perktold et al. (1991) analyzed blood as a
Newtonian fluid, comparing their velocity profile and wall shear stress distribution
findings to those of Ku and Gidden (1983).

TABLE 1: An overview of blood components (Hoskins and Hardman,
2017).

Blood Components Principle Functions % by Volume

Plasma
Transports blood, car-
bon dioxide, and nutri-
ents

50–60

Red cells Oxygen carriers 40–50
White cells Body’s immune system 0.7
Platelets Clot formation of blood 0.3
Macromolecules: albu-
min

To maintain oncotic
pressure

2

Other Various 1.5

The circulatory system relies on the transportation of a vital fluid called blood,
which is responsible for delivering oxygen, nutrients, and hormones to various parts
of the body. This complex system ensures that all the organs and tissues receive the
necessary resources to function optimally. (Yan et al., 2020b) had investigated the
hemodynamic rheology inside an arterial segment having a cone shape of steno-
sis. (Kojić et al., 2008) studied blood flow through the cardiovascular system, which
is one of the essential phenomena in biomedical engineering. For doctors, the tur-
bulent blood flow is more interesting, which might happen due to the increase in
flow to a particular value, narrowing of the blood vessels, or the presence of ed-
dies and stenosis swirling vortexes. (Shi, Lawford, and Hose, 2011) considered the
blood a homogeneous fluid with different properties depending on the size of the
blood vessel. (Elhanafy, Elsaid, and Guaily, 2020b) had numerically evaluated the
hemodynamic characteristics of blood flow in arterial stenotic sections with multiple
degrees of stenosis. The transport of molecules in a fluid is governed by convective-
diffusive laws. Therefore, (Kojic et al., 2017) modeled the Navier–Stokes equations
and the incompressibility equation, considering blood as a viscous, incompressible,
and homogeneous fluid within the vessel. One such study, conducted by (Haldar,
1985a), analyzed blood flow in stenotic regions of various shapes and identified how
these areas could impede the flow in arterial segments. The blood flow problem for
an arterial stenotic region was mathematically modeled by(Chakravarty and Man-
dal, 1994b). Within a tapered stenotic region, (Mandal, 2005b) interpreted the non-
Newtonian blood flow modeled by Power law fluid numerically for time-variant
stenosis.
Fluid flows in nature and engineering applications are usually turbulent, character-
ized by chaotic movements in a flow that was previously regular or laminar. This
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transition from laminar to turbulent flow occurs due to various reasons, such as an
increase in the flow’s speed or characteristic length, as convective forces overcome
viscous forces. The Reynolds number, which is the ratio between convective and vis-
cous forces, is used to classify different flow types. Turbulent flows are known for
their irregularity, diffusivity, and vorticity, with a wide range of vortical structures
in space and time interacting with each other to exchange energy at different scales.
The transfer of energy from the largest scales, where kinetic energy is most con-
centrated, to smaller scales as the large structures break, is called the direct energy
cascade. The nineteenth century was the first time scientists and engineers began
to study fundamental flows theoretically and experimentally, (Prandtl, 1925; Taylor,
1932; Prandtl, 1942; Boussinesq, 1877a; Reynolds, 1894; Boussinesq, 1897; Casciola,
Olivieri, Piva, et al., 1998).
Turbulence modeling aims to develop equations for computing turbulent flow by
approximating the precise Navier-Stokes equations. The Reynolds-averaged Navier-
Stokes equations (RANS) strategy breaks down flow variables into mean and fluctu-
ating components through Reynolds decomposition. The Navier-Stokes equations
are then applied to the Reynolds-decomposed variables and averaged to arrive at
the Reynolds-stress tensor, an unknown factor that requires modeling to solve the
RANS equations. The primary obstacle in closing the Navier-Stokes equations sys-
tem is modeling the Reynolds-stress tensor.
The narrowing of the arteries’ lumen is caused by an inflammatory disorder in-
duced by various unhealthy behaviors and lifestyles, which is the main underlying
pathological process of CVDs, known as atherosclerosis (Haverich and Boyle, 2019).
(Lyras and Lee, 2021) utilized the OpenFOAM software to numerically model blood
flow through different arterial segments. Several studies have been conducted on
blood flow in this area. (Lopes et al., 2021) provided a comparative numerical anal-
ysis on blood flow through arterial segments using finite element and finite volume
methods. Although blood is considered a non-Newtonian fluid, in some large ar-
teries such as the aorta, where the shear rate exceeds one hundred per second, the
blood flow exhibits Newtonian behavior (Pedley, 1980; Berger and Jou, 2000). There-
fore, blood is considered a Newtonian fluid in such large arteries.
For providing a clear and detailed explanation for fluid flows, Navier-Stokes equa-
tions are essential when dealing with incompressible flow and forcing terms. These
equations emerge from the application of Newton’s second law to fluid motion, un-
derpinned by the underlying assumption that fluid stress is a combination of a dif-
fusing viscous term proportional to the gradient of velocity and a pressure term. In
the case of incompressible flows, the density of the fluid remains the same and the
velocity field has a zero divergence. The incompressible Navier-Stokes equations,
which include forcing terms, can be represented in the following manner:

∂u
∂t

+ (u · ∇)u = −1
ρ
∇p + ν∆u + f, (1)

The velocity field is represented by u, while p represents the pressure field. The con-
stant density is denoted by ρ, and the kinematic viscosity is represented by ν. The
external force per unit mass acting on the fluid is represented by f in this formula-
tion. This formulation is designed to incorporate the effects of external forces, such
as gravity or electromagnetic forces. These external forces are particularly impor-
tant for a wide range of applications in both natural and technological contexts. The
preservation of mass in a flow of incompressible fluid is guaranteed by the continu-
ity equation, which states that ∇.u = 0. These equations are non-linear, and their
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solutions can be complicated and even turbulent, which makes predicting fluid be-
havior under different circumstances both vital and challenging.

Doctoral dissertation Contributions

This research addresses the intricate interplay of laminar and turbulent flow of non-
Newtonian blood through stenosed arteries, incorporating a novel hybrid compo-
sition of Cu and Al2O3. Furthermore, this study leverages numerical simulations,
employing the Finite Difference Time Domain (FTCS) scheme in MATLAB and the
OpenFOAM solver (icoFoam), to comprehensively investigate the hemodynamic be-
havior.
The rheological properties of blood are notably non-Newtonian, and their impact
on flow dynamics becomes particularly significant in the context of arterial steno-
sis. The transition from laminar to turbulent flow within stenosed arteries is a crit-
ical factor influencing the progression and severity of cardiovascular diseases. The
introduction of a hybrid composition, blending copper (Cu) and aluminum oxide
(Al2O3), offers a unique avenue to influence the mechanical and thermal properties
of the arterial environment. This hybrid material is expected to induce distinct fluid-
structure interactions, shaping the overall hemodynamic response.
The computational approach in this study involves the application of the FTCS scheme
in MATLAB for its efficiency in solving partial differential equations characterizing
blood flow. Additionally, the use of the OpenFOAM solver, specifically icoFoam,
provides a robust platform for the simulation of incompressible, laminar flows. The
integration of these numerical methods enables a comprehensive exploration of the
impact of stenosis and hybrid materials on blood flow patterns and thermal aspects
in arterial conduits.
The primary objectives of this thesis are threefold: firstly, to develop and validate
numerical models for simulating non-Newtonian blood flow through stenosed ar-
teries using the FTCS scheme in MATLAB and Newtonian flow using the icoFoam
solver in OpenFOAM; secondly, to modify the usual NSE into Reynolds averaged
Navier Stokes equation and to implement the Prandtl mixing length, zero equation
turbulence model; and thirdly, investigate the influence of stenosis on the laminar
flow non-Newtonian blood flow and to explore the effects of the hybrid Cu-Al2O3
composition on hemodynamic and thermal characteristics within stenosed arteries.
The anticipated outcomes of this research include a deeper understanding of the
fluid dynamics in stenosed arteries, especially under non-Newtonian conditions,
and insights into the potential benefits or challenges introduced by the hybrid Cu-
Al2O3 composition. The findings are expected to contribute significantly to the de-
velopment of more accurate models for predicting blood flow behaviors and inspire
innovative approaches for medical interventions in arterial diseases.
The structure of this thesis is organized as follows:

• In Chapter 1, a thorough approach is presented for the hybrid nano-blood
flow model in an elliptical-shaped stenotic arterial segment, accounting for
non-Newtonian Casson behavior and the influence of a magnetic field through
Hall current. The model is simulated numerically using a finite differentiation
method with a forward time central space on MATLAB, and the resultant fluid
flow parameters are analyzed.

• Chapter 2 presents modifications made to the ordinary Navier-Stokes equa-
tions, where fluid motion equations are averaged over time, and flow variables
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are separated into mean and fluctuating components (RANS). To describe the
rheological behavior of non-Newtonian fluids, such as blood, Casson’s model
is utilized. The zero equation turbulence model is used to calculate turbu-
lent viscosity directly from local flow properties without solving additional
equations. The Prandtl mixing length model is used to approximate the eddy
viscosity in turbulent flow. The Fast Transient Solver (FTCS) is employed to
compute the results.

• In Chapter 3, the characteristics of blood as a Newtonian fluid are discussed.
AutoCAD software simulates a 3D stenotic arterial segment to create an STL
format. The vertices and number of cells in each direction are specified to
create a structured hexahedral mesh using the blockmesh utility. The mesh
quality is improved around the edges and walls of the artery with the help
of snappyHexMesh. The boundary conditions are defined using fixedValue,
zeroGradient, and no-slip. For the incompressible, laminar flow of Newto-
nian blood flow, simulations are performed using the icoFoam package. The
velocity and pressure profiles are analyzed for both constant and parabolic in-
let conditions.

In summary, this research endeavors to bridge the knowledge gap in the under-
standing of non-Newtonian blood flow through stenosed arteries, incorporating the
influence of a hybrid Cu-Al2O3 composition. The utilization of both MATLAB and
OpenFOAM provides a robust framework for numerical investigations, offering a
comprehensive and insightful exploration of the hemodynamic environment within
stenotic arteries.
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Chapter 1

Cu-Al2O3-Blood Flow Through
Stenotic Arteries Analysis

A numerical investigation into blood flow through constricted blood ves-
sels holds significant importance in the medical field, especially concern-
ing cardiovascular diseases (CVDs). The dedicated chapter analyzing un-
steady axisymmetric fluid flow through elliptical-shaped stenotic arteries
offers a thorough examination of blood flow dynamics within this specific
context Section 1.2. The Casson fluid model is used to capture the non-
Newtonian behavior of blood, while pulsatile pressure gradients Section
/refsection:CassonModelPressure represent the pulsatile nature of blood
flow. The Navier-Stokes equation is fundamental in studying axisym-
metric flows for fluid dynamics and heat transfer Section 1.4. Moreover,
adding copper (Cu) and alumina (Al2O3) nanoparticles to the bloodstream
increases the complexity of the analysis and expands its applications to
drug delivery Section 1.5 aims to understand the impact of a magnetic
field on flow dynamics via the Hall current Section 1.6. After deriving rel-
evant equations and associated conditions, dimensional partial differential
equations are transformed into non-dimensional form via dimensionless
transformations Section 1.7. This transformation facilitates a clearer under-
standing and analysis of the underlying physics. The chapter is divided
into two major cases. Case 1 undergoes thorough examination using the
long wavelength approximation and radial coordinate transformations to
obtain a reduced set of flow equations. Section 1.7.1. Extensive analysis is
conducted within this framework, elucidating the nuances of flow dynam-
ics and heat transfer processes. Case 2 is In-progress work but has poten-
tial for future research as it disregards the long wavelength approxima-
tion. (See Section 1.7.2.) The non-dimensionalized equations result in un-
steady partial differential equations, which are solved numerically using
the forward time central space method in MATLAB Section 1.9. Stability
analysis is conducted with a strict error threshold. Additionally, graphi-
cal representations are used to study the impact of emerging parameters
in the nonlinear flow equations Section 1.10. Comparison of velocity and
temperature profiles with previously published data, giving an overview
of the study’s findings. Finally, the chapter summarizes the analysis’ find-
ings in Section 1.11.

Overview
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1.1 Introduction

Cardiovascular diseases (CVD) continue to pose a substantial burden on global health
care systems, with conditions like coronary artery disease (CAD), stroke, and pe-
ripheral artery disease (PAD) contributing significantly to morbidity and mortality.
Among the key pathophysiological features of these diseases is the development of
arterial stenosis, characterized by the narrowing of arteries due to plaque buildup,
which significantly alters blood flow patterns, leading to adverse effects such as re-
duced oxygen delivery to tissues and increased risk of thrombosis. Several compu-
tational approaches have been employed to study blood flow in stenosed arteries.
Finite element methods (FEM), finite difference methods (FDM), and finite volume
methods (FVM) are commonly used numerical techniques to solve the governing
equations of fluid dynamics, such as the Navier-Stokes equations, in complex ge-
ometries typical of vascular structures. These simulations allow researchers to inves-
tigate parameters such as velocity profiles, wall shear stress, pressure gradients, and
flow patterns, which are critical for understanding the biomechanical forces acting
on arterial walls and their implications for disease progression (Cimmelli, Oliveri,
and Pace, 2011; Supratim, 2023; Haand et al., 2022; Nadeem et al., 2023; Carvalho
et al., 2020b; Sarwar et al., 2022; Vasu, Dubey, and Bég, 2019; Chakravarty and Dalal,
2018; Cavaccini et al., 2006).
Nanoparticles and hybrid nanoparticles have garnered significant attention in the
field of drug delivery in medicine due to their unique properties that offer several
advantages over conventional drug delivery systems (Choi and Eastman, 1995; H
et al., 1993; Lee et al., 1999; Eastman et al., 2001; Mauro et al., 2009; Demir et al.,
2013; Minea, 2020; De Luca et al., 2017). Firstly, nanoparticles have a high surface
area-to-volume ratio, allowing for efficient drug loading and encapsulation. This en-
ables precise control over drug release kinetics, improving therapeutic efficacy and
reducing side effects. Additionally, nanoparticles can be engineered to target spe-
cific tissues or cells through surface modifications, enhancing drug delivery to the
desired site while minimizing systemic exposure. In medicine, nanoparticles and
hybrid nanoparticles are used as promising vehicles for therapeutic agents in drug
delivery. Liposomes (Meng, Niu, and Li, 2022; Lamichhane et al., 2018; Yanrong et
al., 2019; Demetzos, 2016; Daraee et al., 2016), polymeric nanoparticles (Aldosari et
al., 2023; Barbieri, 2023; Pulingam et al., 2022; Xiao et al., 2022; Gao, Nicolas, and Ha-
Duong, 2021), Iron oxide nanoparticles (Tatarchuk et al., 2023; Varghese, Vijay, and
Dalvi, 2021; Bruschi and Toledo, 2019; Antoniac et al., 2020; Suciu et al., 2020; Huang
et al., 2023), Silica nanoparticles (Sahai, Gogoi, and Ahmad, 2021; Harun et al., 2021;
He et al., 2020; Najafi, Morsali, and Bozorgmehr, 2019; Connell et al., 2018; Pandey
et al., 2009), Magnetic nanoparticles (Sodagar, Shakiba, and Niazmand, 2020; Zafar
et al., 2022; Gul, Tzirtzilakis, and Makhanov, 2022; Pathak and Afkhami, 2023).
Copper nanoparticles have unique properties that make them particularly useful
in drug delivery applications. They also exhibit inherent antimicrobial properties,
which can help prevent infections in the diseased artery and promote faster heal-
ing (Tyagi, Arya, and Tyagi, 2023; Naatz et al., 2020a; Halevas and Pantazaki, 2018;
Cassano et al., 2022; Naatz et al., 2020b; Mulpuru, Maurya, and Mishra, 2019). Alu-
minum oxide Al2O3 nanoparticles are a stable and inert structure that can be used
for drug delivery. Due to their high surface area-to-volume ratio, they are effective
in loading therapeutic agents and releasing them in a controlled manner. More-
over, these nanoparticles have shown to be highly biocompatible and have low tox-
icity levels, which makes them a suitable option for biomedical applications (Al2O3
nanoparticles for current analysis (Spivak et al., 2022; Kaushik et al., 2022; Alias et
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al., 2016; Makarishcheva et al., 2022; Naatz et al., 2020b; Yerpude et al., 2022).
Hybrid nanoparticles are nanoparticles that combine different materials or function-
alities and can be customized to address various challenges. A good example is
the incorporation of magnetic nanoparticles into drug-loaded carriers, which en-
ables targeted delivery using external magnetic fields. This overcomes the obstacles
posed by altered blood flow patterns in stenotic arteries. Hybrid nanoparticles can
also enhance the stability and circulation time of drug carriers in the bloodstream,
which is crucial for effective delivery to the target site in CVD. By combining ma-
terials with complementary properties, such as polymers for stability and lipids for
biocompatibility, hybrid nanoparticles can overcome limitations associated with in-
dividual components, ensuring optimal drug delivery in the presence of stenosis.
Cu-Al2O3 hybrid nanoparticles show promise for drug delivery in stenotic arteries.
They have unique properties that provide several advantages, including targeted
drug delivery, stability, biocompatibility, efficient penetration, and controlled drug
release. These nanoparticles have the potential to improve outcomes for patients
with cardiovascular diseases (Khanduri and Sharma, 2022; Gandhi, Sharma, and
Makinde, 2022; Fraser, 2023a; Sharma, Poonam, and Chamkha, 2022; Fraser, 2023b;
Dolui, Bhaumik, and De, 2022).
Magnetic fields, in combination with Hall currents, offer a new way to deliver drugs
in stenotic arteries where blood flow is restricted due to plaque buildup. This con-
dition can increase the risk of cardiovascular events. The use of magnetic nanopar-
ticles (MNPs) allows for targeted drug delivery to specific locations within the body
through the application of external magnetic fields. This approach exploits the unique
properties of MNPs that can be functionalized with therapeutic agents. In the case of
stenotic arteries, magnetic fields can guide drug-loaded MNPs to the site of arterial
narrowing, improving the effectiveness of drug delivery. Magnetic fields can be used
to precisely control the localization of drug-loaded magnetic nanoparticles (MNPs),
ensuring that they are delivered to the narrowed region of an artery where they are
needed. The magnetic force exerted on the MNPs by Hall currents can help them
overcome obstacles such as turbulent blood flow and endothelial barriers, making
it easier for therapeutic agents to penetrate deeper into the arterial wall (Cimmelli,
Oliveri, and Pace, 2004; Naser, Abdullah, and Talib, 2019; Fazio and Jannelli, 2020;
Mok, Han, and Lee, 2020; Fazio and Jannelli, 2021; Umadevi et al., 2021; Burns, 2023;
Abdullah and Ismail, 2022; Omamoke and Amos, 2023; Robison, 2023).
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FIGURE 1.1: An overview of constricted arterial analysis.

1.2 Anatomy of stenotic flow

Modeling blood flow through a stenotic artery involves understanding the complex
fluid dynamics that occur when a narrowing or blockage (stenosis) affects arterial
blood flow. Blood behaves as a non-Newtonian fluid, meaning its viscosity can
change under different flow conditions, which is particularly relevant in the context
of arterial stenosis. The presence of stenosis alters the pressure and velocity profiles
within the artery, potentially leading to turbulent flow, recirculation zones, and in-
creased shear stress on the arterial walls. These changes are significant because they
can influence the progression of cardiovascular diseases and the formation of further
atherosclerotic plaques.
Blood flow through an artery with an elliptical-shaped stenosis can be modeled to
understand the hemodynamic changes and can significantly alter the flow patterns,
pressure distribution, and shear stress within the artery. An elliptical shaped steno-
sis in an artery can be described by modifying the radius of the artery R0 along the
axial direction z̃ to mimic the narrowing caused by the stenosis described by the
function in equation (1.1) where the narrowing using a function R̃(z̃) that varies the
radius of the artery along its length l0 and δ∗ as maximum deviation from baseline.

R̃(z̃) =

R0 − δ∗sin
(

π

(
z̃−d̃

l0

))
, d̃ ≤ z̃ ≤ d̃ + l0

R0 otherwise.
(1.1)
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(A) Composite stenosis. (B) Elliptical stenosis.

(C) Trapezoidal stenosis. (D) Irregular stenosis.

(E) Overlapping stenosis.

FIGURE 1.2: The graphic representation of different types of lesions
caused by stenosis for R = 1.0, l0 = 1.0, δ = 0.2, d = 1.0.

1.3 Pulsatile dynamics of non-Newtonian blood

As a result of its complex composition, blood is considered to be non-Newtonian flu-
ids, resulting in rheological properties like shear-thinning behavior and yield stress.
While blood is viscous in capillaries, it flows more easily in larger vessels due to
a decreased viscosity. In order to initiate blood flow, yield stress is required, and
numerical simulation techniques can be used to understand flow patterns (Woot-
ton and Ku, 1999; Xingting et al., 2022). As blood carries proteins and living cells
suspended in plasma (Caro, 2001), understanding flow within the bloodstream is
crucial to preventing vascular diseases.
The Casson model is a useful tool for modeling blood flow due to its ability to cap-
ture the non-linear behavior of blood viscosity, particularly at low shear rates where
traditional Newtonian models fail. It incorporates parameters such as yield stress
and Casson viscosity and can provide more accurate predictions of blood flow dy-
namics in various physiological and pathological conditions. The Casson model
is particularly useful for describing the behavior of blood in situations where flow
rates are low, such as in microcirculation or in vessels with stenosis. It provides a
more accurate representation of blood flow compared to simple Newtonian models,
especially at low shear rates where blood viscosity tends to increase significantly.
Applications of the Casson model include computational simulations of blood flow
in biomedical engineering, hemodynamics studies, and understanding flow charac-
teristics in diseased vessels, among others. It helps researchers and clinicians better
understand the complexities of blood flow behavior, which is crucial for various
medical and engineering applications.
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FIGURE 1.3: Model of constricted arterial lumen of radius R0 involv-
ing non-Newtonian Cu-Al2O3-blood.

The Casson fluid model for incompressible fluid flows is defined by the follow-
ing expression:

τ̄ij =

2(µ̄b +
P̄y√
2π̄
)ēij, π̄ > π̄c,

2(µ̄b +
P̄y√
2π̄c

)ēij, π̄ ≤ π̄c.

Where π̄ = ēij · ēij is the product of deformation rate to itself, µ̄b is the viscosity of
non-Newtonian fluid, P̄y is the yield stress of fluid and µ̄c is the critical value based
on non-Newtonian model. For π̄ ≤ π̄c, τ̄ij becomes:

τ̄ij = 2µ̄b
(
1 + 1/β

)
ēij

β = µ̄b
√

2π̄c
P̄y

known as Casson fluid parameter.

1.3.1 Pulsatile pressure gradient:

In the study of blood flow through narrowed arteries, using the Navier-Stokes equa-
tion (1.15) with a pulsatile pressure gradient is crucial to mimic actual cardiovascular
conditions. The pulsatile nature of blood flow in arteries is due to the heart’s systolic
and diastolic phases. The pressure gradient in the arteries changes with each cardiac
cycle. The pulsating nature of blood flow (Figure 1.4) is particularly crucial in the
examination of cardiovascular diseases (CVD) because it can significantly impact
the hemodynamic forces that the arterial walls experience. These forces, particularly
shear stress, are recognized to have an influence on the development of ailments
such as atherosclerosis, which frequently happens in narrowed regions of arteries.
The pulsatile component represents the variations of the pressure curve around the
steady component.
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FIGURE 1.4: Pulsatile pressure gradient waveform.

The pressure gradient in Navier Stokes equation (1) is given by the following
expression (Burton, 1972):

−∂ p̃
∂z̃

= p0 + p1 cos ωt̃, t > 0 (1.2)

where p0 is the amplitude of the pressure gradient representing the continuous force
that drives blood through the circulatory system, even between heartbeats. p1 is the
amplitude of the pulsatile component for systolic and diastolic pressure component,
ω = 2π fp with fp is the pulse frequency.

1.4 Mathematical equations governing flow

The Navier-Stokes Equations (NSE) are a set of partial differential equations that de-
scribe the motion of fluid substances such as liquids and gases. These equations arise
from applying Newton’s second law to fluid motion, together with the assumption
that fluid stress is the sum of a diffusing viscous term (proportional to the gradi-
ent of velocity) and a pressure term. The Navier-Stokes equations are derived from
the conservation and continuity equations of fluid properties. The continuity equa-
tion is derived first to establish conservation conditions. This equation is then used
to conserve mass and momentum and ultimately integrated with a physical under-
standing of fluid characteristics to obtain the conservation equations.
When dealing with fluids in cylindrical coordinates such as in pipes, cylinders, or
arteries, the NSE is expressed in terms of the radial (r), azimuthal (θ), and axial (z)
components to accommodate the geometry of the system. With the suppositions that
flow is incompressible, axisymmetric and non-Newtonian, the governing continuity
and momentum equations are (Pontrelli, 2001; Gandhi et al., 2023):

ũ
r̃
+

∂ũ
∂r̃

+
∂w̃
∂z̃

= 0, (1.3)

ρhn f

(
∂ũ
∂t̃

+ ũ
∂ũ
∂r̃

+ w̃
∂ũ
∂z̃

)
= −∂ p̃

∂r̃
+ µhn f

(
1 +

1
β

)[
∂2ũ
∂r̃2 +

1
r̃

∂ũ
∂r̃

+
∂2ũ
∂z̃2 − ũ

r̃2

]
, (1.4)

ρhn f

(
∂w̃
∂t̃

+ ũ
∂w̃
∂r̃

+ w̃
∂w̃
∂z̃

)
= −∂ p̃

∂z̃
+ µhn f

(
1 +

1
β

)[
∂2w̃
∂r̃2 +

1
r̃

∂w̃
∂r̃

+
∂2w̃
∂z̃2

]
, (1.5)
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Energy equation

The energy equation for the analysis of the Casson flow model is (Farooq et al., 2021):

(ρCp)hn f

(
∂T̃
∂t̃

+ ũ
∂T̃
∂r̃

+ w̃
∂T̃
∂z̃

)
= Khn f

[
∂2T̃
∂r̃2 +

1
r̃

∂T̃
∂r̃

+
∂2T̃
∂z̃2

]
+ 2µhn f

(
1+

1
β

)[(
∂ũ
∂r̃

)2

+

(
ũ
r̃

)2

+

(
∂w̃
∂z̃

)2

+
1
2

(
∂ũ
∂z̃

+
∂w̃
∂r̃

)2]
, (1.6)

In the above equations,(ũ, w̃), t̃, T̃, p̃ are correspondingly dimensional velocities
along radial and axial directions, time, temperature and pressure. ρhn f , µhn f , σhn f ,
(Cp)hn f and κhn f are respectively density, dynamic viscosity, electrical conductivity,
specific heat capacity and thermal conductivity for hybrid nanofluid.

1.4.1 Initial & boundary conditions

Fluid flow can be influenced by the presence of solid surfaces, which can impede,
redirect, or accelerate the flow. Thus, it is essential to understand how solid surfaces
influence flow.

Initial conditions

In the context of blood flow through a stenosed artery, the initial velocity is zero,
implying that the blood is at rest t̃ = 0 within the narrowed artery at the beginning.
As the heart pumps, the pressure gradient causes the blood to start flowing and
accelerate from its initial state. The initial condition of T̃ = 0 in equation (1.7) is of-
ten set for the non-dimensional temperature to standardize the model and facilitate
the comparison of results. This approach allows the incorporation of temperature
variations relative to the average body temperature (36°C) and simplifies the math-
ematical treatment of heat transfer and fluid dynamics within the arteries. This sets
a baseline for observing the evolution of the flow and temperature fields over time.

w̃ = 0, T̃ = 0, at t̃ = 0. (1.7)

Wall conditions

The boundary conditions specify the behavior of the flow at the boundaries of the
domain as provided in equation (1.8). At the axis (centerline) of the artery (r̃ =
0), the radial gradient of velocity and temperature are both zero. Physically, this
indicates that at the centerline of the artery (axis), there is no radial flow (symmetry
in the flow) and no radial temperature gradient, meaning the temperature is uniform
across this axis.
At the wall of the artery (r̃ = R̃), where R̃ is the value of the radius, the velocity
gradient is set to zero, which is a no-slip condition typical for viscous fluids at solid
boundaries as evident in equation (1.8). Essentially, it stipulates that fluid molecules
in direct contact with a solid surface do not slip or move relative to it. Instead, they
stick to it due to the viscous effects and move at the same rate as the solid boundary.
As fluid flows, the layer closest to the surface slows down because of the viscous
forces between the fluid layers. This causes the next layer to slow down as well,
and so on. The region of the flow that is adjacent to the wall and where viscous
effects (and velocity gradients) are significant is called the boundary layer. The
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temperature T̃ is set to the arterial wall temperature T̃w, suggesting that the wall is
maintained at a constant temperature (Gandhi et al., 2023).

∂w̃
∂r̃

= 0,
∂T̃
∂r̃

= 0, at r̃ = 0,

w̃ = 0, T̃ = T̃w, at r̃ = R̃. (1.8)

1.5 Hybrid composition of Cu and Al2O3 nanoparticles:

Copper (Cu) and alumina (Al2O3) nanoparticles show unique properties that make
them promising candidates for drug delivery in medicine. These nanoparticles are
highly versatile in drug delivery applications due to their adjustable surface proper-
ties and high surface area-to-volume ratios, allowing for precise dosage regulation
and enhanced therapeutic efficacy. One of their significant advantages is their inher-
ent biocompatibility and low toxicity profile, which are crucial factors in ensuring
the safe and effective delivery of therapeutic agents within the human body. Cop-
per (Cu) and alumina (Al2O3) nanoparticles provide a versatile platform for drug
encapsulation and controlled release, with potential applications in targeted ther-
apy and tissue engineering. Due to their high surface area-to-volume ratio, these
nanoparticles allow for efficient drug loading. Additionally, their chemical stabil-
ity ensures long-term viability in biological environments. Cu-Al2O3 nanoparticles
combine copper’s antimicrobial properties and potential synergies with therapeutic
agents with alumina’s high surface area, inertness, and ability to protect encapsu-
lated drugs, allowing for controlled release kinetics and prolonged circulation times
in the bloodstream.
The concentration of nanoparticles in drug delivery is a critical factor that deter-
mines the effectiveness and safety of the delivery system. If the concentration is too
low, the therapeutic benefits may not be sufficient. On the other hand, if the concen-
tration is too high, it may cause adverse effects or toxicity. In many studies, volume
fractions of nanoparticles typically range from as low as 0.1% to as high as 10% or
more of the total volume. Typically, the volume fraction of copper nanoparticles falls
within the lower end of the spectrum, ranging from 0.1% to 5%, and for Al2O3, the
volume fraction commonly falls within the range of 0.1% to 10%.
For the current analysis, the volume fraction of 0.025 for both Cu and Al2O3 is con-
sidered which indicates that for every unit volume of the ordinary liquid (blood),
0.025 units of volume are occupied by Cu and Al2O3 nanoparticles combined or
2.5% of the total volume being occupied by the nanoparticles.
The thermophysical features, i.e., density, thermal conductivity, electrical conduc-
tivity, and specific heat for base fluid (blood), copper (Cu) and aluminum oxide
(Al2O3) are given in the Table 1.1 and the relation between both nanofluids are men-
tioned in Table 1.2 and Table 1.3. µ f , σf , (Cp) f , ρ f and κ f are viscosity, electrical
conductivity, specific heat capacity, density and thermal conductivity of the base
fluid. (ϕ1, ϕ2) are nanoparticle volume fraction. s1, s2 and b f denotes first, second
particles and base fluid.
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TABLE 1.1: Thermophysical features for Cu, Al2O3 and blood
(Ghadikolaei et al., 2018).

Thermophysical Properties Cu Al2O3 Human Blood
Density kgm−3 8933 3970 1063

Specific thermal capacity JKg−1K−1 385 765 3594
Thermal conductivity Wm−1K−1 401 40 0.492

Electrical conductivity Ωm−1 59.6 × 106 35 × 106 6.67 × 10−1

TABLE 1.2: properties of nanofluid (Ghadikolaei et al., 2018).

Properties Nanofluid

Dynamic viscosity µn f =
µ f

(1−ϕ)2.5

Density ρn f = (1 − ϕ)ρ f − ϕρs

Thermal conductivity κn f = κ f

(
κs+2κ f −2ϕ(κ f −κs)

κs+2κ f +ϕ(κ f −κs)

)
Electrical conductivity σn f = σf

(
2σf +σs−2ϕ(σf −σs)

2σf +σs+ϕ(σf −σs)

)
Heat capacity (ρCp)n f = (1 − ϕ)(ρCp) f − ϕ(ρCp)s

TABLE 1.3: Thermo-physical properties of hybrid nanofluid
(Ghadikolaei et al., 2018),(Pak and Cho, 1998),(Xuan and Roetzel,

2000),(Einstein, 1956),(Maxwell, 1881).

Properties Hybrid nanofluid

Dynamic viscosity µhn f =
µ f

(1−ϕ1)2.5(1−ϕ2)2.5

Density ρhn f = [(1 − ϕ2)((1 − ϕ1)ρ f + ϕ1ρ1)] + ϕ2ρ2

Thermal conductivity κhn f
κb f

=

(
(κs2+2κb f )−2ϕ2(κb f −κs2)

(κs2+2κb f )+ϕ2(κb f −κs2)

)
,

κb f
κ f

=

(
(κs1+2κ f )−2ϕ1(κ f −κs1)

(κs1+2κb f )+ϕ1(κ f −κs1)

)
Electrical conductivity σhn f = σb f

(
2σb f +σs2−2ϕ2(σb f −σs2)

2σb f +σs2+ϕ2(σb f −σs2)

)
,

σb f = σf

(
2σf +σs1−2ϕ1(σf −σs1)

2σf +σs1+ϕ1(σf −σs1)

)
Heat capacity (ρCp)hn f = (ρCp) f (1 − ϕ2)

(
(1 − ϕ1) + ϕ1

(ρCp)s1
(ρCp) f

)
+ ϕ2(ρCp)s2

1.6 Inclusion of magnetic field

The Hall effect arises when a conductive fluid, such as blood, flows through an ap-
plied magnetic field perpendicular to its motion, resulting in the generation of an
electric field perpendicular to both the fluid flow direction and the magnetic field
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lines. This phenomenon, known as the Hall current, induces additional forces on
the fluid, influencing its behavior and altering flow dynamics within the artery. The
interaction between blood flow and magnetic fields can facilitate targeted drug de-
livery and therapeutic interventions within stenotic arteries. Magnetic nanoparti-
cles, functionalized with therapeutic agents or imaging contrast agents, can be in-
troduced into the bloodstream and manipulated using applied magnetic fields to
localize them within specific regions of interest, such as the stenotic lesion. Enhanc-
ing efficacy and retention of nanoparticles within stenosis by exploiting Hall current
phenomenon improves drug delivery and imaging.
In the presence of magnetic field B with current density J the Lorentz force acting
on the non-Newtonian blood is given by J × B. According to the Ohm’s law, the
current density is related to the electric field E and conductivity σ as:

J +
ωeτe

β0

(
J × B

)
= σ

(
E + u + B +

∇Pe

eηe

)
.

Introducing Gauss’s law of magnetism (∇ · B = 0) and (B = B0 J) be the applied
magnetic field and assuming Pe, electron pressure is constant and E = 0 then we
have:

J +
m
β0

(
J × B

)
= σ

(
u × B

)
.

where m = ωeτe is the Hall parameter. By using the velocity and current density
along axial and radial coordinates, the above expressions for magnetic field can be
derived:

Jr =
σβ0

1 + m2

(
mw + u), Jz =

σβ0

1 + m2

(
mu − w).

As a result, momentum and energy are as follows:

ρhn f

(
∂ũ
∂t̃

+ ũ
∂ũ
∂r̃

+ w̃
∂ũ
∂z̃

)
= −∂ p̃

∂r̃
+

σhn f β2
0

(m2 + 1)
(
ũ + mw̃

)
+ µhn f

(
1 +

1
β

)[
∂2ũ
∂r̃2

+
1
r̃

∂ũ
∂r̃

+
∂2ũ
∂z̃2 − ũ

r̃2

]
, (1.9)

ρhn f

(
∂w̃
∂t̃

+ ũ
∂w̃
∂r̃

+ w̃
∂w̃
∂z̃

)
= −∂ p̃

∂z̃
+

σhn f β2
0

(m2 + 1)
(
w̃ − mũ

)
+ µhn f

(
1 +

1
β

)[
∂2w̃
∂r̃2

+
1
r̃

∂w̃
∂r̃

+
∂2w̃
∂z̃2

]
, (1.10)

(ρCp)hn f

(
∂T̃
∂t̃

+ ũ
∂T̃
∂r̃

+ w̃
∂T̃
∂z̃

)
= Khn f

[
∂2T̃
∂r̃2 +

1
r̃

∂T̃
∂r̃

+
∂2T̃
∂z̃2

]
+ 2µhn f

(
1+

1
β

)[(
∂ũ
∂r̃

)2

+

(
ũ
r̃

)2

+

(
∂w̃
∂z̃

)2

+
1
2

(
∂ũ
∂z̃

+
∂w̃
∂r̃

)2]
+

σhn f β2
0

(m2 + 1)
(
w̃ − mũ

)2 (1.11)
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1.7 Non-dimensionalization

Nondimensionalization or scaling analysis involves stripping units of measurement
from equations that depict physical phenomena, such as fluid flow. This approach
aids in removing redundancy and affords us a clearer and more universal compre-
hension of the core behaviors of the system. Governing nonlinear set of flow equa-
tions (1.3), (1.9)-(1.11) along with boundary conditions (1.8) needs to be transformed
via a suitable set of scaling variables against characteristic system dimensions, these
transformations strip away units, affording a dimensionless framework that simpli-
fies analysis and computation.

r =
r̃

R0
, z =

z̃
l0

, t =
u0 t̃
R0

, R =
R̃
R0

, d =
d̃
l0

, u =
l0ũ

δ∗u0
, w =

w̃
u0

,

θ =
T̃ − T̃1

T̃w − T̃1
, p =

R2
0 p̃

u0l0µ0
, Re =

R0ρ f u0

µ f
, Pr =

cpµ f

κ f
, δ =

δ∗
R0

, ϵ =
R0

l0
,

M2 =
σf R2

0β2
0

µ f
, Ec =

u2
0

Cp(T̃w − T̃1)
. (1.12)

Here, (u, w) are dimensionless velocities, (r, z) are dimensional radial and axial axis,
t is dimensionless time, θ is dimensionless temperature, δ is dimensionless steno-
sis severity u0 is reference velocity, Tw is wall temperature, l0 is stenosis length, R0
is the radius of artery and ϵ is vessel aspect ratio. Re is the Reynolds number, M
is the Hartmann number, Pr is the Prandtl number and Ec is the Eckert number.
This approach reveals key dimensionless groups—like Reynolds and Prandtl num-
bers—that encapsulate the essence of the flow, such as the relative importance of
inertial to viscous forces, or thermal to momentum diffusivity. Utilizing equation
(1.12), yields:

δ
u
r
+ δ

∂u
∂r

+
∂w
∂z

= 0, (1.13)

δϵ2Re
ρhn f

ρ f

(
∂u
∂t

+ δϵu
∂u
∂r

+ ϵw
∂u
∂z

)
= −∂p

∂r
+ δϵ2Re

ρhn f

ρ f
νhn f

(
1 +

1
β

)[
∂2u
∂r2 +

1
r

∂u
∂r

+ ϵ2 ∂2u
∂z2 − u

r

]
+

ϵ2Re
ρ f

l0σhn f β2
0

u0(m2 + 1)
(
δϵu + mw

)
, (1.14)

ρhn f

ρ f

(
∂w
∂t

+ δϵu
∂w
∂r

+ ϵw
∂w
∂z

)
= − 1

Re
∂p
∂z

+
µhn f

µ f

1
Re

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+ ϵ2 ∂2w
∂z2

]
+

σhn f M2

σf Re(m2 + 1)
(
w − mδϵu

)
, (1.15)
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∂θ

∂t
+ δϵu

∂θ

∂r
+ ϵw

∂θ

∂z
=

(
κ

ρCp

)
hn f

1
u0R0

[
∂2θ

∂r2 +
1
r

∂θ

∂r
+ ϵ2 ∂2θ

∂z2

]
+

(
µ

ρCp

)
hn f

×
(

1 +
1
β

)
2u0

R0(T̄w − T̄1)

[
δ2ϵ2

(
∂u
∂r

)2

+ δ2ϵ2
(

u
r

)2

+ ϵ2
(

∂w
∂z

)2

+
δ2ϵ2

2

(
∂u
∂z

)2

+

1
2

(
∂w
∂r

)2

+
δ2ϵ2u2

0

l2
0

∂w
∂r

∂u
∂z

]
, (1.16)

and dimensionless boundary conditions are:

w = 0, θ = 0, at t = 0,

∂w
∂r

= 0,
∂θ

∂r
= 0, at r = 0,

w = 0, θ = 1, at r = R. (1.17)

By employing dimensional parameters provided in equation (1.12) in pressure gra-
dient expression (1.2)

−∂p
∂z

= A0
(
1 + e cos c1t

)
(1.18)

where: A0 = p0/µ0u0, A1 = p1/µ0u0, e = A1/A0 and c1 = aπ fpR0/u0.

1.7.1 Case 1: Long wavelength approximation

The long-wavelength approximation is a widely used technique to study fluid dy-
namics near a solid boundary. By simplifying the complex equations that govern
fluid motion, the long-wavelength approximation provides insight into the behavior
of fluids in close proximity to solid boundaries. In certain situations, the assump-
tion is commonly utilized in conjunction with linearized equations. In mathematical
terms, it can be expressed as δ << 1, which indicates that the characteristic length
scale of the flow is much smaller than other relevant length scales in the system.
Meanwhile, the degree of nonlinearity in the equations describing the flow is char-
acterized by ϵ and ϵ = O(1), which means that the nonlinear terms in the equations
are significant, they cannot be ignored or neglected, and certain terms in the equa-
tions are of the same order of magnitude as ϵ and thus relatively small. On the other
hand, in weakly nonlinear scenarios, the nonlinearity is not significant, and higher-
order nonlinear terms can be neglected, allowing for linearization. By making use
of the long wavelength approximation, the flow equation can be simplified to:

∂w
∂z

= 0, (1.19)

∂p
∂r

= 0, (1.20)

∂w
∂t

=
ρ f

ρhn f

1
Re

[
− ∂p

∂z
+

µhn f

µ f

(
1 +

1
β

)(
∂2w
∂r2 +

1
r

∂w
∂r

)
+

M2

(m2 + 1)
σhn f

σf
w
]

, (1.21)
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∂θ

∂t
=

(ρCp) f

(ρCp)hn f

[
κhn f

κ f

1
RePr

(
∂2θ

∂r2 +
1
r

∂θ

∂r

)
+

(
1 +

1
β

)
µhn f

µ f

Ec
Re

(
∂w
∂r

)2]
. (1.22)

The above equations (1.19)-(1.22) are a dimensionless set of flow equations with
equation (1.17) as a unitless boundary condition. Importing dimensionless expres-
sion (1.18) for pressure gradient in axial direction in equation (1.21) for axial compo-
nent of velocity:

∂w
∂t

=
ρ f

ρhn f

1
Re

[
A0

(
1 + e cos(c1t)

)
+

µhn f

µ f

(
1 +

1
β

)(
∂2w
∂r2 +

1
r

∂w
∂r

)
+

M2

(m2 + 1)
σhn f

σf
w
]

(1.23)

.

Radial coordinate transformations:

The radial coordinate transformations involve expressing the radial distance from
the centerline of the artery in terms of a normalized variable x = r/R(z). Radial
coordinate transformations are useful in simplifying the mathematical formulation
of flow equations, especially in situations where there are complex geometries like in
stenotic arteries. By using a normalized variable, represented by x, which indicates
the ratio of the radial distance to the local stenotic function, the flow equations can
be transformed into a more manageable form that is easier to analyze and interpret.
The set of equations (1.17), (1.22) and (1.23) becomes:

∂w
∂t

=
ρ f

ρhn f

1
Re

[
A0

(
1 + e cos(c1t)

)
+

µhn f

µ f

1
R(z)2

(
1 +

1
β

)(
∂2w
∂x2 +

1
x

∂w
∂x

)
+

M2

(m2 + 1)
σhn f

σf
w
]

, (1.24)

∂θ

∂t
=

(ρCp) f

(ρCp)hn f

[
κhn f

κ f

1
RePr

1
R(z)2

(
∂2θ

∂x2 +
1
x

∂θ

∂x

)
+

(
1 +

1
β

)
µhn f

µ f

Ec
Re

1
R(z)2

(
∂w
∂x

)2]
,

(1.25)
and associated boundary conditions are:

w(x, 0) = 0, θ(x, 0) = 0, at t = 0,

∂w(0, t)
∂x

= 0,
∂θ(0, t)

∂x
= 0, at x = 0,

w(1, t) = 0, θ(1, t) = 1, at x = 1. (1.26)

And dimensionless form of equation (1.1), illustrating the elliptical stenosis for the
present analysis:

R(z) =

{
1 − δsin

(
π
(
z − d

))
, d ≤ z ≤ d + 1

1 otherwise.
(1.27)
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In the above equations (1.24)-(1.27), e is the ratio of A1 to A0, A1 is the pulsatile
component of pressure component, A0 is the average pressure, c1 is frequency pa-
rameter.

1.7.2 Case 2: Disregarding long wavelength approximation

In the pursuit of comprehensively exploring the dynamics of blood flow through
stenotic arteries, this section remains an intriguing avenue for future investigation.
Unlike the completed study detailed in section 1.7.1, where long wavelength ap-
proximation was applied to simplify the dimensional partial differential equations
governing the flow, this section diverges by intentionally omitting this approxima-
tion. Instead, intricate complexities are chosen for the original equations (1.13)-
(1.16), seeking to capture nuances that may have been overlooked in the simplified
framework. While radial coordinate transformations have been employed to facil-
itate analysis, the omission of long wavelength approximation presents a distinct
challenge, offering a more rigorous examination of the system’s behavior. By de-
ferring the resolution of section 1.7.2 to future inquiry, potential insights into blood
flow dynamics could be gained that could refine the understanding and inform fur-
ther development.
Equations (1.13)-(1.16) can be re-written as:

δ

(
u
r
+

∂u
∂r

)
+

∂w
∂z

= 0, (1.28)

∂u
∂t

+ δϵu
∂u
∂r

+ ϵw
∂u
∂z

=
1

δϵ2Re
ρ f

ρhn f

[
− ∂p

∂r
+ δϵ2Re

µhn f

ρ f

(
1 +

1
β

)(
∂2u
∂r2 +

1
r

∂u
∂r

+ ϵ2 ∂2u
∂z2 − u

r

)
+

l0ϵ2Reσhn f β2
0

u0ρ f (m2 + 1)
(
δϵu + mw

)]
, (1.29)

∂w
∂t

+ δϵu
∂w
∂r

+ ϵw
∂w
∂z

=
ρ f

Reρhn f

[
− ∂p

∂z
+

µhn f

µ f

(
1 +

1
β

)(
∂2w
∂r2 +

1
r

∂w
∂r

+ ϵ2 ∂2w
∂z2

)
+

σhn f M2

σf (m2 + 1)
(
w − mδϵu

)]
, (1.30)

∂θ

∂t
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∂r
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κhn f (ρCp) f

κ f (ρCp)hn f RePr

[
∂2θ
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+
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(
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+
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(
∂w
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+
δ2ϵ2u2
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0

∂w
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∂u
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]
, (1.31)

Radial coordinate transformations:

Using (x = r/R(z)), dimensionless continuity equation (1.28) will take the form:

δ

R(z)

(
u
x
+

∂u
∂x

)
+

∂w
∂z

− x
R(z)

∂w
∂x

∂R(z)
∂z

= 0, (1.32)
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momentum profile in the radial direction (1.29):
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The pressure gradient along the radial direction (∂p/∂r) is deemed insignificant ow-
ing to the relatively small radius of the artery lumen when compared to the pressure
wavelength so (∂p/∂r) = 0. Alternatively,
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and along the axial direction, momentum profile (1.30):
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adding the expression for flow directional pressure gradient in equation (1.18),
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In a similar manner, an energy profile would look like this:
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1.8 Hemodynamic factors

Hemodynamic factors are important for regulating blood flow in the cardiovascular
system and can affect various physiological and pathological processes. The two
important parameters that are often studied in relation to blood flow dynamics are
the local Nusselt number and wall shear stress.

1.8.1 Local Nusselt number

The local Nusselt number (Nu) is a dimensionless quantity used to measure convec-
tive heat transfer at a specific point within a fluid flow. When examining blood flow,
the local Nusselt number provides valuable information about the effectiveness of
heat transfer processes near the vessel walls. It calculates the ratio of convective heat
transfer to conductive heat transfer and reflects how well the blood exchanges heat
with the vessel walls, mathematically expressed as:
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∂θ

∂r

)
r=R(z)

(1.38)

Using the radial coordinate transformation from section 1.7.1

Nul = − 1
R(z)

(
∂θ

∂x

)
x=1

(1.39)

1.8.2 Wall shear stress

Wall shear stress refers to the tangential force per unit area exerted by the flowing
blood on the endothelial lining of blood vessels. It arises due to the viscous friction
between the blood and the vessel walls and is a critical determinant of endothe-
lial function and vascular health. Wall shear stress influences various physiological



24 Chapter 1. Cu-Al2O3-Blood Flow Through Stenotic Arteries Analysis

processes, including endothelial cell function, vascular remodeling, and the devel-
opment of atherosclerosis. Shear stress in walls appears as:

τw = −µhn f
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)
r=R(z)

(1.40)

Using the radial coordinate transformation from section 1.7.1
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(1.41)

1.9 Numerical scheme

Numerical methods refer to a collection of mathematical problem-solving techniques
that rely on numerical approximations and computations. Such methods are partic-
ularly applicable in situations where analytical or exact solutions are either imprac-
tical or impossible to obtain. The techniques are often used in a variety of fields,
including engineering, physics, and finance, to name a few. Overall, numerical
methods provide a reliable and efficient means of tackling complex mathematical
problems that would otherwise be challenging to solve. The choice of a numeri-
cal method depends on the specific mathematical problem, available resources, and
desired accuracy.

1.9.1 Finite difference method:

The finite differentiation method (FDM) is a numerical technique that approximates
derivatives of functions. Dealing with analytical derivatives or discrete data, where
the numerical solution is known only at a finite number of points in the physical do-
main, can be challenging to compute. The number of points which impact the accu-
racy and regulation of the numerical solution can be selected manually. The "mesh"
refers to the collection of locations where the discrete solution is calculated. These
locations are known as "nodes". For two dimensional in space and time, the key pa-
rameters of the mesh are ∆x, ∆z, and ∆t. ∆x and ∆z represent the distance between
adjacent points in 2D space, determining the resolution of the simulation. Mean-
while, ∆t represents the distance between adjacent time steps, which determines the
precision of the simulation over time. Figure 1.5 illustrates the solution domain. If
x, z and t are an interval of uniform spacing 0 ≤ x ≤ xmax, 0 ≤ z ≤ zmax and
0 ≤ t ≤ tmax

xj = ∆x(j − 1), j = 1, 2, 3, ...J,

zm = ∆z(m − 1), m = 1, 2, 3, ...M,

and

tn = ∆t(n − 1), n = 1, 2, 3, ...N,
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where J, M and N are the total number of space and time steps or nodes including
boundary. Size of time step ∆t and space steps ∆x, ∆z can be expressed as follows:

∆x =
xmax
J − 1

, ∆z =
zmax
M − 1

∆t =
tmax
N − 1

,

FIGURE 1.5: 2D mesh on bounded geometry with small squares for
approximation.

Finite difference approximations discretize a continuous domain to estimate
derivatives in order to solve differential equations numerically. For function f , using
discrete approximations
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replacing δx with ∆x and solving above expression for (∂ f /∂x)xi ,
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+ O(∆x) (1.42)

Equation (1.42) is called first order forward difference formula with a truncation
error of O(∆x), which can be controlled by choosing the right mesh size. Similarly,
the

∂ f
∂x

∣∣∣
xi

≈ f (xi)− f (xi+1)

∆x
+ O(∆x), (1.43)



26 Chapter 1. Cu-Al2O3-Blood Flow Through Stenotic Arteries Analysis

is the first order backward difference formula,
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is the first order central difference formula, and
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is the second order forward difference formula, and
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is the second order forward difference formula, and
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is the second order central difference formula.
The non-dimensional coupled and nonlinear set of differential equations along with
associated initial and boundary conditions in equations (1.24)-(1.26) are computed
numerically using expressions (1.42)-(1.47) for explicit forward time central space
finite differential scheme (FTCS), resulting in:
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In the context of blood flow through a constricted artery, where the flow is assumed
to be predominantly in the axial direction (z), a 1D treatment in the radial direction
(x) is sufficient to capture the primary flow features, particularly when the flow
is assumed to be axisymmetric. Moreover, the variations in the axial direction are
much slower compared to the radial direction, so one-dimensional FTCS provides a
reasonable approximation of the flow behavior.
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Using expressions in equation (1.48), flow equations will take the following form:
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with initial and boundary conditions:

w(j, 1) = 0, θ(j, 1) = 0, at t = 0,

w(j + 1, n) = w(j, n), θ(j + 1, n) = θ(j, n), at x = 0,

w(J, n) = 0, θ(J, n) = 1, at x = 1. (1.51)

FIGURE 1.6: Convergence of velocity profile: Residual error analysis.
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FIGURE 1.7: Convergence of temperature profile: Residual error anal-
ysis.

The stability of FTCS scheme depends on the step size ∆x and ∆t and for the
current simulation ∆x = 0.025 and ∆t = 0.0001 are taken which are suitable for
satisfying the stability condition (von Neumann stability analysis). Figure 1.6 and
Figure 1.7, indicate the residual error graphs for both velocity and temperature pro-
files maintaining 10−6 error across the entire domain. The initial residual errors are
relatively high in Figure 1.6 and 1.7, as significant corrections are made to the ve-
locity and temperature field in the first few iterations or time steps. The residual
error lines demonstrate a consistent and steady decay, indicating numerical method
stability. As the iterations or time steps progress, the rate of decline in residual error
slows down, and the curves start to flatten out, indicating the convergence of the
solution. This indicates that the solution is approaching a steady state where further
iterations or time steps do not result in significant changes in the velocity and tem-
perature field.
The values of emerging parameters occurring in the set of non-dimensional PDEs
are provided in Table 1.4.

TABLE 1.4: Values of non-dimensional parameters in equations
(1.24)-(1.26).

Parameters Fixed values
Reynolds number (Re) 02.00
Hartmann number (M) 00.50

Casson fluid parameter (β) 00.50
Eckert number (Ec) 04.00

Volume fraction of Copper nanoparticles (ϕ1) 00.01
Volume fraction of Aluminium oxide nanoparticles (ϕ2) 00.01

Mean pressure gradient (A0) 01.41
Prandtl number (Pr) 07.00

Eccentricity (e) 00.50
Angular frequency (c1) 01.00

Hall current parameter (m) 01.50
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1.10 Flow analysis

An analysis is conducted of velocity and temperature profiles of non-Newtonian
blood flow in the presence of Copper (Cu) and Aluminium Oxide (Al2O3) hybrid
nanoparticles within a stenotic artery, using graphical and tabular representations.
The flow is subjected to an applied magnetic field and a pulsating pressure gradi-
ent, a common cardiovascular physiological condition. The applied magnetic field
is a deliberate external force introduced into the system in a controlled experimental
or therapeutic setting to explore the potential benefits and impacts of magnetohy-
drodynamics (MHD) in medical applications. The non-Newtonian behavior of the
blood is modeled using the Casson fluid model, which accounts for the yield stress
exhibited by blood—a critical factor when considering the realistic flow of blood
through constricted or diseased arteries and is particularly important in the study of
blood flow in arteries with stenosis, where shear rates can vary significantly due to
the narrowing of the artery.
This section consists of the influence of quantitative parameters emerging in the flow
equations such as the volume fraction of Cu and Al2O3 nanoparticles, Casson fluid
parameter, stenosis height, Reynolds number, Eckert number and Hartmann num-
ber over momentum and temperature equation ( Table 1.5). For the computational
part, A0 = 1.41, Re = 2.0, e = 0.5, c1 = 1.0, β = 0.5, R = 0.825, M = 0.5, m = 0.1,
Pr = 14, Ec = 0.1, ϕ1 = 0.025 and ϕ2 = 0.025 are taken into account.

TABLE 1.5: Variations in emerging parameters.

Parameters variations
Reynolds number (Re) 2, 2.5 , 3, 3.5
Hartmann number (M) 0.5, 1.0, 1.5, 2.0

Casson fluid parameter (β) 0.5, 1.0, 1.5, 2.0
Eckert number (Ec) 0.5, 1.0, 1.5, 2.0

Concentration of nanoparticle (ϕ1, ϕ2) 0.01, 0.02, 0.03, 0.04

FIGURE 1.8: Variation of stenosis severity along the axial direction of
an artery.

Figure 1.8 illustrates the impact of stenosis on the arterial radius, with the sever-
ity of stenosis altering the radius along the axial direction. The blue line ( δ=0.0)
reflects a non-stenotic, healthy artery. At δ=0.3, the stenosis causes a significant re-
duction in the arterial radius, leading to a decrease in the cross-sectional area by 51%,
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which can substantially increase resistance to blood flow and may require clinical in-
tervention. At δ=0.6, the stenosis is even more pronounced, with an 84% reduction
in the cross-sectional area, which represents a severe narrowing that could critically
restrict blood flow and would likely necessitate immediate medical treatment.

1.10.1 Plots for velocity profile

FIGURE 1.9: Surface plot for the velocity distribution of hybrid
nanofluid in a 36% axisymmetric constricted stenotic artery.

Figure 1.9 shows the velocity profile of axisymmetric blood flow in an elliptical
stenotic artery. The 3D surface plot visualizes the radial and axial directions as x
and z, respectively. The color range indicates the velocity spectrum, with blue repre-
senting low velocities and yellow representing high velocities. The stenosis is repre-
sented as a dip in the center of the plot, indicating the arterial narrowing. The dark
blue area of the artery axis indicates zero velocity gradient, which characterizes ax-
isymmetric flow. At the central axis of the artery in Figure 1.9, flow velocity remains
constant, with a uniform flow that lacks radial variance. The yellow-colored area at
the artery walls represents the no-slip condition. This means that blood sticks to the
walls, resulting in zero velocity at the interface due to viscosity. Stenosis creates an
area of resistance to blood flow, causing acceleration and higher speeds at the edges
of the constriction and this acceleration is followed by a deceleration downstream of
the stenosis.
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FIGURE 1.10: Blood, Cu-blood and Cu-Al2O3-blood velocity profiles
against variation in Casson Model Parameter (β).

FIGURE 1.11: Blood, Cu-blood and Cu-Al2O3-blood velocity profiles
against variation in Hall current Parameter (m).

A noticeable trend from the graph 1.10 is the escalation in velocity with the rise
in the Casson model parameter, β. This trend holds across the three different medi-
ums: the base fluid (blood without nanoparticles, ϕ1 = ϕ2 = 0.00), the nanofluid
(blood with Cu nanoparticles, ϕ1 = 0.02, ϕ2 = 0.00) and the hybrid nanofluid (blood
with both Cu and Al2O3 nanoparticles, ϕ1 = ϕ2 = 0.02). The incremental increase in
velocity with respect to β across all mediums suggests a decrease in the effective vis-
cosity of the blood, which allows for a more streamlined flow through the constricted
region. Interestingly, the graph also reveals that the mass transfer is higher for the
base fluid when compared to the hybrid nanofluid as β increases. This observation



32 Chapter 1. Cu-Al2O3-Blood Flow Through Stenotic Arteries Analysis

may seem counterintuitive as nanoparticles are often thought to enhance mass trans-
fer due to their influence on the effective viscosity and thermal conductivity of the
blood. However, the higher mass transfer in the base fluid could be attributed to
the complex interactions between the blood components and the hybrid nanopar-
ticles. Non-Newtonian velocity profiles are illustrated in Figure 1.11 for ordinary
fluid, nanofluid, and hybrid nanofluid against the variation in the strength of Hall
current parameter m. With increasing values of m, a decrease in the dimensionless
velocity is observed for the base fluid representing blood, Cu-blood, and Cu-Al2O3-
Blood. This indicates that the Hall current acts to slow down the flow due to the
interaction between the induced electric field and the charge carriers in the blood,
which creates a force opposing the flow. Furthermore, the graph indicates that mass
transfer is higher in the base fluid compared to the hybrid nanofluid as the Hall
current parameter increases. The Hall effect cause a redistribution of charge carri-
ers that hampers the usual mass transfer enhancements expected from nanoparticle
additives.

FIGURE 1.12: Blood, Cu-blood and Cu-Al2O3-blood velocity profiles
against variation in dimensionless Hartmann number (Ma).

Velocity profiles of non-Newtonian blood flow through a stenotic artery against
magnetic parameter (Ma) are traced in Figure 1.12. The Magnetic parameter, also
known as the Hartmann number is a dimensionless quantity in magnetohydrody-
namics that characterizes the influence of a magnetic field on the flow of an electri-
cally conducting fluid. As shown, there is an observed increase in velocity with
an increase in the Hartmann number across all fluids examined (ordinary fluid,
nanofluids, and hybrid nanofluids). This phenomenon is well-documented and
caused by magnetic damping at higher Ma values. The magnetic field imposes a
force on the moving charged particles within the fluid, which aligns the flow and
reduces the velocity gradients, leading to a more streamlined flow profile. Hybrid
nanofluid provides a higher mass transfer rate than the base fluid due to improved
thermal and electrical conductivities brought by nanoparticles. The graph shows ev-
idence of magnetohydrodynamic (MHD) flow control in biomedical applications.
The Hartmann number plays a significant role in regulating flow behavior. It of-
fers a potential mechanism for targeted drug delivery systems. A magnetic field can
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enhance the transportation of medication to specific sites in the body.

FIGURE 1.13: Blood, Cu-blood and Cu-Al2O3-blood velocity profiles
against variation in dimensionless Reynolds number (Re).

Figure 1.13 provides an analysis of the laminar velocity profiles and mass trans-
fer characteristics. It can be noticed that for increasing values of Reynolds number
(Re = 2.0, 5.0, 10.0), the momentum profile declines for all fluids. Reynolds num-
ber is the ratio of inertial to viscous forces. An increase in Reynolds number causes
a reduction in viscous forces, which, in turn, decreases the velocity profiles. The
graph also illustrates that mass transfer is higher for the ordinary fluid (blood, ϕ1 =
ϕ2 = 0.0) compared to the hybrid nanofluids (Cu-Al2O3-blood, ϕ1 = ϕ2 = 0.02),
as indicated by the higher velocity profiles of the dotted lines representing the base
fluid.

FIGURE 1.14: Blood, Cu-blood and Cu-Al2O3-blood velocity profiles
against variation in volume fraction ϕ1, ϕ2 for Cu and Al2O3.



34 Chapter 1. Cu-Al2O3-Blood Flow Through Stenotic Arteries Analysis

Investigation for the effect of incorporating the copper Cu nanoparticles and hy-
bridized nanoparticles Cu − Al2O3 into the base liquid (blood) is demonstrated in
Figure 1.14. The velocity is indicated to be maximal for the base fluid, which, in
this context, is blood without any nanoparticles, as shown by the small green dotted
line. As Cu nanoparticles are added to the blood, with an increasing nanoparticle
volume fraction (ϕ1 = 0.02, 0.04, 0.06, ϕ2 = 0.00), a reduction in the velocity profile
is observed. Scientific literature has thoroughly explored the impact of introducing
nanoparticles to blood, which has been found to increase its viscosity. Nanoparti-
cles interact with blood plasma and cells, resulting in heightened resistance to flow,
particularly at high concentrations. This effect leads to an increase in blood viscos-
ity and can cause a reduction in its mobility and thickness. Further, the addition of
hybrid nanoparticles (Cu-Al2O3) into the blood and the subsequent increase in their
volume fraction (ϕ1 = ϕ2 = 0.02, 0.04, 0.06) results in an even greater decline in the
velocity profiles, plotted by three straight lines.

1.10.2 Plots for temperature profile

FIGURE 1.15: Surface plot for the temperature distribution of hybrid
nanofluid in a 36% axisymmetric constricted stenotic artery.

A 3D surface plot illustrating the temperature distribution of blood as it flows through
an axisymmetric elliptical-shaped stenotic artery is featured in Figure 1.15, which
has implications for the function and health of the vascular system. The blue region
along the axis indicates a zero temperature gradient, implying constant temperature
across the radial dimension due to symmetry. This means no net heat transfer across
the flow perpendicular to it, consistent with axisymmetric flow conditions. Yellow
regions at the artery’s periphery represent walls with constant temperature bound-
ary conditions of 1. The progression from blue at the center to yellow at the walls
suggests a radial temperature gradient, with heat transferring from the wall toward
the center of the artery.



1.10. Flow analysis 35

FIGURE 1.16: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in Casson model parameter (β).

From Figure 1.16, it is evident that increasing the Casson model parameter (β =
0.5, 1.0, 1.5) leads to a decrease in the dimensionless temperature across all fluids: or-
dinary fluid, nanofluids, and hybrid nanofluids. This indicates that when the blood
exhibits more non-Newtonian properties and behaves like a Casson fluid, its capac-
ity to retain heat increases. This is because reduced fluidity hinders convective heat
transfer from the heated area. It can also be noticed that the base fluid (blood) has a
higher heat transfer compared to the hybrid nanofluid as β increases.

FIGURE 1.17: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in Hall current parameter (m).

The influence of Hall current (m) on the temperature profile of non-Newtonian
blood flow with and without the addition of nanoparticles (Cu, Al2O3) is evinced by
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Figure 1.17. An increase in the Hall current parameter generated by the electromo-
tive force (EMF) transverse to current in conducting fluid corresponds to a decrease
in the dimensionless temperature for the base fluid/blood, the nanofluid/(Cu-blood),
and the hybrid nanofluid/(Cu-Al2O3-blood). This suggests that the Hall effect in-
duces changes within the fluid flow that enhance the convective heat transfer, lead-
ing to a cooler fluid temperature profile.

FIGURE 1.18: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in dimensionless Hartmann number (Ma).

FIGURE 1.19: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in dimensionless Reynolds number (Re).

The magnetic parameter, also known as the Hartmann number (Ma), is em-
ployed to understand the effects of a magnetic field on the temperature profiles in
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Figure 1.18. From the graph, we observe an increase in temperature with an increas-
ing Hartmann number for all fluid types. A magnetic field applied to a conducting
fluid induces a perpendicular Lorentz force that can decrease turbulence and lead
to laminar flow. Laminar flow has less mixing and surface contact, resulting in re-
duced heat dissipation from the fluid and a higher temperature. Reduction in tem-
perature profiles against non-dimensional Reynolds number (Re) is represented in
Figure 1.19. The data indicates a decrease in temperature with an increase in the
non-dimensional Reynolds number for blood, Cu-blood and Cu-Al2O3-blood. This
trend suggests that, for higher Reynolds number (Re = 2.0, 5.0, 10.0), the convective
heat transfer is enhanced, leading to more efficient heat dissipation from the fluid
and, thus, a lower temperature. Additionally, the graph illustrates that heat trans-
fer is more effective for the hybrid nanofluid Cu-Al2O3-blood as compared to the
ordinary fluid as Re increases. Consequently, higher values of Re promote thinner
thermal boundary layers and better mixing of fluid layers and allow for quicker heat
dissipation from warmer to cooler regions, potentially reducing the overall temper-
ature profile.

FIGURE 1.20: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in volume fraction ϕ1, ϕ2 of Cu and Al2O3.

Figure 1.20 demonstrates the temperature profiles for the varying concentrations
of Cu and Al2O3 nanoparticles. The temperature profile of the blood is shown to
increase with the volume fraction of nanoparticles, indicating that the addition of
nanoparticles affects the thermal properties of the blood. For the nanofluid with
Cu nanoparticles and the hybrid nanofluid with Cu and Al2O3 nanoparticles, there
is a clear trend of increasing temperature with higher volume fractions (ϕ1, ϕ2 =
0.00, 0.02, 0.04, 0.06). This behavior can be explained by the enhanced thermal con-
ductivity that nanoparticles impart to the base fluid. Nanoparticles generally have
a higher thermal conductivity than the fluids in which they are dispersed, and their
presence can significantly improve the fluid’s ability to conduct heat. The graph
shows that heat transfer is more efficient in the hybrid nanofluid compared to the
base fluid. This is likely due to the combined effect of Cu and Al2O3 nanoparti-
cles’ thermal conductivities, which enhance the overall thermal conductivity of the
hybrid nanofluid more than the single type of nanoparticles in the nanofluid.
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FIGURE 1.21: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in dimensionless Eckert number (Ec).

In Figure 1.21, there is a noticeable increase in temperature profile for the fluid
(base fluid, nanofluids, and hybrid nanofluids) for variation in dimensionless Eck-
ert number (Ec), which describes the ratio of kinetic energy in the flow to enthalpy
changes due to temperature differences, essentially relating the flow velocity to ther-
mal effects. This trend is indicative of viscous dissipation – the conversion of the
fluid’s kinetic energy into heat – which is more pronounced at higher velocities or
flow rates (higher Ec). The fluid’s temperature increases as the blood’s kinetic energy
is dissipated as heat due to friction and viscous forces within the fluid.

FIGURE 1.22: Blood, Cu-blood and Cu-Al2O3-blood temperature pro-
files against variation in dimensionless Prandtl number (Pr).

A diminution in temperature is indicated by the Figure 1.22 against variation
in the values of dimensionless Prandtl number (Pr = 10.0, 12.0, 14.0). An increase
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in the Pr suggests that momentum diffusivity (viscosity) dominates over thermal
diffusivity. Therefore, as Pr increases, the thermal boundary layer becomes thicker
relative to the velocity boundary layer. In practical terms, this means heat is less
efficiently diffused away from the heated surface (e.g., the arterial wall), potentially
leading to lower temperatures in the fluid’s bulk.

1.10.3 Plots for flow properties

FIGURE 1.23: Pulsatile pressure gradient against variation in average
crossectional area A0.

Figure 1.23 shows the pressure gradient over time in an artery at different values
of the mean cross-sectional area, represented by A0. The blue line, representing
A0 = 1.41, shows smaller oscillations in the pressure gradient over time. This in-
dicates that the artery has a smaller diameter and requires less pressure gradient to
maintain blood flow. On the other hand, the red dashed line and the green dotted
line, which correspond to larger A0 values of 6.6 and 9.0, respectively, exhibit higher
oscillations in the pressure gradient. This indicates that larger arteries with more
substantial cross-sectional areas require higher pressure gradients to maintain blood
flow. This is because a larger cross-sectional area allows for a greater blood flow vol-
ume, necessitating a higher pressure difference to overcome the viscous forces and
inertia within the fluid. The peak values of the pressure gradient occur at similar
times for each A0 value, indicating that the pressure changes are synchronized with
the heartbeats.
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FIGURE 1.24: Pulsatile pressure gradient against variation in fre-
quency parameter c1.

The graph in Figure 1.24 depicts the variation of pressure gradient within an
artery over time with changes in the frequency parameter c1, which influences the
pulsatile nature of the blood flow. Multiple curves correspond to different values of
c1 (0.5 to 3.0). c1 is a frequency parameter that regulates how quickly the pressure
gradient oscillates in response to heartbeats in the context of pulsatile blood flow
in the cardiovascular system. With the rising value of the c1 parameter, the rate
at which the pressure gradient oscillates also increases, reflecting a more dynamic
response to the pulsatile nature of blood flow.

FIGURE 1.25: Local Nusselt number response to varying Reynolds
number for blood, nanofluid, and hybrid nanofluid.

Figure 1.25 reveals the influence of the Reynolds number on the local Nusselt
number (Nul), which represents the rate of heat transfer from the arterial wall to
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the blood, normalized by the rate of conductive heat transfer. As Reynolds num-
ber increases, fluid’s convection heat transfer improves due to increased mixing and
disruption of the thermal boundary layer. Local Nusselt number, a dimensionless
parameter, signifies this heat transfer efficiency, and its increase indicates better con-
vective performance. In narrow arteries, increased blood flow velocity reduces the
thickness of the fluid layer closest to the artery wall, which increases the tempera-
ture gradient at the wall. This gradient leads to higher heat transfer, reflected in a
higher local Nusselt number.

FIGURE 1.26: Local Nusselt number response to varying concentra-
tions of Cu and Cu-Al2O3 nanoparticles.

The enhancement of the local Nusselt number with increasing volume fractions
of Cu nanoparticles and Cu-Al2O3 hybrid nanoparticles in a blood flow through a
stenotic artery is featured in Figure 1.26. The increased volume fraction of these
nanoparticles means a greater number of particles are available to facilitate heat
transfer through mechanisms such as Brownian motion and thermophoresis, lead-
ing to an enhanced local Nusselt number. Brownian motion increases the energy
exchange between particles and the surrounding fluid, while thermophoresis drives
particles from hotter to cooler regions, contributing to the heat transfer process. The
graph indicates that the impact of hybrid nanoparticles on the local Nusselt number
is more pronounced than that of single-component nanoparticles. This suggests that
the synergistic effect of combining Cu and Al2O3 nanoparticles optimizes the heat
transfer characteristics of the nanofluid more effectively than either type of nanopar-
ticle alone.
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FIGURE 1.27: Wall Shear Stress response to varying concentrations of
Cu and Cu-Al2O3 nanoparticles.

The addition of nanoparticles and hybrid nanoparticles at increasing volume
fractions (ϕ1, ϕ2 = 0.02, 0.04, 0.06) to the blood leads to a significant reduction in
wall shear stress. Cu nanoparticles enhance the fluid’s effective viscosity due to the
increased particle-fluid interaction, which can dampen the flow velocity near the
vessel walls, hence reducing the wall shear stress. The synergy between Cu and
Al2O3 nanoparticles could lead to a further increase in the effective viscosity and
density of the fluid, which can significantly alter the velocity profile, especially in
the boundary layers. Consequently, the wall shear stress experiences a more notable
reduction.

FIGURE 1.28: Wall shear stress response to varying Casson model
parameter for blood, nanofluid, and hybrid nanofluid.

It is evident from Figure 1.28 that as the Casson model parameter increases (β =
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0.5, 1.0, 1.5), the wall shear stress also increases for all types of fluids: ordinary blood,
nanofluid, and hybrid nanofluid. This trend suggests that the fluid’s resistance to
flow increases with β, requiring greater stress to maintain the same flow rate. The
graph also reveals that the wall shear stress is highest for ordinary blood, followed
by nanofluid, and is lowest for the hybrid nanofluid. The hybrid nanofluids fur-
ther enhanced viscosity and yield stress behavior, resulting in a more pronounced
decrease in wall shear stress.

FIGURE 1.29: Wall shear stress response to varying C1 for blood,
nanofluid, and hybrid nanofluid.

Figure 1.29 presents wall shear stress (τw) responses to variations in the circular
frequency parameter (c1) of a pulsatile pressure gradient within an artery. As the
circular frequency parameter increases from 1.0 to 2.0, the wall shear stress for all
fluids – blood, nanofluid, and hybrid nanofluid – exhibits a decrease. This trend
suggests that as the pulsation of the flow becomes more frequent, the average force
exerted by the fluid on the arterial wall over a cycle diminishes. This effect is no-
ticeable for the ordinary fluid, but the introduction of nanoparticles in the nanofluid
and hybrid nanofluid cases appears to accentuate the effect.
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FIGURE 1.30: Wall shear stress response to varying Hall current pa-
rameter for blood, nanofluid, and hybrid nanofluid.

A decline in wall shear stress is shown in Figure 1.30 for increment in the Hall
current parameter (m). As m increases from 1.0 to 3.0, the wall shear stress decreases
for all fluid types. This decline indicates that the magnetic field’s interaction with
the electrically charged particles in the flow is exerting a force that opposes the fluid
motion. In the case of blood flow, this could lead to a reduction in the velocity
gradient at the vessel wall, thereby decreasing the wall shear stress.

FIGURE 1.31: Wall shear stress response to varying Hartmann num-
ber for blood, nanofluid, and hybrid nanofluid.

The impact of the dimensionless Hartmann number increases from 0.1 to 1.0,
there is a corresponding increase in wall shear stress (τw) for blood (ϕ1 = ϕ2 = 0.0),
Cu-blood (ϕ1 = 0.02, ϕ2 = 0.0) and Cu-Al2O3-blood (ϕ1 = ϕ2 = 0.02). This in-
crease in Figure 1.31 is due to the magnetic field’s influence, which interacts with the
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charged particles in the fluid. For conducting fluids like blood, the imposed mag-
netic field generates a Lorentz force that opposes the motion of the fluid. Ordinary
blood, without the presence of nanoparticles, possesses a lower electrical conduc-
tivity compared to nanofluids, leading to a more significant impact by the magnetic
field and, therefore, higher shear stresses. Also, the nonlinear relationship between
electromagnetic effects and viscous forces in these complex fluids can be perceived,
suggesting that the effect of the magnetic field is more pronounced at higher values
of the Hartmann number (Ma).

FIGURE 1.32: Quiver plot of velocity gradient in Cu-Al2O3-blood hy-
brid nanofluid flow through a stenotic artery.

The quiver plot in Figure 1.32 represents the flow profile of a hybrid nanofluid
(Cu-Al2O3-blood) in a stenotic artery. The horizontal axis (z) represents the axial
direction along the length of the artery, and the vertical axis (x) represents the ra-
dial direction from the center of the artery towards the wall. The vectors (arrows)
point predominantly to the left, indicating the direction of the flow is along the axial
direction of the artery. The length of the vectors represents the magnitude of the
velocity at different points within the artery. Longer vectors suggest faster flow. It is
noteworthy that fluid moves faster at the center of the artery due to frictional forces
at the walls. This creates a velocity profile where vectors are longer in the center
and shorter near the walls. Viscous fluids in cylindrical channels exhibit a velocity
gradient due to no-slip condition at channel walls, with zero velocity at the walls
and maximum at the center.
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FIGURE 1.33: Quiver plot of yemperature gradient in Cu-Al2O3-
blood hybrid nanofluid flow through a stenotic artery.

Figure 1.33 renders the temperature profile of a hybrid nanofluid flowing through
a stenotic artery. The vectors (arrows) show the direction and magnitude of the tem-
perature gradient, which can be interpreted as the direction of heat flow. The arrows’
length corresponds to the temperature gradient’s magnitude at different points in
the artery. Longer arrows indicate steeper temperature gradients, which means that
the heat transfer is more intense in those areas. Shorter arrows, on the other hand,
suggest more uniform temperature areas where the heat transfer is less intense.

FIGURE 1.34: Velocity and temperature contours of hybrid nanofluid
flow in the absence of magnetic impact M = 0.0.

Contour plots for dimensionless velocity and temperature profiles, with the ex-
ception of magnetic parameter M are plotted in Figure 1.34. The upper contour
plot visualizes the velocity profile of a Cu-Al2O3-blood hybrid nanofluid as it flows
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through a stenotic artery. The horizontal axis represents the axial direction (z), de-
picting the length of the artery, while the vertical axis (x) represents the radial direc-
tion from the artery center to its wall. In the absence of a magnetic field (M = 0.0),
the velocity profile exhibits a parabolic shape, characteristic of laminar flow within
cylindrical vessels. Velocity is highest at the center of the artery and decreases to-
wards the walls due to the no-slip boundary condition. Contour lines show varia-
tions in velocity magnitude, which may indicate changes caused by stenosis. The
temperature distribution of the hybrid nanofluid within the stenotic artery shows a
more uniform distribution compared to the velocity profile. The absence of a mag-
netic field (M = 0.0) implies that any temperature gradients are solely due to the
fluid’s thermal properties and the boundary conditions. The uniformity in the tem-
perature profile suggests effective thermal mixing, which could be enhanced by the
thermal conductivity of the nanoparticles present in the hybrid nanofluid.

FIGURE 1.35: Velocity and temperature contours of hybrid nanofluid
flow in the presence of magnetic impact M = 0.5.

Figure 1.35 depicts the magnetic field distribution across the flow of a hybrid
nanofluid (Cu-Al2O3-blood). The upper contour plot illustrates the velocity profile
of the hybrid nanofluid when subjected to a magnetic field characterized by a Hart-
mann number of 0.5. The application of the magnetic field introduces a Lorentz force
that acts perpendicularly to both the magnetic field and the direction of the electric
current, which in the case of blood flow, is induced by the movement of charged
particles. The presence of this force typically flattens the velocity profile, reducing
velocity gradients, especially near the centerline, which is consistent with the con-
tour plot. The lower contour plot presents the temperature distribution within the
artery, also under a magnetic field with M = 0.5. The interaction between the mag-
netic field and the electrically conductive fluid can influence heat transfer processes.
The Lorentz force can enhance mixing within the fluid, reducing temperature gradi-
ents and leading to a more uniform temperature distribution, which can be seen in
the plot.
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TABLE 1.6: Table for radial distribution for the axial velocity of the
ordinary fluid, Cu-blood, and Cu-Al2O3-blood along the radius.

r
R(z) Blood Cu-blood Cu-Al2O3-blood

0.0 0.619304 0.515954 0.488037
0.1 0.622360 0.518325 0.490295
0.2 0.610065 0.508765 0.481193
0.3 0.594437 0.496542 0.469561
0.4 0.542609 0.455489 0.430546
0.5 0.505500 0.425676 0.402252
0.6 0.460258 0.388930 0.367416
0.7 0.343539 0.292511 0.276153
0.8 0.271405 0.231995 0.218953
0.9 0.099306 0.085530 0.080677
1.0 0.000000 0.000000 0.000000

Table 1.6 presents a comparison of axial velocity profiles for blood, Cu-blood
nanofluid, and Cu-Al2O3-blood hybrid nanofluid within a stenotic artery. The ve-
locity is seen to decrease with increasing radial distance, approaching zero at the
artery wall. This trend is consistent with the no-slip condition at the boundary,
where the fluid has zero velocity relative to the wall. The presence of nanoparti-
cles in the nanofluid and hybrid nanofluid appears to enhance this effect, causing a
more pronounced reduction in velocity compared to pure blood.

TABLE 1.7: Table for radial distribution for the temperature of the
ordinary fluid, Cu-blood, and Cu-Al2O3-blood along radius.

r
R(z) Blood Cu-blood Cu-Al2O3-blood

0.0 0.000667 0.000530 0.000654
0.1 0.000319 0.000258 0.000331
0.2 0.001572 0.001273 0.001535
0.3 0.003382 0.002890 0.003481
0.4 0.013923 0.013642 0.016396
0.5 0.028143 0.028920 0.034216
0.6 0.056496 0.059414 0.068576
0.7 0.203746 0.212628 0.230915
0.8 0.350292 0.359815 0.379618
0.9 0.785681 0.786146 0.794586
1.0 1.000000 1.000000 1.000000

Quantitative assessment for temperature profiles across the radial direction is
stated in the Table 1.7. It is observed that for all fluids, the temperature increases
with the radial distance from the centerline of the artery to the arterial wall. This
increase is indicative of heat transfer from the arterial wall into the fluid, which is
typically warmer at the wall due to the metabolic heat transfer from the surrounding
tissues. The profiles for the nanofluid and hybrid nanofluid exhibit a similar trend
but with slightly different values, suggesting that the nanoparticles may influence
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the thermal conductivity and heat transfer characteristics of the fluid. The Cu-Al2O3-
blood hybrid nanofluid shows a marginally higher temperature at corresponding
radial positions compared to the Cu-blood nanofluid and pure blood.

TABLE 1.8: Comparison of axial velocity profiles for hybrid nanofluid
along the radius at z = 0.71 and t = 1.15: Present study versus (Tri-

pathi, Vasu, and Bég, 2021) and (Algehyne et al., 2023).

x (Tripathi, Vasu, and Bég, 2021) (Algehyne et al., 2023) Present

0.0 0.5881 0.5890 0.5085
0.1 0.5829 0.5828 0.5109
0.2 0.5725 0.5727 0.5103
0.3 0.5518 0.5539 0.4890
0.4 0.5215 0.5259 0.4481
0.5 0.4802 0.4865 0.4185
0.6 0.4257 0.4334 0.3820
0.7 0.3549 0.3608 0.2868
0.8 0.2634 0.2689 0.2273
0.9 0.1473 0.1481 0.0836
1.0 0.0000 0.0000 0.0000

TABLE 1.9: Comparison of temperature profiles for hybrid nanofluid
along the radius at z = 0.71 and t = 1.15: Present study versus (Basha

et al., 2022a).

x (Basha et al., 2022a) Present

0.0 0.093989 0.0006628
0.1 0.101855 0.000314
0.2 0.126176 0.001481
0.3 0.168902 0.003339
0.4 0.232505 0.015540
0.5 0.318937 0.032469
0.6 0.428428 0.065463
0.7 0.558456 0.224699
0.8 0.703227 0.373057
0.9 0.853959 0.792288
1.0 1.000000 1.000000

Table 1.8 and Table 1.9 present the axial velocity and temperature values of a hy-
brid nanofluid along the radial direction, denoted by x and compared with the pre-
viously published results cited as (Tripathi, Vasu, and Bég, 2021), (Algehyne et al.,
2023) and (Basha et al., 2022a). The values from the present study are within a close
range of those reported in the literature, which suggests that the present study’s
methodology and results are reliable and in line with established research. The com-
parison indicates that the behavior of the Cu-Al2O3-blood hybrid nanofluid in terms
of axial velocity follows a similar pattern to that observed in previous studies.
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1.11 Concluding statements

In conclusion, the investigation into unsteady axisymmetric hybrid nanofluid con-
sisting Cu-Al2O3-blood flow through an elliptical-shaped stenotic arteries has yielded
valuable insights into the complex dynamics of blood flow in the context of car-
diovascular health. By employing the Casson fluid model to characterize the non-
Newtonian behavior of blood and considering the influence of factors such as pul-
satile pressure gradients, magnetic fields, and nanoparticle additives, we have gained
a comprehensive understanding of the multifaceted nature of flow phenomena within
stenotic arteries. The subdivision of the analysis into two cases allowed for a focused
exploration, with Case 1 providing a detailed examination of flow dynamics under
the long-wavelength approximation, while Case 2 remains open for future explo-
ration. Numerical computations using MATLAB, stability analyses, and graphical
studies of emerging parameters have enriched our understanding of the system’s
behavior, revealing intricate relationships between various factors and flow charac-
teristics.
Key Outcomes:

• Flow characteristics: The velocity distribution (Figure 1.9) within the artery
demonstrates a maximum along the axis, gradually diminishing towards the
arterial walls. In contrast, the temperature profile (Figure 1.15) exhibits the op-
posite behavior, with minimum values at the axis and increasing temperatures
towards the walls.

• Effect of parameters: The study reveals significant impacts of different param-
eters on flow behavior. For instance, an increase in the non-Newtonian Casson
model parameter amplifies velocity (Figure 1.10) while reducing the tempera-
ture profile (Figure 1.16). Higher Hall current parameter and Reynolds number
reduce both velocity (Figure 1.11 and 1.13) and temperature (Figure 1.17 and
1.19) in hybrid nanofluid flow. Conversely, the magnetic field tends to enhance
both velocity (Figure 1.12) and temperature (Figure 1.18). Incorporating cop-
per (Cu) and aluminum oxide (Al2O3) nanoparticles into the fluid results in a
decrease in velocity (Figure 1.14) and an increase in temperature (Figure 1.20).

• Thermal enhancement: Parameters such as the Eckert number contribute to
improved thermal profiles (Figure 1.21), while the Prandtl number influences
temperature reduction in hybrid nanofluid flow (Figure 1.22).

• Local Nusselt number and wall shear stress: Local Nusselt number improves
with increases in Reynolds number (Figure 1.25) and volume fraction of nanopar-
ticles (Figure 1.26). Increasing the volume fraction of nanoparticles (Figure
1.27), pulsatile frequency (Figure 1.29), and Hall current parameter (Figure
1.30) decreases wall shear stress, while Casson model (Figure 1.28) and mag-
netic parameter (Figure 1.31) increase wall shear rate.

• Tabled findings: Comparative tables reveal the accuracy of present results
with previously published data, confirming the validity of the findings (Ta-
ble 1.8 and 1.9). Axial velocity and temperature tables along the radial direc-
tion demonstrate reduced velocity but slightly increased temperature in hy-
brid nanofluid compared to ordinary blood and nanoparticle-infused fluids
(Table 1.6 and 1.7).

These findings not only advance our understanding of blood flow dynamics in
stenotic arteries but also offer valuable insights for potential biomedical applications
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such as drug delivery systems. Future investigations, particularly focusing on the
unfinished Case2 and further exploring the impact of nanoparticle properties, hold
promise for extending our knowledge in this vital field of study.
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Chapter 2

Zero Equation Turbulence Model
For Cu-Al2O3-Blood Flow

Turbulence is the disorderly motion of fluid characterized by intense and
unpredictable mixing between layers. It’s often modeled using RANS
equations, which have time-averaged quantities and an added Reynolds-
stress tensor representing extra stress caused by velocity fluctuations.
Solving the Reynolds-stress tensor is known as a closure problem.
The current chapter analyzes the blood flow hybridized by copper (Cu)
and aluminum oxide (Al2O3) nanoparticles, with the addition of the con-
cept of magnetohydrodynamics that includes the impact of a magnetic
field using Hall current. The pulsatory axisymmetric non-Newtonian
blood flow with no-slip boundary conditions is analyzed by considering
the nature of the pressure gradient. The flow equations for the laminar
case have been comprehensively explained in the previous chapter 1, tak-
ing into account all relevant factors.
In section 2.2, the Reynolds averaged Navier Stokes (RANS) method sim-
plifies turbulent flows that are highly transient by averaging fluid flow
variables over time. As a result, the focus is on mean flow instead of
fluctuating components. The process of turbulent flow analysis involves
transforming the ordinary NSEs into Reynolds averaged Navier Stokes
equations (RANS), which is covered in subsection 2.2.1. The mean and
fluctuating components of instantaneous flow variables, such as axial and
radial velocity, are decomposed and simplified using the averaging prop-
erties are also described.
The set of equations for turbulent flow is modified to include molecu-
lar heat fluxes and eddy shear stress, which is explained using Boussi-
nesq’s eddy-viscosity concept in subsection 2.2.2. section 2.3 simplifies the
flow equations by using the zero equation turbulent paradigm to simplify
the fluctuation terms. The set of equations that were acquired are non-
dimensionalized in section 2.4. Following the explanation in the previous
chapter, these equations are then simulated numerically using the forward
time central space (FTCS) method. The analysis carried out in subsection
2.5.1 and subsection 2.5.2 involved studying the fluid’s momentum and
wall shear stress. The conclusive findings of this study can be found in
section 2.6.

Overview
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2.1 Introduction

Due to the existence of unsteady and irregular motions in nature, turbulent flows
are essential in many industrial equipment and engineering processes. Reynolds
(Osborne, 1883) introduced a non-dimensional number that can be used when lam-
inar flow transitions to turbulent eventuated. Reynolds number is defined as Re =
lu/ν, where l is the characteristic length, u is the fluid velocity, and ν is the kine-
matic viscosity. These occurrences happen at high values of Reynolds number and
involve energy dissipation (Sarkar, Sutanu, and Lakshmanan, 1991)-(Richardson,
2010). (Boussinesq, 1877b) introduced the eddy viscosity concept as a solution to the
closure problem, which involves developing a mathematical explanation of turbu-
lent stresses.
The text discusses the recent research in non-Newtonian flow analysis using Reynolds
Averaged Navier-Stokes (RANS) equations. The RANS equations are derived from
the time averaging of the Navier-Stokes equations and are widely used for turbulent
flow simulations. The applicability of these equations to non-Newtonian fluids re-
quires special considerations due to the complex fluid behavior in various industrial
applications. Multiple studies have developed RANS models for non-Newtonian
fluids in various flow configurations. (Pinho, Oliveira, and Miranda, 2001) high-
lighted the importance of capturing normal stress effects in predicting viscoelastic
fluid flows. (Oliveira and Pinho, 1998) demonstrated the capability of a RANS model
based on nonlinear elasticity with a Peterlin approximation constitutive equation to
predict shear thinning and elastic effects. Scientists have applied RANS models to
specific non-Newtonian flow problems besides developing constitutive models. For
instance, (Mitsoulis and Zisis, 2001) used RANS simulations to investigate the flow
of viscoelastic fluids in extrusion processes, while (Chalampiari, Paras, and Kara-
belas, 2009) employed RANS models to study the flow of non-Newtonian fluids in
stirred vessels. In their study, (Afonso, Pinho, and Oliveira, 2012) evaluated several
RANS turbulence models for non-Newtonian fluid flows and pointed out the advan-
tages and disadvantages of each model. (Comminal et al., 2019) suggested a hybrid
RANS/LES (Large Eddy Simulation) method for non-Newtonian flows to merge the
computational efficiency of RANS with the improved accuracy of LES in portraying
turbulent structures.
Extensive research has been conducted on the application of the Prandtl mixing
length and zero equation models for numerical analysis of turbulent flow in various
fields, such as aerospace, mechanical engineering, and environmental fluid mechan-
ics. These models offer an attractive approach for modeling turbulence due to their
relative simplicity and computational efficiency, which makes them practical for en-
gineering applications (Figure 2.1). However, their accuracy and limitations have
been continually researched and improved upon. Among the earliest and most fun-
damental turbulence models was the Prandtl mixing length model, developed by
Ludwig Prandtl in the early 20th century. Using the mixing length, the model relates
the distance over which turbulent eddies transport momentum and scalar quantities
(Schlichting and Gersten, 2016). An algebraic expression is used to relate Reynolds
stress to mean velocity gradient (Wilcox et al., 1998). A number of modifications
and extensions to the mixing length model are available, including the Van Driest
damping function (Van Driest, 1956) and the Cebeci-Smith model (Cebeci and Smith,
1968). The zero equation model, also known as Baldwin Lomax, is an algebraic tur-
bulence model that improves upon Prandtl’s mixing length concept (Spalart and
Allmaras, 1992) to account for solid boundaries’ effects on turbulence. Its simplicity
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and efficiency make it ideal for aerodynamic applications like airfoil and wing de-
signs (Rumsey et al., 2004). (Versteeg, 2007) reviewed models and their applications,
highlighting strengths and weaknesses. (Lilley, 1994) improved the zero equation
model’s accuracy in boundary layer flows.

FIGURE 2.1: RANS turbulence Models

2.2 Reynolds averaged Navier Stokes equation (RANS)

A turbulence model is a collection of equations, either algebraic or differential, that
help determine the transport terms of turbulence in the mean flow equations, thereby
closing the system of equations. The basis of turbulence modeling is built on as-
sumptions about turbulent processes and requires empirical input in the form of
model constants or functions. Turbulence models simulate the effect of turbulence
on the mean flow behavior and not the details of turbulent motion. Some of the fun-
damental concepts that underpin turbulence modeling include Reynolds averaging
and the conservation equations.
The most popular method for handling turbulent flows is Reynolds averaging, which
provides information about overall mean flow properties since the inflow’s transient
turbulent motions. For adding the turbulence effects, the flow variables like velocity
and temperature are decomposed into the average component ζ and the perturbed
component ζ́ and their sum as:

ζ(x, z, t) = ζ(x, z, t) + ζ (́x, z, t),

The average value for stationary turbulent is given by:

ζ(x, z, t) = lim
∆t→0

1
∆t

∫ ∆t

0
ζ(x, z, t)dt
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The assumption is made that the time scale of the turbulent fluctuations is much
less than ∆t and ∆t is much less than the time scale relative to the mean flow. The
properties of averaging are:

• The average value (scalar or vector) of a constant is the constant itself.

• The time average of a time-averaged quantity is equivalent to its time average.

u = u, w = w,

• As time averaging is a linear operator, the average of a sum equals the sum of
the averages since it involves a definite integral.

uw = uw + úẃ,

w2 = w2 + ẃ2,

u + w = u + w. (2.1)

• The time average of a fluctuating quantity is zero.

ú = ẃ = 0,

• The time average of a spatial derivative is given by

∂u
∂z

=
∂u
∂z

,

u
∂u
∂z

= u
∂u
∂z

+ ú
∂ú
∂z

,

uẃ = úw = úu = ẃw,

2.2.1 Averaged flow equations

Considering all the dimensional variables in the flow equations are without the (∼)
sign. With the concept of Reynolds time-averaging and the above expression in
turbulence perturbation to the governing fluid flow equations (1.3)-(1.6) in Chapter
1. Based on the Reynolds time-average continuity equation (1.3) becomes:

∂(u + ú)
∂r

+
(u + ú)

r
+

∂(w + ẃ)

∂z
= 0,

∂(u + ú)
∂r

+
(u + ú)

r
+

∂(w + ẃ)

∂z
= 0,

Implementing ensemble average and using properties in equation (2.1):

∂u
∂r

+
�
�
���
0

∂ú
∂r

+
u
r
+

�
�
���
0

ú
r
+

∂w
∂z

+
�
�
���
0

∂ẃ
∂z

= 0,

∂u
∂r

+
u
r
+

∂w
∂z

= 0 (2.2)

Now multiplying dimensional continuity equation (1.3) by u,
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u2

r
+ u

∂u
∂r

+ u
∂w
∂z

= 0, (2.3)

adding the incompressible momentum equation (1.4) and equation (2.3):

∂u
∂t

+ 2u
∂u
∂r

+
u2

r
+ u

∂w
∂z

+ w
∂u
∂z

= − 1
ρhn f

∂p
∂r

+
σhn f β2

0

ρhn f (m2 + 1)
(
u + mw

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2u
∂r2 +

1
r

∂u
∂r

+
∂2u
∂z2 − u

r2

]
, (2.4)

simplifying using the chain rule,

∂u
∂t

+
∂u2

∂r
+

u2

r
+

∂uw
∂z

= − 1
ρhn f

∂p
∂r

+
σhn f β2

0

ρhn f (m2 + 1)
(
u + mw

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2u
∂r2 +

1
r

∂u
∂r

+
∂2u
∂z2 − u

r2

]
. (2.5)

To simulate the effects of turbulent instabilities and to simplify the analysis by
taking average properties into account:

∂(u + ú)
∂t

+
∂(u + ú)2

∂r
+

(u + ú)2

r
+

∂(u + ú)(w + ẃ)

∂z
= − 1

ρhn f

∂p
∂r

+

σhn f β2
0

ρhn f (m2 + 1)
(
(u + ú) + m(w + ẃ)

)
+

µhn f

ρhn f

(
1 +

1
β

)[∂2(u + ú)
∂r2 +

1
r

∂(u + ú)
∂r

+
∂2(u + ú)

∂z2 − (u + ú)
r2

]
, (2.6)

which can be re-written as

∂u
∂t

+
∂u2

∂r
+

∂ú2

∂r
+

u2

r
+

ú2

r
+

∂ūw̄
∂z

+
∂(úẃ)

∂z
= − 1

ρhn f

∂p
∂r

+
σhn f β2

0

ρhn f (m2 + 1)
(
u +mw

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2u
∂r2 +

1
r

∂u
∂r

+
∂2u
∂z2 − u

r2

]
(2.7)

or

∂u
∂t

+ 2u
∂u
∂r

+
u2

r
+ u

∂w
∂z

+ w
∂u
∂z

+
∂(úẃ)

∂z
= − 1

ρhn f

∂p
∂r

+
σhn f β2

0

ρhn f (m2 + 1)
(
u + mw

)
.

Multiplying equation (2.2) by u:

u
∂u
∂r

+
u2

r
+ u

∂w
∂z

= 0 (2.8)

Based on the equation (2.8) and the equation (2.7), we can conclude the following:
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∂u
∂t

+ u
∂u
∂r

+ w
∂u
∂z

= − 1
ρhn f

∂p
∂r

+
σhn f β2

0

ρhn f (m2 + 1)
(
u + mw

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2u
∂r2 +

1
r

∂u
∂r

+
∂2u
∂z2 − u

r2

]
− ρhn f

∂

∂z
(úẃ) (2.9)

Now multiplying dimensional continuity equation (1.3) by w and adding to equation
(1.5),

∂w
∂t

+ u
∂w
∂r

+ w
∂u
∂r

+
uw
r

+ 2w
∂w
∂z

= − 1
ρhn f

∂p
∂z

+
σhn f β2

0

ρhn f (m2 + 1)
(
w − mu

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+
∂2w
∂z2

]
, (2.10)

or

∂w
∂t

+
∂uw
∂r

+
uw
r

+ 2w
∂w2

∂z
= − 1

ρhn f

∂p
∂z

+
σhn f β2

0

ρhn f (m2 + 1)
(
w − mu

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+
∂2w
∂z2

]
, (2.11)

After applying the average to both sides of the equation mentioned above, we add
turbulence perturbations:

∂(w + ẃ)

∂t
+

∂(u + ú)(w + ẃ)

∂r
+

∂(w + ẃ)2

∂z
+

(u + ú)(w + ẃ)

r
= − 1

ρhn f

∂p
∂z

+

σhn f β2
0

ρhn f (m2 + 1)
(
(w + ẃ)− m(u + ú)

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2(w + ẃ)

∂r2 +

1
r

∂(w + ẃ)

∂r
+

∂2(w + ẃ)

∂z2

]
, (2.12)

Using the properties provided in equation (2.1) and reducing the complexities in the
same manner as done for the momentum equation along the radial direction.

∂w
∂t

+
∂(ūw̄)

∂r
+

∂(úẃ)

∂r
+

uw
r

+
úẃ
r

+
∂(ẃ2)

∂z
+

∂(w2)

∂z
= − 1

ρhn f

∂p
∂z

+

σhn f β2
0

ρhn f (m2 + 1)
(
w − mu

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+
∂2w
∂z2

]
, (2.13)

or,

∂w
∂t

+ u
∂w
∂r

+ w
∂u
∂r

+
ūw̄
r

+ 2w
∂w
∂z

+
∂(úẃ)

∂r
= − 1

ρhn f

∂p
∂z

+

σhn f β2
0

ρhn f (m2 + 1)
(
w − mu

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+
∂2w
∂z2

]
, (2.14)

multiplying equation (2.2) by w,
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w
∂u
∂r

+
uw
r

+ w
∂w
∂z

= 0 (2.15)

After subtracting equation (2.15) from equation (2.14), we obtain a new expres-
sion:

∂w
∂t

+ u
∂w
∂r

+ w
∂w
∂z

= − 1
ρhn f

∂p
∂z

+
σhn f β2

0

ρhn f (m2 + 1)
(
w − mu

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+
∂2w
∂z2

]
− ρhn f

∂

∂r
(úẃ) (2.16)

2.2.2 Concept of eddy viscosity

The above equations (2.2), (2.9), and (2.16) are called Reynolds Averaged Navier
Stokes (RANS) equations. The term (úẃ) refers to eddy shear stress. Boussinesq’s
eddy-viscosity concept assumes that turbulent stresses are proportional to the mean
velocity gradient, similar to viscous stresses in laminar flows. Instead of molecules,
eddies are used to carry thermal energy and momentum. The concept of eddy vis-
cosity is best understood in comparison to molecular transport of momentum.
Eddy shear stress is typically defined as the Reynolds-stress tensor divided by the
density term, and it accounts for the influence of turbulent motion on mean stresses.
The Reynolds-stress tensor is symmetric, the diagonal components are normal stresses,
and the off-diagonal components are shear stresses and expressed as:

(úẃ) =

 ú2 úv́ úẃ
v́ú v́2 v́ẃ
ẃú v́ẃ ẃ2


The normal stress is denoted in the diagonal terms, while the shear stress is denoted
in the symmetric upper and lower diagonal terms. Consequently, six independent
elements are created by Reynold averaging. Reynold normal stresses (ú2, v́2, ẃ2)
and Reynold shear stresses (úv́, v́ẃ, úẃ) are six independent elements and is called
as a closure problem. It is necessary to model the Reynolds stresses in terms of
mean flow quantities in order to resolve this issue. The challenge with closing the
Reynolds-averaged Navier-Stokes equations is to express the Reynolds-stress tensor
as a function of the mean-field and/or other variables, mainly through models. In
general, turbulence models are developed to represent high-order moments of the
velocity fluctuations in terms of lower-order moments. This can be achieved directly,
as in the case of eddy-viscosity models, or indirectly, through models that solve
additional partial differential equations.

2.3 Zero equation turbulence model

The zero equation model is a type of Reynolds-averaged Navier-Stokes (RANS) or
Large Eddy Simulation (LES) model that estimates turbulence properties based on
flow characteristics without solving any set of PDEs for turbulent quantities such as
turbulent kinetic energy or turbulent dissipation. This model can be combined with
the Prandtl mixing length and Boussinesq approximation to model turbulence in
simplified flow situations. These models rely on the same fundamental assumptions
and simplifications, which makes them suitable for straightforward cases but not for
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capturing complex turbulence behaviors. The Reynolds stress term is modeled with
their momentum for a distance l and turbulent velocity vt by:

−ρúẃ = ρvtl
du
dr

This model postulates that the mixing velocity vt is of the same order of magnitude
as the horizontal fluctuating velocities of the eddies.

vt ≈ u′ ≈ w′ ≈ l
∣∣∣∣du

dr

∣∣∣∣ (2.17)

In terms of a shear flow, the eddy or turbulent viscosity can be considered

µt = ρvtl
∣∣∣∣du

dr

∣∣∣∣
According to Prandtl, momentum is transferred by eddies that transport in the

z-direction at a certain distance (l) without interactions and then get mixed with the
existing fluid at new locations (McComb, 1990). Prandtl deduced that:

ρúẃ = −ρl2
(

∂u
∂r

)2

l = nr where n = 0.4 is known as Von-Karman constant (McComb, 1990). so we
have

−ρúẃ = ρn2r2
(

∂u
∂r

)2

(2.18)

Incorporating Prandtl mixing length (PML) hypothesis in equation (2.18) in equa-
tions (2.9), and (2.16), we have

∂u
∂t

+ u
∂u
∂r

+ w
∂u
∂z

= − 1
ρhn f

∂p
∂r

+
σhn f β2

0

ρhn f (m2 + 1)
(
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)
+

µhn f

ρhn f

(
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1
β

)[
∂2u
∂r2 +

1
r

∂u
∂r

+
∂2u
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r2

]
+

∂

∂z

(
n2z2

(
∂u
∂z

)2)
, (2.19)

∂w
∂t

+ u
∂w
∂r

+ w
∂w
∂z

= − 1
ρhn f

∂p
∂z

+
σhn f β2

0

ρhn f (m2 + 1)
(
w − mu

)
+

µhn f

ρhn f

(
1 +

1
β

)[
∂2w
∂r2 +

1
r

∂w
∂r

+
∂2w
∂z2

]
+

∂

∂r

(
n2r2

(
∂u
∂r

)2)
, (2.20)

Equation (2.2) and (2.19) and (2.20) are the dimensional ultimate form of Reynolds
Navier Stokes equation.
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2.4 Dimensionless scaling

For dimensional analysis, the following set of dimensionless variables are consid-
ered:

r =
r̄
l0

, z =
z̄
l0

, u =
ū
u0

, w =
w̄
u0

, t =
µ0 t̄
l0

, p =
p̄

ρuo

Where r and z are the dimensional radial and axial axes, respectively, u and w are
the corresponding radial and axial velocity profiles, t is dimensional time, p is di-
mensional pressure, u0 is the reference velocity, and l0 is the reference length. By
applying the radial coordinate transformation to equation (2.19) and equation (2.20),
we arrive at:

∂u
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u
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∂u
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∂u
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]
(2.21)

∂w
∂t

= −
(

u
R(z)

∂w
∂x

+w
∂w
∂z

)
+

ρ f

ρhn f

(
A0(1+ ecos(c1t))

)
+

ρ f

ρhn f Re

[
µhn f

µ f

(
1+

1
β

)(
1

R(z)2(
∂2w
∂x2 +

1
x

∂w
∂x

)
+

∂2w
∂z2

)
+

σhn f M2w
σf (m2 + 1)

]
+

2n2

R(z)

[
x
(
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+ x2 ∂w
∂x

∂2w
∂x2

]
(2.22)

2.5 Flow analysis

The study focuses on a 2D time-dependent turbulent flow of a hybrid nanofluid con-
taining Cu and Al2O3 nanoparticles. The non-Newtonian Casson model was used to
describe blood flow through a constricted arterial section. The Reynolds-averaged
Navier-Stokes equations were modified to incorporate the eddy shear stress term,
which is modeled using the Zero equation turbulent model. The resulting equa-
tions are nondimensionalized for simplicity. Numerical computation is done using
forward time central space (FTCS) in two-dimensional space and one-dimensional
time, a differentiation scheme already mentioned in detail in Section 1.9 of Chapter
1. The equations 2.21 and 2.22 for 2D in space are as follows:

w(j, m, n+ 1) = w(j, m, n)+∆t
ρ f
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)]
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with initial and boundary conditions:

w(j, m, 1) = 0at t = 0,

w(j + 1, m, n) = w(j, m, n), at x = 0,

w(J, n) = 0 at x = 1. (2.23)

This segment delves into the graphical analysis of the fluid momentum, together
with the associated wall shear stress, for turbulent flows, using mean velocity as a
key parameter. Additionally, the impact of emerging parameters is examined for
high Reynolds number.

2.5.1 Analysis of momentum

FIGURE 2.2: Simulated Axial Velocity Profile (Ux) at Stenosis in a
non-Newtonian Blood Flow with Parabolic Inlet Conditions.

Figure 2.2 illustrates a three-dimensional representation of the velocity field within
a stenotic artery, considering an axisymmetric, time-dependent Casson blood flow.
The simulation incorporates complex dynamics using the Reynolds-Averaged Navier-
Stokes (RANS) equations and is further refined by the Prandtl mixing length turbu-
lence model. This advanced model captures the velocity distribution along both ra-
dial (x) and axial (z) directions within the artery. The velocity magnitude within the
artery can be inferred from the color gradient, where warmer colors indicate higher
velocities. The flattening of the velocity profile in the central axial region indicates
a developed turbulent flow, with reduced velocity gradients suggesting significant
momentum exchange due to turbulence. The abrupt decrease in velocity near the
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radial edges indicates the existence of a turbulent boundary layer, where the flow
encounters viscous forces near the arterial walls.

FIGURE 2.3: Blood, Cu-blood and Cu-Al2O3-blood axial mean veloc-
ity profiles against variation in Casson model parameter.

Axial mean velocity profiles of blood modeled as a Casson fluid through a stenotic
artery with variation in casson model parameter β = 0.1, 2.0 is demonstrated in Fig-
ure 2.3. As the Casson fluid parameter rises, indicating an increase in non-Newtonian
effects, the velocity profile reduces noticeably. This pattern suggests that when blood
is modeled as a non-Newtonian fluid with Casson properties, it shows greater resis-
tance to flow, especially when nanoparticles (NF) and hybrid nanoparticles (HNF)
are present, as compared to regular fluids.

FIGURE 2.4: Axial Velocity Profile against volume fraction of Cu and
Al2O3 nanoparticles.
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The graph presented in Figure 2.4 depicts the velocity of blood within an artery
with Re = 4200. The graph indicates that the addition of copper and aluminum ox-
ide nanoparticles to the fluid results in a decrease in its speed, indicating an increase
in the fluid’s effective viscosity. However, the presence of nanoparticles also leads to
a rise in the fluid’s resistance to turbulent motion, which results in a reduction of ve-
locities in the NF and HNF regions compared to the ordinary fluid. The turbulence
intensity is reduced and the turbulent viscosity is changed as the volume fraction
of nanoparticles increases, resulting in a continuous decrease in velocity. This mod-
ification is particularly noticeable near the wall, where the velocity gradient is the
most significant due to the no-slip condition.

FIGURE 2.5: Axial Velocity Profile against volume fraction of Cu and
Al2O3 nanoparticles.

The data presented in Figure 2.5 indicates that the axial mean velocity profile
decreases as the Reynolds numbers of 42000 and 62000 increase. This suggests that
turbulence has a greater impact on the velocity profiles of nanofluids (NF) and hy-
brid nanofluids (HNF) as compared to ordinary fluids, especially at higher Reynolds
numbers. It is interesting to note that ordinary fluids exhibit a lesser reduction in
velocity with increasing Reynolds number than their nanoparticle-containing coun-
terparts, which implies that the addition of nanoparticles makes the flow more sus-
ceptible to changes in Reynolds number. At higher Reynolds numbers, turbulence
intensifies these effects, leading to a flatter velocity profile in the core of the flow and
steeper gradients near the wall due to the presence of a turbulent boundary layer.
The effect of turbulence on the velocity profiles of nanofluids and hybrid nanofluids
suggests that the particles may be interacting with the turbulent eddies, thereby en-
hancing energy dissipation and reducing the flow velocity more significantly than
in ordinary fluids.
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TABLE 2.1: Table for radial distribution for the mean axial velocity of
the ordinary fluid, Cu-blood, and Cu-Al2O3-blood along the radius.

r
R(z) Blood Cu-blood Cu-Al2O3-blood

0.0 0.354290 0.337628 0.337858
0.1 0.354290 0.337628 0.337858
0.2 0.354290 0.337628 0.337858
0.3 0.354290 0.337628 0.337858
0.4 0.354291 0.337629 0.337859
0.5 0.354332 0.337658 0.337888
0.6 0.355041 0.338215 0.338447
0.7 0.359801 0.342241 0.342483
0.8 0.376372 0.356995 0.357261
0.9 0.412034 0.389828 0.390132
1.0 0.000000 0.000000 0.000000

Table 2.1 provided delineates the mean axial velocities of three different fluid
types as they flow through an axisymmetric stenotic artery across various radial po-
sitions from the central axis (r/R = 0) to the arterial wall (r/R = 1). For fully
developed turbulent flow, the velocity profile across the artery radius is flatter than
that of laminar flow. The reason for the flattening is that turbulent flows have an
increased mixing and momentum transfer throughout the flow. This is due to the
existence of eddies and swirls, which transport fluid particles across the streamlines.
The impact of this effect is most significant in areas that are further away from the
walls, where the flow is not directly impacted by the no-slip conditions.

TABLE 2.2: Comparison of laminar and turbulent velocity profiles for
hybrid nanofluid (Cu-Al2O3)-Blood flow in a stenotic artery.

r
R(z) Laminar velocity for HNF Turbulent mean velocity for HNF

0.0 0.354290 0.337858
0.1 0.354290 0.337858
0.2 0.354290 0.337858
0.3 0.354290 0.337858
0.4 0.354291 0.337859
0.5 0.354332 0.337888
0.6 0.355041 0.338447
0.7 0.359801 0.342483
0.8 0.376372 0.357261
0.9 0.412034 0.390132
1.0 0.000000 0.000000

From Table 2.2, the increase in velocity from r/R(z) = 0.4 to 0.9 can be attributed
to the turbulent eddies that are active in this region. These eddies tend to move mo-
mentum from the high-velocity core toward the lower-velocity regions near the wall.
However, as the flow approaches the wall, the influence of viscosity becomes more
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significant, the turbulent fluctuations are damped, and the flow aligns more with
the no-slip boundary condition, leading to a rapid decrease in velocity as r/R(z)
approaches 1.

2.5.2 Analysis of wall shear stress

In the zero-equation turbulence model, turbulent wall shear stress is estimated with-
out resolving additional turbulence-specific transport equations. This model uses a
mixing length theory to compute turbulent viscosity, νt based on the distance from
the wall and the velocity gradient. The wall shear stress τw, for an axisymmetric
flow can be expressed as:

τw = ρ.(ν + νt)
dw
dr

∣∣∣
r=0

. (2.24)

According to zero-equation turbulence model, the turbulent viscosity νt is defined
by:

νt = l2
m

∣∣∣dw
dr

∣∣∣.
where lm is characteristic/mixing length scale and dw/dr is velocity gradient near
the wall.

FIGURE 2.6: Turbulent wall shear stress against Casson model pa-
rameter.

The WSS evolution in a turbulent flow through a stenotic artery over time is
shown in Figure 2.6. Due to the pulsatile nature of the flow, the WSS generally
increases with time. However, an increase in the Casson model parameter results
in a decrease in WSS. This parameter characterizes the non-Newtonian behavior of
blood and indicates that as blood becomes more viscous, the force on the artery wall
decreases. Moreover, the turbulence near the wall is affected by the presence of
nanoparticles and hybrid nanofluids, which results in a lower WSS compared to the
ordinary fluid. These additives increase the fluid’s resistance to flow.
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FIGURE 2.7: Turbulent wall shear stress against volume fraction of
Cu and Al2O3 nanoparticles.

The temporal profile of the wall shear stress (WSS) in an artery with Casson
blood flow under a turbulent regime can be seen in Figure 2.7. It has been observed
that the WSS increases over time, which reflects the pulsatile nature of blood flow
and is often related to the rhythmic pumping action of the heart. It is noteworthy
that the WSS is greater for ordinary blood when compared to blood with nanopar-
ticles (nanofluid) and hybrid nanofluid. Turbulence typically intensifies WSS by
introducing complex flow patterns that increase momentum exchange at the arterial
wall. However, the presence of nanoparticles seems to tone down this effect, poten-
tially by augmenting the fluid’s viscosity or altering flow structures, which in turn
reduces the turbulence-induced shear forces on the vessel walls.

FIGURE 2.8: Turbulent wall shear stress against dimensionless
Reynolds number.

The wall shear stress (WSS) variations in a stenotic artery subjected to turbulent
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blood flow are illustrated in Figure 2.8. The findings indicate that the WSS decreases
as the Reynolds numbers increase, implying that the relative influence of viscous
forces (which directly affect WSS) is reduced with faster blood flow (higher inertia).
Furthermore, the presence of nanoparticles or hybrid nanofluids in a fluid results in
lower WSS than an ordinary fluid. This suggests that the flow dynamics are affected
by the presence of particles, perhaps by increasing blood viscosity and damping
turbulence-induced stresses.

2.6 Concluding statments

This chapter describes the simulation of unsteady, two-dimensional, non-Newtonian
blood flow through a blocked arterial section. The Casson model, which character-
izes the relationship between blood viscosity and shear rate, is employed to repre-
sent the blood. The study investigates the effects of including copper and alumina
nanoparticles with low-volume fractions in the base liquid (blood), as well as the
pulsatile nature of the pressure gradient along the radial direction. Additionally, a
magnetic field with Hall current is introduced. Axisymmetric boundary conditions
for flow through the arterial segment are assumed. To model turbulence flow, the or-
dinary Navier-Stokes equations (NSE) are converted to Reynolds-averaged Navier-
Stokes (RANS) equations, which are then simplified for eddy viscosity using the
zero equation turbulence model. The resulting set of dimensionless partial differen-
tial equations (PDEs) for fully developed turbulent flow are then numerically solved
using the forward time central space differential scheme.
Key Outcomes:

• Momentum analysis: The distribution of fluid velocity within the artery, as
shown in Figure 2.2, demonstrates how the velocity changes across both the
radial and axial directions. The velocity decrease near the arterial walls sug-
gests the presence of a turbulent boundary layer caused by viscous forces.

• Effects of parameters: A decline in the mean velocity profile can be observed
in Figure 2.3, Figure 2.4 and Figure 2.5 for the variations in Casson model pa-
rameter, particle volume fraction and dimensionless Reynolds number, respec-
tively.

• Wall shear stress: Reduction in turbulent wall shear plotted against time is
observed in Figure 2.6, Figure 2.7 and Figure 2.8 as Casson model parameter,
particle volume fractions, and Reynolds number vary.
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Chapter 3

Computational Analysis for
Momentum Transport

The accumulation of plaque can cause stenosis, which is a narrowing of
the arteries, particularly the left coronary artery. This condition is often
associated with coronary artery disease, which results from unhealthy
lifestyle choices. If left untreated, stenosis can cause serious complications
such as blood clots, strokes, and heart attacks, especially when significant
blockages occur in the arteries.
The subject of this discourse is the analysis of computational fluid dynam-
ics (CFD) applied to Newtonian blood flow in a symmetrically stenosed
left coronary artery. This analysis employs OpenFOAM, an open-source
software package that is specifically designed for CFD projects. In Section
3.2, you can find an overview of the study, which includes the solvers and
configurations utilized in the analysis. Section 3.3 outlines the process of
developing a detailed 3D model of the arterial lumen, with a 70% stenosis
and dimensions of approximately 100 mm in length and 2.9 mm in diam-
eter, using AutoCAD, a commercial software. The following sections pro-
vide detailed information on the CFD analysis procedure. In Section 3.4,
the process of generating a mesh for the artery model is explained, which
involves using the STL file from AutoCAD and employing blockMesh and
snappyHexMesh utilities. In Section 3.5, the finite volume method is ex-
plained, which is implemented using the icoFoam solver. This method is
specially designed to analyze the incompressible, laminar flow of New-
tonian fluids. Additionally, the section provides a detailed overview of
the required initial and boundary conditions for blood flow analysis. In
Section 3.6, the velocity and pressure conditions of the parabolic inlet
are elaborated. Various profiles and plots are included in this section to
demonstrate the distribution of velocity and pressure. Section 3.7 deals
with the simulation of laminar flow by focusing on constant inlet and
pressure conditions. This section presents an extensive range of outcomes
for velocity and pressure analyses. The final section 3.8 provides a sum-
mary of the chapters, highlighting the crucial insights acquired from the
computational fluid dynamics analysis of blood flow through a stenosed
coronary artery.

Overview
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3.1 Introduction

Several recent studies have concentrated on the mechanism of blood flow within
multiple areas of stenosis. The explanation of arterial blood flow problems is critical
in identifying the origin of these stenotic regions, which, in turn, can aid in their
treatment. By understanding the blood flow mechanism within stenotic regions,
researchers can also pinpoint the cause of the development of arterial stenotic re-
gions. Blood circulation is significantly affected by these arterial stenotic regions,
and studying blood flow in these arterial segments provides essential information
about the origin and shape of stenotic segments. This information can be used to
develop effective treatments for arterial stenotic regions. The use of numerical tech-
niques to solve such issues offers advantages, including the ability to consider com-
plex geometrical models of arterial stenotic segments, as well as the capability to
analyze severe stenotic cases without any limitations.
Arterial blood flow was examined by (Haldar, 1985b), who analyzed the different
types of stenosis formations and their impact on flow resistance. The study revealed
that the greatest flow resistance was found in cases of symmetric stenosis. A mathe-
matical model was created by (Chakravarty and Mandal, 1994a) to address the prob-
lem of blood flow in an arterial stenotic region. The blood flow within the carotid
artery was studied by (Tang, Yang, and Ku, 1999) using a model that accounted for
both symmetric and asymmetric stenotic cases. The numerical interpretation of the
non-Newtonian blood flow, which was modeled by Power law fluid, was conducted
inside a tapered stenotic region by (Mandal, 2005a).

According to a study conducted by (Elhanafy, Elsaid, and Guaily, 2020a), blood
flow characteristics were numerically evaluated in an arterial stenotic section with
multiple degrees of stenosis. Additionally, (Yan et al., 2020a) researched the rheology
of hemodynamics within an arterial segment with a cone-shaped stenosis. (Tripathi,
Vasu, and Bég, 2021) performed a computational analysis on blood flow through a
symmetrical arterial stenotic region, while (Moradicheghamahi, Sadeghiseraji, and
Jahangiri, 2019) considered numerical solutions of blood flow analysis within a bi-
furcated arterial stenotic segment.

The modeling of flow behavior in stenosed arteries has become a significant
concern within the research community. Computational fluid dynamics (CFD) has
emerged as a crucial tool in biomedical and fluid dynamics applications, enabling
researchers to model flow behavior in arteries with varying geometries and con-
ditions. CFD has become increasingly utilized in practical applications, ensuring
superior product quality and more robust design. Furthermore, CFD has found in-
creasingly extensive applications in the cardiovascular system. CFD is utilized in a
wide range of cardiovascular diseases, risk prediction, and virtual treatment plan-
ning (Morris et al., 2016). There is a divergence of opinion among scholars regarding
the nature of blood flow in coronary arteries. Some researchers posit that the flow is
laminar (Doutel et al., 2019; Liu et al., 2015; Chaichana, Sun, and Jewkes, 2013; Gau-
dio et al., 2018; Carvalho et al., 2020a), and others have studied the flow of blood as
a Newtonian fluid (Siogkas et al., 2015; Biglarian et al., 2020; Wu et al., 2015).

3.2 Interoduction to OpenFOAM

OpenFOAM is a software package used for Computational Fluid Dynamics (CFD). It
is an open-source program with a collection of libraries that can be used to solve
various CFD problems. The program uses the finite volume method, where the
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computational domain is discretized into small volumes, and the equations to be
solved are rewritten to conform to the finite volume approach (Basha et al., 2022b;
Chakraborty et al., 2024). OpenFOAM has become increasingly popular among users
with diverse scientific and industrial backgrounds. This software offers several fea-
tures, such as solvers for compressible and incompressible flows, conjugate heat
transfer, two-phase flows, laminar flows, and turbulence modeling (RANS, LES,
and DNS), among others. Some useful utilities for the CFD workflow, from pre-
processing, mesh generation, and mesh format conversion to post-processing of
simulation results, are summarized within the context of fluid flow through chan-
nel or pipe and are highlighted in Table 3.1. OpenFOAM provides a wide range of
solvers with an algorithm to find the solution to a specific set of equations. A table
of commonly used solvers available in OpenFOAM for compressible and incompress-
ible flows, along with a short description of their applicability, is presented in Table
3.2.

TABLE 3.1: Description of useful utilities in OpenFOAM

Simulations in OpenFOAM

Pre-processing Involves importing geom-
etry, generating mesh and
defining boundary condi-
tions.

Mesh Generation Involves the use of
blockMesh and snappy-
HexMesh.

Post-processing Involves simulation execu-
tion, data extraction, visual-
ization, analysis, and report
generation.

3.2.1 OpenFoam case structure

The OpenFOAM simulation setup is linked to the system of equations and domain
regions used for modeling the physical system. In conjugate heat transfer prob-
lems, fluid and solid regions are considered when configuring the simulation. The
case structure and typical configuration for single-phase and incompressible flows
are shown in Figure 3.1. There are three main directories named as 0, constant
and system for every case. In the 0 directory, the initial conditions defined to ini-
tiate the simulations and text file in this directory are associated with a particular
flow property, e.g., U stands for velocity and p stands for pressure. The constant
directory usually contains a subdirectory and a few files. These files contain the
material properties that stay unchanged during the simulations. The subdirectory
polyMesh contains the mesh information, and all the files within the polyMesh are
generated automatically as the mesh is generated or imported (Direct, 2015). Lastly,
in the system directory, simulation can be defined or controlled by editing three
of the text files, fvSchemes, fvSolution and controlDict containing discretization
scheme, setting for the coupling methods for the velocity and pressure. controlDict
file contains the controlling parameters for simulation stability like starting time of
simulation (startFrom), finishing time (stopAt), time step (deltaT) and data saving
interval (writeInterval), etc.
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TABLE 3.2: Accessible solvers in OpenFOAM

Incompressible Flow Solvers

simpleFoam Solver for steady-state, in-
compressible flow that uses
the SIMPLE algorithm.

pisoFoam Transient, incompressible
flow solver based on the PISO
algorithm.

icoFoam Solver that calculates tran-
sient and incompressible
flow using the PISO algo-
rithm.

pimpleFoam Solver that deals with incom-
pressible flows that are tem-
porary in nature. It uses the
SIMPLE algorithm and has a
co-located grid.

interFoam Solver is needed for incom-
pressible two-phase flow
which employs a Volume
of Fluid (VoF) approach to
capture the interface.

Compressible Flow Solvers

rhoCentralFoam Transient solver for com-
pressible flow using central
differencing scheme.

rhoPimpleFoam Transient solver for com-
pressible flow using PISO
algorithm.

rhoSimpleFoam Steady-state solver for com-
pressible flow using the
SIMPLE algorithm.
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FIGURE 3.1: OpenFOAM’s Basic Case Structure Hierarchy

3.3 3D geometry extraction

In order to examine the flow of blood, it is necessary to obtain the three-dimensional
shape of the inside of the coronary artery. To do this, a model of a stenosed (nar-
rowed) coronary artery was created for use in computational fluid dynamics simu-
lations. The artery was designed to be a cylindrical tube with a total length of 100mm
and a diameter of 2.9mm, which is similar to the size of an average human coronary
artery (Zhou, 2017). To simulate a pathological condition, a narrowed region was
introduced into the lumen with a 70% reduction in its cross-sectional area. This
reduction was added symmetrically in the axial direction, making it anatomically
accurate. According to (Rabby, Razzak, and Molla, 2017; Buradi and Mahalingam,
2018; Mahalingam et al., 2016), the length of the stenosis is defined as twice the
normal diameter. Additionally, the entrance length was chosen to establish velocity
profiles fully proximal to the stenosis. The geometry was constructed using Au-
toCAD software, which enabled precise control over the dimensions and allowed
for a high degree of customization of the artery model. The generated model was
then converted into .STL format, which is compatible with OpenFOAM for mesh
generation and subsequent flow simulation. The stenosis model developed and its
geometric parameters are represented in Figures 3.2 and 3.3.

FIGURE 3.2: Longitudinal section view of a 3D model of a stenotic
artery, designed in AutoCAD with a total length of 100mm.
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FIGURE 3.3: STL file for 3D stenotic artery model, with an artery di-
ameter of 2.9mm, showcasing a 70% stenosis narrowing.

3.4 Computational mesh generation

The computational volume mesh is created using OpenFOAM utilities, in particular,
blockMesh and snappyHexMesh as a part of pre-processing. First of all, through the
blockMesh utility, a simple background mesh is created by defining a single hexahe-
dral block that spans the entire domain of STL file produced by AutoCAD software
(Figure 3.2, 3.3) using the cell counts provided by the $xCells, $yCells, and $zCells.

FIGURE 3.4: Based on snappyHexMesh, a stenotic artery simulation
shows localized refinement at the constriction.
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The quality and quantity of cells obtained after the meshing procedure depend
on the construction of the background mesh, which is actually important despite be-
ing very simple. The overall domain was defined by the bounding box with coordi-
nates ranging from (-35, -1.01, -1.01) to (35, 1.01, 1.01). snappyHexMesh is a utility that
generates the three-dimensional mesh and approximates the STL surface according
to parameters specified in the related dictionary. It takes a background mesh from
blockMesh and refines it near the surfaces where higher resolution is needed. The
process consists of three phases.
The initial phase involves creating a castellated mesh to generate an initial grid made
up of hexahedral cells only. The second phase is referred to as the "snap" stage. The
final phase is the "add layer" phase, during which additional cells are introduced
near the walls. In Figure 3.4, snappyHexMesh is utilized to capture the complex ge-
ometry of the stenosis, automatically refining the mesh where the geometry dictates
and ensuring that there is a smooth transition from coarser to finer grids. The cylin-
drical body of the mesh has uniform hexahedral cells, which are efficient for solving
fluid flow equations, while the stenosis is resolved with increased mesh density to
accurately simulate the intricate flow details in that region.
From Figure 3.5a, the structured grid distribution is clearly visible, showcasing the
finer mesh resolution at the stenotic region, which is crucial for accurately capturing
the complex flow patterns and gradients expected in such narrowed passages. A
cross-sectional view of the arterial mesh as generated by snappyHexMesh, before the
incorporation of boundary layers can be seen in Figure 3.5b. This base mesh, com-
posed of hexahedral elements, represents the initial step in creating a computational
model that can be refined to simulate blood flow. The uniform grid structure across
the diameter sets the stage for subsequent mesh refinement, where additional layers
will be introduced to capture the boundary layer physics more accurately. A refined
cross-sectional view of the mesh at the location of the artery’s stenosis is character-
ized by Figure 3.5c. Boundary layers have been added to the mesh, allowing for a
more precise simulation of the flow near the artery wall where velocity gradients
are most pronounced. The simulation accurately reflects flow dynamics within the
boundary layer to capture essential physics driving disease progression in stenotic
arteries. Table 3.3 summarizes some information about the quality of the mesh ob-
tained.

TABLE 3.3: Mesh quality parameters

Number of nodes 449412
Number of faces 1234882
Number of cells 393733

Maximum aspect ratio 7.40688
Maximum non-orthogonality 61.3063
Average non-orthogonality 8.79933

Maximum skewness 1.80883
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(A)

(B)

(C)

FIGURE 3.5: (A) Meshed geometry of a 70% stenosed artery sec-
tion showing the structured grid distribution through the nar-
rowed lumen. (B) Cross-sectional view of the arterial mesh using
snappyHexMesh without boundary layers, highlighting the base hex-
ahedral mesh structure across the arterial diameter. C Refined mesh
in a cross-section of the stenotic artery with boundary layers added

to capture the velocity gradient near the wall.

3.5 The finite volume (FV) method

The icoFoam solver is a computational tool that is specifically designed to handle the
incompressible and laminar regime of flow. This means that the effects of turbulence
are not taken into account in the model. This approach is suitable for flows where
the Reynolds number is low enough that the flow is smooth and steady, with no
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eddies or swirls that characterize turbulent flow. Compared to turbulent models,
the laminar flow model is less computationally intensive since it does not require
the resolution of the turbulent scales or the use of turbulence closure models. In
mathematical terms, NSE is represented as:

∇ · V = 0, (3.1)

∂V
∂t

+ (V · ∇)V = −1
ρ
∇P + ν∇2V (3.2)

where,t is time, V is the velocity vector, P is the fluids pressure, ρ is the fluid den-
sity and ν is the kinematic viscosity. The term (V · ∇)V represents the convective
acceleration (nonlinear term), and ν∇2V is the viscous diffusion term. In icoFoam,
the pressure-velocity coupling is typically handled using the SIMPLE algorithm or
its variants, which iteratively solve the momentum and pressure equations to ensure
mass conservation is satisfied while reaching a converged solution for both the ve-
locity and pressure fields.
icoFoam in OpenFOAM uses the Finite Volume (FV) method [6] allowing the inte-
gration of a set of partial differential equations in a volume domain. On the bound-
aries of this domain, different boundary conditions are applied. To perform this
integration, the domain volume is divided into smaller elemental volumes. Each of
these volumes surrounds a discrete node point on the mesh. The required fields and
values are calculated at each node point. With the FV method, every volume inte-
gral that appears in the partial differential equations is transformed into a surface
integral via Gauss theorem. The transformed integral is evaluated as a flux at the
surfaces of every finite volume. As the name suggests, the sub-volumes are finite
and not infinitesimal. The FV method itself was originally developed as a special
version of the Finite Difference approach. This approach describes the unknowns of
the flow problem via samples at the node points of a grid of coordinate lines.

3.5.1 Courant-Friedrichs-Lewy (CFL) condition

The stability of numerical solutions to partial differential equations solved using ex-
plicit time-marching methods depends on the Courant-Friedrichs-Lewy (CFL) con-
dition, which is a crucial criterion for convergence. In computational fluid dynamics
(CFD), this condition is often referred to as the Courant number, and it is especially
important when solving the equations for fluid flow simulations.
In the icoFoam solver within OpenFOAM, the CFL condition demands that the time
step size be small enough to prevent numerical errors from amplifying during sim-
ulation. In particular, the CFL condition necessitates that the time step (∆t) is below
a certain threshold to ensure that fluid particles do not travel more than one com-
putational cell per time step. In a one-dimensional scenario, with u as fluid velocity
and ∆x as the spatial discretization step the CFL condition can be defined as:

CFL = u
∆t
∆x

≤ 1

The CFL condition is not a strict stability criterion for the icoFoam solver, which is
intended for incompressible flow because the solver is implicit. Nonetheless, it is
advisable to keep a low CFL number as a good practice to ensure that the computa-
tional domain accurately captures the physical diffusion and convection processes.
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FIGURE 3.6: Residual error for Newtonian blood flow with parabolic
inlet velocity through a stenotic arterial section.

FIGURE 3.7: Residual error for Newtonian blood flow with constant
inlet velocity through a stenotic arterial section.

The graphs in Figure 3.6 and 3.7 illustrate the residual errors for pressure (p) and
velocity components (Ux, Uy, Uz) over a 30-second simulation of Newtonian blood
flow with a parabolic and constant inlet velocity through a stenotic arterial section.
The residuals, plotted on a logarithmic scale on the y-axis, indicate the convergence
of the simulation over time, shown on the x-axis. Initially, the residuals are high,
reflecting the initial transient conditions. Over time, the residuals for the velocity
components (Ux, Uy, Uz) drops significantly faster than the pressure residual (p).
The velocity components’ residuals fluctuate around 1e−06 before stabilizing, indi-
cating that the velocity field is converging. In contrast, the pressure residual (p)
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decreases more slowly and stabilizes at a higher magnitude of around 1e−04. Con-
sequently, the numerical stability and accuracy of the simulation are ensured by the
gradual decrease and eventual stabilization of residuals.

3.6 Parabolic inlet condition

A parabolic inlet velocity profile was used in the numerical simulation of blood flow
through a stenotic artery with a 70% constriction. The codedFixedValue was pre-
scribed for this purpose. The simulation was based on the principles of Newtonian
physics. boundary condition in OpenFOAM. This condition was defined within the
icoFoam solver framework to emulate the fully developed, laminar flow entering
the artery. The profile was centered around the point (0.045, 0.195) in the cross-
sectional plane, with a radius R = 0.015m. The maximum inlet velocity Ub was set
to 0.003m/s. The radial position r for any point within the inlet face was calculated
as the Euclidean distance from the profile’s center in the cross-sectional plane, and
the axial velocity component was determined by the expression (Figure 3.8)

Uz = −2Ub

(
1 −

( r
R

)2
)

This velocity profile ensures a gradual reduction to zero velocity at the walls due
to the no-slip boundary condition. The outlet boundary condition is specified as
zeroGradient, which means the flow is allowed to develop and exit the simulation
domain without any additional constraints on the velocity gradient at the outlet. The
noSlip condition at the wall ensures that the velocity is zero at the artery wall, ad-
hering to the physical behavior of viscous fluids. This approach provided a realistic
representation of the blood’s velocity distribution as it entered the region of interest,
capturing the essential hemodynamic features for the simulation of flow through a
stenotic artery.
For incompressible flow simulations, a common method for solid boundaries is to
utilize a pressure boundary condition of zeroGradient at the inlet. This assump-
tion implies that the normal gradient of pressure at the inlet boundary is negligi-
ble, which is frequently the case for fully developed inlet flow. On the outlet, a
fixedValue condition is set, with a uniform value of 0. This value is a reference
pressure level, which is usually taken as atmospheric pressure for internal flows or
as an arbitrary datum in incompressible flow simulations since only pressure differ-
ences drive the flow. Lastly, a zeroGradient pressure condition is also applied at the
walls, indicating that the simulation assumes no significant pressure change normal
to the walls.
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FIGURE 3.8: Simulated Axial Velocity Profile (Ux) at Stenosis in a
Newtonian Blood Flow with Parabolic Inlet Conditions.

3.6.1 Parabolic inlet velocity flow analysis

FIGURE 3.9: Simulated velocity magnitude (Umagnitude) at stenosis in
a Newtonian blood flow with parabolic inlet conditions.

The plot in Figure 3.9 shows the velocity and pressure profiles of Newtonian blood
flow at the stenosis in an arterial section under conditions of laminar flow with a
parabolic inlet velocity profile. The dashed orange line signifies the axial velocity’s
magnitude (UMagnitude). It reaches its highest point where the stenosis restricts the
flow and decreases proportionally towards the edges, forming a parabolic profile.
The velocity distribution is established by the inlet condition, which is designed to
imitate the physiological velocity distribution in a vessel. In this distribution, the
maximum velocity is situated at the center and gradually diminishes towards the
arterial wall, following a quadratic function. Along the same section, the pressure
(p) is indicated by the dotted red line. The stenosis causes a clear drop in pressure,
which can be understood by the fluid dynamics principle that explains how velocity
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increases as the cross-sectional area decreases, resulting in a corresponding reduc-
tion in pressure.

FIGURE 3.10: Velocity contours of Newtonian blood flow through a
stenotic artery.

Figure 3.10 showcases the velocity contours for Newtonian blood flow distribu-
tion from the pre-stenotic region, through the stenosis, and into the post-stenotic
region. The velocity magnitude is represented by the color gradient in the contours.
Red stands for areas of higher velocity while blue represents regions of slower flow.
The flow starts to accelerate just upstream of the stenosis and converges towards the
center of the artery as it approaches the stenotic region. The highest velocities are
observed at the stenotic region as the blood flow must speed up to maintain the flow
rate through the narrower lumen. Following the stenosis, there is a noticeable sep-
aration of flow that can be seen through a change in contour lines. This separation
is highlighted by the recirculation zone that forms. The deceleration of flow in this
area is evident by the spread of lower-velocity blue contours. As the flow reattaches
and stabilizes downstream, it returns to a more organized pattern, and the velocity
gradually increases again.

FIGURE 3.11: Pressure contours of Newtonian blood flow through a
stenotic artery.
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FIGURE 3.12: Streamline visualization depicting velocity magnitudes
and flow patterns through the constriction.

Figure 3.11 shows the gradient in pressure distribution along the artery. The uni-
form color banding observed within the arterial segment preceding the stenosis in-
dicates a constant pressure, which is maintained due to the zeroGradient condition
at the inlet. This observation suggests the flow entering the stenotic section lacks any
initial pressure variation across the cross-section. When blood enters a stenotic con-
striction, pressure contours begin to compress. By reducing the cross-sectional area
caused by the stenosis, flow acceleration results in a lower pressure at the narrowest
point, consistent with Bernoulli’s principle. At the stenosis, red contours indicate the
lowest pressure regions. Pressure contours beyond the stenosis diverge, indicating
recovery due to the widened cross-sectional area. The fixedValue condition at the
outlet maintains constant pressure, influencing the pressure recovery downstream.
Streamline visualization in Figure 3.12 shows how blood speed changes in laminar
flow as it passes through different diameters of an artery. In the regions far from
the stenosis, the streamlines are straight, parallel, and uniformly blue, indicating
a steady, low-velocity flow with minimal mixing or disturbance. As the blood ap-
proaches the stenotic region, the streamlines begin to converge, signaling an increase
in velocity as the artery narrows. The color transition from blue to green and then to
yellow reflects this acceleration. At the narrowest point, or the throat of the stenosis,
the streamlines are tightly packed and shift towards orange and red hues, marking
the highest velocities within the constriction. After a constriction, blood flow decel-
erates and creates complex flow patterns. Swirling patterns and looped streamlines
indicate the emergence of recirculation zones, which are often associated with areas
of low wall shear stress. The flow downstream realigns and elongates, suggesting a
return to steady flow. Colors shift back to blue, indicating a decrease in velocity.
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FIGURE 3.13: Streamline visualization depicting pressure magni-
tudes and flow patterns through the constriction.

Figure 3.13 visualizes the spatial distribution and magnitude of pressure along
a stenotic artery’s flow path. The pressure streamlines are evenly spaced and ex-
hibit a calm gradient, indicative of a steady pressure distribution in the laminar
flow regime. As the flow reaches the stenotic region, the streamlines converge,
demonstrating a significant pressure drop across the stenosis. This convergence is
closely associated with the flow acceleration due to the decreased cross-sectional
area. At the stenosis site, pressure streamlines diverge, indicating pressure recov-
ery as flow decelerates. Despite overall laminar flow, complex patterns and swirls
suggest turbulent-like behavior due to rapid changes in flow conditions causing lo-
calized instabilities or recirculation zones.

(A) (B)

FIGURE 3.14: Axial velocity profile (Ux) and pressure of Newtonian
blood flow in a stenotic artery with parabolic inlet conditions.

Figure 3.14a presents the distribution of axial velocity Ux plotted against the
distance from the beginning of the artery, covering both the pre-stenotic and post-
stenotic regions. In the pre-stenotic section (0mm − 31mm), the axial velocity re-
mains relatively low and constant. This suggests a stable and undisturbed flow be-
fore encountering the narrowing of the artery. As the blood approaches the stenotic
region, there is a significant increase in velocity. This sharp rise is attributed to the
conservation of mass, requiring the flow rate to increase to compensate for the re-
duced cross-sectional area at the constriction. The peak in the graph corresponds to
the narrowest point of the stenosis. Beyond the stenosis, the axial velocity abruptly
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decreases, illustrating the post-stenotic deceleration of the flow. This deceleration is
a consequence of the blood entering a wider portion of the artery after the stenotic
region, allowing it to spread out and slow down. The extended high-velocity tail
beyond the stenosis suggests the persistence of disturbed flow patterns, which may
include separation and the potential formation of vortices or recirculation zones.
The distribution of pressure along the axial distance of an artery is displayed in
Figure 3.14b, indicating pressure variation from the pre-stenotic region through the
stenosis and into the post-stenotic area. Initially, the pressure stays relatively stable,
corresponding to the unobstructed part of the artery where the blood flow hasn’t yet
reached the stenosis. When the flow approaches the stenosis, there’s a sudden drop
in pressure, marked by the steep decline in the graph. This decline indicates the
increased resistance the blood encounters as the artery narrows. It’s a phenomenon
known as the pressure gradient, which is necessary to push the flow through the
reduced diameter. As fluid enters the narrow area, the pressure keeps decreasing
until it reaches its lowest point at the narrowest spot. This phenomenon is known
as the Venturi effect, which results in the acceleration of the fluid velocity at the con-
striction, leading to a drop in pressure. After the stenosis, there’s a slight pressure
rise, marking the beginning of a wider artery and slower flow.

FIGURE 3.15: Temporal evolution of axial velocity for parabolic inlet
velocity.

Figure 3.15 shows a sequence of time-lapse visualizations that demonstrate the
axial velocity of Newtonian blood flow passing through an elliptically shaped stenotic
artery. The time steps in each visualization capture the transient nature of blood flow
as it responds to arterial stenosis. The dynamics of the flow become intricate due to
the narrowing, and this can be seen in the visualizations.
At t=0.0s, the initial condition reflects the imposed parabolic velocity profile, with
no disturbances yet from the stenotic region. The flow is uniform and undisturbed,
representing the baseline state before interacting with the stenosis. By t=1.0s, the
blood has begun to interact with the stenotic region, as indicated by slight pertur-
bations in the flow pattern. The velocity in the vicinity of the stenosis starts to in-
crease, conforming to the narrowing geometry of the artery. Due to the constricted
lumen, the flow acceleration becomes more pronounced at t=1.5s. As expected, the
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highest velocities occur at the throat of the stenosis, in accordance with the conserva-
tion of mass. After 3.5 seconds, an established post-stenotic flow pattern manifests.
Downstream of the stenosis, distinct separation zones can be observed, character-
ized by a complex pattern of recirculating flow. These zones can be easily iden-
tified by changes in contour lines and the emergence of lower velocities, depicted
by cooler colors, near the high-velocity streaks. The evolution of the flow persists
and recirculation is observed at t=5.5s. It seems from Figure 3.15 that at t=10.0s, the
flow has entered into a state of quasi-steadiness, with the patterns of post-stenotic
disturbances appearing to be consistent with those observed at t=5.5s.

FIGURE 3.16: Temporal evolution of pressure for parabolic inlet ve-
locity.

FIGURE 3.17: Axial velocity vectors through an artery with stenosis,
displaying flow acceleration and post-stenotic disturbances.



86 Chapter 3. Computational Analysis for Momentum Transport

In Figure 3.16, the pressure field evolution for laminar blood flow with parabolic
inlet velocity can be noticed. The pressure across the artery is uniform and at a base-
line level at t = 0.0s. This is indicated by the uniform internal field set to 0. As
time progresses to t = 0.2s and t = 0.4s, we start to see the effects of the flow be-
ginning from the inlet. A high-pressure region is expected at the inlet due to the
zeroGradient boundary condition. By t = 0.8s, the pressure has started to develop
along the length of the artery. Higher pressures upstream are represented by darker
colors, and there is a gradient towards the outlet where the pressure is fixed at 0
(lighter colors). At t = 2.0s, the pressure distribution becomes more pronounced.
There is a clear gradient from high pressure at the inlet to lower pressure at the out-
let as a result of the flow resistance. Moving to t = 4.0s, the pressure field shows
further development. There is also the formation of a distinct pressure drop across
the stenosis. Finally, by t = 10.0s, the pressure field appears to reach a quasi-steady
state. The highest pressures are at the inlet and there is a smooth gradient to the
outlet. The stenotic region continues to exhibit a localized low-pressure zone due to
the accelerated flow speeds in the constriction.
The sequence of velocity vector plots in Figure 3.17 displays the behavior of New-
tonian blood flow in a stenotic artery. The vectors show the velocity at different
points in the artery and are colored by magnitude to depict the flow’s dynamism.
In the unblocked area before the stenosis, the flow is steady and consistent, indicat-
ing low inertial forces and a low Reynolds number. As the flow passes through the
stenosis, the velocity vectors change significantly. The vectors extend and vary in
color, indicating an increase in velocity due to the reduced cross-sectional area. The
range of colors reveals the variation in velocity, with the highest speeds occurring
at the throat of the constriction. Significant changes in the flow are observed within
and immediately downstream of the stenosis. This phenomenon is characterized
by divergent vectors, which demonstrate the potential for flow separation and the
formation of vortices - common occurrences in stenotic flows.

FIGURE 3.18: Pressure vectors through an artery with a stenosis, dis-
playing flow acceleration and post-stenotic disturbances.

The figure labeled as 3.18 presents the pressure distribution and vectors along
an arterial segment simulated for laminar Newtonian blood. The pressure field is
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initially set to zero, and the zeroGradient condition at the inlet allows the pressure
to develop naturally from the flow conditions. As the artery narrows at the stenosis
point, the pressure vectors become more concentrated and pronounced, indicating
an increase in the pressure gradient due to the flow path restriction. Once the ves-
sel widens downstream of the stenosis point, the pressure vectors spread out more
evenly again as the flow decelerates.

3.7 Constant inlet condition

The initial and boundary conditions for the velocity field of the simulation are set by
the U file in the 0 directory. For the analysis of Newtonian blood flow with viscosity
ν = 10−6m2/s and Re ≈ 200, the inlet boundary is set to a fixedValue type with
a uniform velocity defined by the Uinlet variable, which is specified as 0.0137m/s.
This ensures that the fluid enters the simulation domain with a steady velocity in
the axial direction of the artery and with no components in the transverse direc-
tions, resulting in a fully developed flow profile at the inlet. The noSlip condition
on the wall ensures that the velocity of the fluid at the boundary is zero, realistically
representing the viscous behavior of fluids adhering to solid surfaces. The outlet is
defined with a zeroGradient condition, meaning that the gradient of the velocity at
the outlet is assumed to be zero. It is frequently assumed when the outlet pressure
or velocity profile is not known precisely or when the flow has stabilized sufficiently
downstream from any disturbances.
To simulate pressure-driven blood flow, the internalField is set to zero. This cre-
ates a uniform pressure gradient throughout the flow field, a common starting con-
dition for incompressible flow simulations. The pressure differences that propel the
flow are more important than the absolute pressure level. Therefore, to replicate
pressure-driven blood movement, the internalField is initialized to zero. This uni-
form value signifies that the simulation starts with a zero pressure gradient through-
out the entire flow field, a commonly used starting condition for incompressible flow
simulations. In such simulations, the absolute pressure level is less significant than
the pressure differences that drive the flow. The zeroGradient type specifies that
there is no change in pressure across the boundary at the flow entry point or in-
let. A fixedValue type with a uniform 0 value is considered as an outlet pressure
condition maintaining a constant pressure value at the outlet. The zeroGradient
classification for the wall indicates that there is no pressure gradient that is perpen-
dicular to the walls of the artery. This is in line with a no-flux condition, where the
wall does not allow the flow of fluid, thereby preventing pressure from varying in a
direction that is perpendicular to the wall.

3.7.1 Constant inlet velocity flow analysis

The velocity magnitude and pressure profiles for Newtonian blood flow at the point
of stenosis in a stenotic artery under laminar flow conditions are depicted in Fig-
ure 3.19. The velocity profile (UMagnitude) is represented by the dashed orange line,
while the dotted red line illustrates the pressure (p) within the artery. The velocity
distribution within the stenotic region of the artery exhibits a parabolic profile with
a pronounced peak at the center. This is indicative of the highest velocity occurring
at the site of the smallest cross-sectional area of the arterial lumen. As blood travels
through the narrowed section of an artery, it speeds up to maintain a consistent flow
rate. The velocity of the blood gradually decreases as it moves further away from the
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centerline. The lowest pressure is found at the center of the stenosis where the veloc-
ity is the highest, as indicated by the pressure profile. Bernoulli’s principle describes
the inverse relationship between pressure and velocity in a constricted region.

FIGURE 3.19: Simulated velocity magnitude and pressure at stenosis
in a Newtonian blood flow with constant inlet conditions.

FIGURE 3.20: Velocity contours of Newtonian blood flow through a
stenotic artery.

The graph shown in Figure 3.20 provides a clear visualization of laminar New-
tonian blood flow through a narrowed section of an artery. The colors in the graph
correspond to different velocities, with red and orange indicating higher velocities
and blue indicating lower velocities. The central region of the stenosis displays the
highest velocity due to the conservation of mass, with a gradual increase in velocity
towards the narrowed region. After passing through the stenosis, the flow decel-
erates, as evidenced by the shift towards blue hues. This pattern shows the altered
hemodynamics caused by the stenosis, with the highest velocity magnitudes present
at the throat of the constriction. Overall, the graph offers an informative and detailed
visualization of the flow acceleration and deceleration associated with stenotic ge-
ometry.
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FIGURE 3.21: Pressure contours of Newtonian blood flow through a
stenotic artery.

The pressure distribution for a laminar Newtonian blood flow is visually repre-
sented in Figure 3.21 using a range of colors, from red to blue. In this spectrum, red
represents higher-pressure regions, while blue denotes lower-pressure areas. The
zeroGradient condition at the inlet implies that the pressure gradient is zero in the
normal direction to the boundary, which, combined with the uniform internal field,
suggests an initially uniform pressure distribution upstream of the stenosis. As the
blood flows through the constricted section, there is an observable drop in pressure,
highlighted by the green to blue transition, which indicates the pressure loss due to
the stenotic resistance. At the outlet, the pressure is set to a uniform value of zero,
leading to a gradient towards this condition, as seen in the contour shift to blue.

FIGURE 3.22: Streamline visualization depicting velocity magnitudes
and flow patterns through the constriction.

The velocity magnitude of laminar blood flow with no initial components in the
transverse directions is illustrated by the streamline graph shown in Figure 3.22.
This type of pattern typically arises due to the acceleration of blood as it passes
through the narrowed stenotic section, causing an increase in velocity magnitude.
The boundary conditions specify a zero gradient at the outlet, allowing the flow to
exit without resistance, and a no-slip condition at the walls, which enforces zero
velocity at the boundary and captures the behavior of the fluid in contact with the
arterial walls. The streamlines converge in the flow field, and the velocity magni-
tudes increase at the stenosis, visualizing the impact of the geometric constriction
on the flow characteristics.
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FIGURE 3.23: Streamline visualization depicting pressure magni-
tudes and flow patterns through the constriction.

Streamlines shown in Figure 3.23 indicate the direction and magnitude of the
pressure gradients. These streamlines illustrate how the pressure changes from the
inlet to the outlet through the stenotic region. The inlet and walls have a zero gra-
dient pressure boundary condition, while the outlet has a fixed value of zero. The
streamlines cluster and change color in the stenotic region, indicating the highest
pressure gradients occur there due to the flow constriction. The red and orange
streamlines represent higher pressure magnitudes, while cooler colors, such as blue,
signify lower pressures. As the flow returns to a less constricted state downstream
of the stenosis, the streamlines spread out, highlighting a decrease in the pressure
gradient magnitude. This pattern is indicative of the decrease in pressure along the
flow direction, with the most significant drop occurring at the point of constriction.

(A) (B)

FIGURE 3.24: Axial velocity (Ux) and pressure profile of Newto-
nian blood flow in a stenotic artery with a constant inlet velocity of

0.0137m/s.

The axial velocity magnitude and pressure along the arterial cross-section for
laminar Newtonian blood flow at stenosis, calculated with a Re ≈ 200, is depicted
in the line plot illustrated in Figure 3.24. The simulation is constrained by given
boundary conditions and maintains a constant inlet velocity of 0.0137m/s with a
no-slip condition at arterial walls. Figure 3.24a shows a sharp increase in velocity at
the stenosis due to the continuity equation, followed by a gradual decrease in veloc-
ity as the artery widens. The outlet’s zeroGradient condition enables free outflow,
ensuring no artificial back-pressure influences the velocity profile.
Pressure upstream of stenosis is uniform with zeroGradient boundary set at inlet.
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This means no change in pressure normal to flow as shown in Figure 3.24b. The
graph shows a significant pressure drop as the flow encounters the stenotic region.
This pressure reduction results from increased flow resistance in the narrowed sec-
tion, which causes energy loss in the system due to viscous dissipation and work
done by the fluid to overcome the obstruction caused by the stenosis. Downstream
of the stenosis, the pressure stabilizes at a lower level than the initial pressure, align-
ing with the zero pressure condition at the outlet. The pressure recovery observed
after the stenosis suggests a return to less restrictive flow conditions.

FIGURE 3.25: Temporal evolution of axial velocity Ux for constant
inlet velocity.

Figure 3.25 depicts the progress of the axial velocity profile of laminar Newtonian
blood flow through a stenotic artery at different time intervals. The velocity profile
across the artery is uniform at t = 0.0s, which corresponds to the initial condition
of zero velocity throughout the domain, except at the inlet, where the velocity is set
to 0.0137m/s. At t = 0.5s, the parabolic flow profile begins to develop, with higher
velocities at the center of the artery. The stenosis causes a visible increase in velocity
at the constriction as time advances to t = 2.0s and beyond, and the flow becomes
fully developed, exhibiting the characteristic blunted profile of laminar flow in a
cylindrical tube, with the highest velocities at the center. The flow stabilizes and
becomes steady in the post-stenotic region by t = 4.0s, and this pattern remains
consistent through t = 6.0s, t = 8.0s, and up to t = 10.0s. The parabolic profile
is preserved throughout the artery, except at the stenosis, where the profile sharply
peaks due to the constriction. The no-slip condition at the walls creates a region
where the velocity is zero.
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FIGURE 3.26: Temporal evolution of pressure for constant inlet veloc-
ity.

The temporal evolution of pressure distribution for laminar blood flow through
an arterial cross-section is demonstrated in Figure 3.26 with the internal pressure
field initially uniform at zero, with no pressure gradient imposed at the inlet and a
fixed value of zero at the outlet. At t = 0.0s, the flow commences and the uniform
internal pressure field represents the initial condition. At t = 0.2s, there are differ-
ences in pressure that appear due to the flow that is starting to form, caused by the
constant velocity at the entrance. When the fluid moves through the narrow area, it
encounters resistance, resulting in a decrease in pressure. Moving to t = 0.4s and
beyond, we observe a more pronounced pressure gradient, particularly at t = 0.8s,
where the highest pressure drop is observed due to the fully developed flow. At
t = 2.0s, the flow is likely in a steady state, with a consistent pressure profile. At
times t = 4.0s and t = 10.0s, there are no significant changes in the pressure profiles,
indicating a steady flow and dissipation of initial transient effects.

FIGURE 3.27: Velocity vectors for constant inlet.
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Figure 3.27 displays a plot of the velocity vectors, which represent the direction
and speed of blood flow through a stenosed arterial section at a constant inlet ve-
locity computed with Re = 200. Within the stenotic region, the flow accelerates due
to the constriction in the cross-sectional area, which is consistent with the continuity
equation and conservation of mass. The velocity vectors show a significant increase
in magnitude in this region. The longest red vectors, which indicate the highest
velocities, are at the throat of the stenosis, highlighting a localized region of high
kinetic energy. As the flow moves beyond the stenosis, the velocity vectors decrease
in length, indicating that the flow is decelerating in the expanded area. This is due to
the increase in area and the associated drop in flow speed. Finally, the zeroGradient
condition at the outlet allows the velocity to gradually adjust to ambient conditions
without imposing a specific gradient.

FIGURE 3.28: Pressure vectors for constant inlet.

The gradient of the pressure field within an arterial segment is visualized in Fig-
ure 3.28, representing the direction and magnitude of the greatest rate of change of
pressure at each point within the flow field. At the inlet, the zeroGradient bound-
ary condition allows pressure to adjust without a predetermined gradient. Thus,
no significant pressure change occurs in the immediate inlet region until the veloc-
ity vectors progress through the artery, indicating where the pressure gradients are
developing due to flow resistance. Vectors are pronounced at stenosis, indicating
high-pressure gradients due to constriction. Pressure decreases upstream to down-
stream of stenosis. In the post-stenotic state, the pressure vectors diminish as the
flow exits the constriction, and pressure begins to recover due to the widening of the
arterial passage.

3.8 Concluding statments

This chapter presents a comprehensive analysis of flow momentum and pressure
for Newtonian blood flow through an elliptical-shaped stenotic artery. The flow is
assumed to be laminar and incompressible. The simulation was conducted using
OpenFOAM. A 3D 70% stenotic arterial section was created using AutoCAD soft-
ware, and the STL file was extracted as part of the pre-processing step. The next step
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involved generating a high-quality mesh using blockMesh and snappyHexMesh util-
ities in OpenFOAM. The icoFoam solver was used for incompressible and laminar
flow, which employs the finite volume method. Two main cases were examined for
Newtonian blood flow, namely, flow initialized by parabolic inlet velocity and flow
initialized by constant inlet velocity. For both cases, blood velocity and pressure
were studied at the narrowest part of the stenosis and for the overall stenotic arterial
lumen to gain a better understanding of the flow dynamics. The main findings are:

• Line plots: At the center of stenosis in Figure 3.9 and Figure 3.19, the velocity
magnitude and pressure distribution exhibit a parabolic curve for the parabolic
velocity inlet profile and the constant inlet velocity. The maximum velocity is
at the center of stenosis, while the pressure drops to its lowest value at the same
location. In both Figure 3.14 and Figure 3.24, the pre and post-stenotic sections
maintain a constant value of Ux but indicate a sudden rise in momentum at
the stenotic section. The pressure remains consistent in the pre-stenotic region
and exhibits a sharp decline in pressure at the stenosis, which stabilizes at the
post-stenotic section due to zero pressure conditions.

• Contours: Figure 3.10 and Figure 3.11 presents velocity and pressure contours
for parabolic inlet velocity whereas Figure 3.20 and Figure 3.21 are the velocity
and pressure contours for Newtonian blood flow through stenotic artery. The
flow moves towards a narrow stenotic region, creating a recirculation zone
after it. Pressure remains constant in the pre-stenotic region but low pressure
is observed in the stenosis section. Pressure recovery is observed in the post-
stenotic region.

• Streamlines: The initial blue streamlines at the beginning of the arterial sec-
tion, as seen in Figure 3.12 and Figure 3.22, indicate low velocity. The blue
streamlines turn red at the stenosis, indicating maximum flow at the stenosis
site. Following the stenosis, recirculating zones can be observed. Figures 3.13
and 3.23 display evenly spaced pressure streamlines, which signify laminar
flow. At the core of the stenosis, a pressure drop is noticed. Downstream of the
stenosis, a decrease in the magnitude of the pressure gradient is observed.

• Time-lapse graphs: Figure 3.15 and Figure 3.25 exhibit the velocity of blood
flow passing through a stenotic artery. The flow becomes intricate due to the
narrowing, and downstream of the stenosis, distinct separation zones can be
observed. At t=10.0s, the flow reaches a state of quasi-steadiness. The evo-
lution of the pressure field is rendered in Figure 3.16 and 3.26. The pressure
gradually develops along the artery, exhibiting a gradient towards the outlet.
The stenotic region exhibits a localized low-pressure zone due to the acceler-
ated flow speeds in the constriction.

• Vector plots: The velocity vectors change significantly in Figures 3.17 and
3.27 through the stenosis, indicating increased velocity due to reduced cross-
sectional area. The highest speeds occur at the throat of the constriction, and
significant changes in the flow are observed within and immediately down-
stream of the stenosis. Figure 3.18 and Figure 3.28 describe the pressure dis-
tribution and vectors along an arterial segment simulated for laminar New-
tonian blood. The pressure vectors become concentrated and pronounced at
the stenosis point, indicating an increase in the pressure gradient due to flow
restriction. Pressure gradients develop due to flow resistance and are high at
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stenosis. The pressure recovers due to the widening of the arterial passage in
the post-stenotic state.
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Conclusions

This dissertation explores the dynamics of blood flow in constricted arteries using
computational fluid dynamics techniques and fluid models. It contributes to the un-
derstanding of blood behavior under various conditions influenced by physiological
and non-physiological factors. The study also provides insights into the interplay
between fluid mechanics and the cardiovascular system, paving the way for further
research.
Chapter 1 centers on the study of the time-dependent, axisymmetric flow of a hybrid
nanofluid comprised of Cu-Al2O3-blood through elliptical-shaped stenotic arteries.
Employing the Casson fluid model to describe the non-Newtonian nature of blood,
the study explores the influence of pulsatile pressure gradients, magnetic fields, and
nanoparticle additives on the flow dynamics. The numerical simulations are per-
formed using the Forward Time Central Space method (FTCS). An extensive analy-
sis of the velocity and temperature distributions is done, quantifying the effects of
various parameters over mass and heat transfer using the graphical and tabular rep-
resentations. The wall shear stress and local Nusselt number analysis also highlight
the complexity of blood flow in restricted conditions. The Casson model parameters
and magnetic field have been observed to increase the momentum profile, while
variations in Reynolds number, Hall current parameter, and particle volume frac-
tions showed opposite results. Applied magnetic field, Eckert number, and particle
volume fraction have a favorable effect on the Cu-Al2O3-blood’s temperature profile,
while the Casson parameter, Hall current parameter, Reynolds number, and Prandtl
number have an adverse effect.
Chapter 2 expands the laminar flow analysis of Chapter 1 to the conditions of turbu-
lent blood flow by introducing the Casson model with copper and alumina nanopar-
ticles. We began by converting the Navier-Stokes equations (NSE) to Reynolds-
averaged Navier-Stokes equations (RANS) by separating the flow variables into av-
erage and fluctuating components. This was done in the context of the presence
of nanoparticles, pulsatile pressure gradient, and magnetohydrodynamic effects on
flow properties. The Reynold stress term was then further modeled by the zero equa-
tion turbulence model. Numerical simulation for mean flow velocity was carried out
using the FTCS method. The findings from this chapter enhance our understanding
of turbulent flow in blocked arteries, indicating significant changes in velocity pro-
files and wall shear stresses due to the non-Newtonian properties of blood and the
presence of nanoparticles.
In Chapter 3, attention is directed towards laminar flow conditions within a 3D
stenotic artery that is modeled realistically. An obstructed part of an artery was
produced using AutoCAD software, and subsequently, the STL file was utilized by
OpenFOAM, which offers open-source packages for computational fluid dynamics
using C++ programming. First, a high-quality mesh of a stenotic arterial section us-
ing the blockMesh and snappyHexMesh utilities was generated. The computational
domain was decomposed into four subdomains to accelerate the simulation proce-
dure. The following stage involves utilizing the icoFoam solver to perform simula-
tions of laminar and incompressible flows. The simulations aimed to evaluate the
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impact of parabolic and constant inlet velocity profiles on momentum and pressure
distributions within the stenosed artery. Through a comprehensive analysis of ve-
locity and pressure changes at the narrowest point of the stenosis and throughout
the arterial section, important insights are gained into the physical phenomena that
occur during blood flow.
Hence, this research provides insights into narrow arteries’ velocity and temperature
distributions. These insights can lead to the development of more precise diagnostic
tools. Understanding the influence of various factors on blood flow can help in creat-
ing targeted diagnostic and monitoring technologies that can assess patient-specific
cardiovascular risks more effectively. Additionally, the study analyzes the impact of
nanoparticles in blood, which can pave the way for advanced treatment techniques.
These techniques include the targeted delivery of drugs to specific sites within the
vascular system.

Future research directions

• One potential next step is to finalize Case 1.7.2 from Chapter 1, which has yet
to be fully explored. It could provide insight into hybrid nanofluid dynam-
ics regarding cardiovascular applications by uncovering more intricate flow
behaviors under diverse conditions.

• In Chapter 3, a laminar case was presented for the Newtonian model, which
can be adapted for the non-Newtonian Casson model with further modifica-
tions. An effective enhancement can be achieved by analyzing the properties
of the flow. Additionally, turbulent analysis of blood flow can be conducted
while introducing nanoparticles to gain a better understanding of drug deliv-
ery in CFD.
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Appendix A

Fundamental Equations Of Fluid
Dynamics.

Fluid dynamics aims to accurately calculate the velocity field of a fluid and un-
derstand its complex motion, influenced by factors such as pressure, temperature,
and viscosity. Studying the velocity field helps researchers and engineers under-
stand fluid behavior to improve system efficiency. This relies on equations predict-
ing fluid velocity and pressure, considering boundary conditions like inlets, out-
lets, and walls. These complex equations have limited analytical solutions. Sim-
ple geometries, like the flow between two parallel plates or a circular pipe, have
straightforward solutions, but more complex geometries require sophisticated solu-
tions. Within this particular section, we aim to derive the essential equations that
are utilized to encapsulate the widely recognized principles of mechanics:

1. Conservation of mass (see A.1)

2. Conservation of momentum (see A.2)

The Eulerian approach for deriving the conservation of mass and momentum is
foundational in fluid dynamics. It involves observing the behavior of fluid proper-
ties at fixed points in space over time. By focusing on a control volume, the Eulerian
framework facilitates the analysis of fluid flow and the interactions of different fluid
elements within that volume, enabling precise predictions of fluid behavior under
various conditions. Fluids consist of individual molecules with different physical
properties like density and velocity at a microscopic level. However, when it comes
to fluid dynamics, the focus is on macroscopic phenomena, not on the molecular
level. Instead, fluid is treated as a continuum and viewed on a larger scale where
many molecules make up each "small" fluid element. To assign an average bulk
flow velocity V(x, t) to each element at point x, faster, fluctuating Brownian molec-
ular velocities are averaged. Similarly, a locally averaged density ρ(x, t) is defined,
and these quantities smoothly vary with x on the macroscopic scale of the flow.

A.1 Conservation of mass

To obtain the continuity equation, we begin by considering a compressible fluid
flowing through a tiny control volume with a length of ∆x, height of ∆z, and width of
∆y. The volume element allows for the movement of fluid in and out through mul-
tiple surfaces. For the sake of simplicity, we consider only a flow in the x-direction.
Within an infinitesimal time dt, a certain mass dmx(in) flows in, and dmx(out) flows
out of the control volume simultaneously. As the fluid enters the specified volume
element, it possesses a particular magnitude of velocity vx(in), so the distance it
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FIGURE A.1: Fluxes of mass that enter and exit an element.

travels in time dt is dxx(in) = vx(in) · dt. As a result, the volume enters the control
volume:

dVx(in) = ∆A · dxx(in) = ∆A · vx(in) · dt

If the density of the fluid flowing in the control volume is ρx(in) then inflow mass
will be:

dmx(in) = dvx(in) · ρx(in) = ∆A · ρx(in) · vx(in) · dt

The mass flow rate into the control volume depends only on density and velocity
per unit area. The mass flow rate specific to this area or mass flux (m∗

x(in)) which
indicates the mass flow in the flow direction per unit time and the unit area:

m∗
x(in) =

dmx(in)
∆A · dt

= ρx(in) · vx(in)

or
m∗ = ρ · v (A.1)

When dealing with compressible fluids, the density in a flow field typically varies
from point to point. For instance, if the fluid collects in the control volume being
studied, the density and the flow velocity at the outflow of the volume will be dif-
ferent from the inflow. However, we can still calculate the mass flux at both the
outflow and inflow using the same method (equation (A.1))

m∗
x(out) = ρx(out) · vx(out)

The rate of change of mass (m̆) in x-direction:

m̆ = m̆x(in)− m̆x(in) (A.2)
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m̆ = m̆∗
x(in) · ∆A − m̆∗

x(out) · ∆A

m̆ = m̆∗
x(in) · ∆y∆z − m̆∗

x(out) · ∆y∆z (A.3)

Now consider a control volume in a compressible flow. Within this volume, the mass
flow rate and the product of density and velocity along the x-axis undergo changes.
From these variations, we can establish a mass flow rate gradient along the x-axis
(dm̆∗

x)

dm̆∗
x =

∂(ρ · vx)

∂x
· dx (A.4)

Thus, the mass flux at the control volume’s outflow is determined as:

m̆∗
x(out) = m̆∗

x(in) + dm̆∗
x

or

m̆∗
x(out) = m̆∗

x(in) +
∂(ρ · vx)

∂x
· dx (A.5)

The equation for determining the temporal change of mass (m̆) using equation (A.2)
within the control volume is:

m̆ = m̆∗
x(in).dydz − m̆∗

x(out) · dydz

m̆ = m̆∗
x(in) · dydz −

(
m̆∗

x(in) +
∂(ρ · vx)

∂x
· dx

)
· dydz

m̆ =(((((((m̆∗
x(in) · dydz −(((((((m̆∗

x(in) · dydz − ∂(ρ · vx)

∂x
· dxdydz

m̆ = −∂(ρ · vx)

∂x
· dxdydz = −∂(ρ · vx)

∂x
· dv (A.6)

When the gradient is positive, the mass in the volume element experiences a de-
crease over time. This is because the outgoing mass flow is greater than the incom-
ing mass flow, and the negative sign serves as an indicator of this phenomenon. If
the mass within a volume changes over time, its density ρ changes too:

m̆ = −∂ρ

∂t
· dv (A.7)

Using equation (A.5) and equation (A.6), The gradient of the mass flux and resulting
temporal change of density at one point in the flow are related as follows:

∂ρ

∂t
·��dv = −∂(ρ.vx)

∂x
·��dv

∂ρ

∂t
= −∂(ρ · vx)

∂x
(A.8)
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Equation (A.9) is called continuity equation (in one dimension). Similarly, the conti-
nuity equation for three-dimensional flow is:

∂ρ

∂t
+ ∇⃗ · (ρv⃗) = 0. (A.9)

A.2 Conservation of momentum

In the realm of physics, the conservation of momentum is a fundamental and un-
shakable principle. It posits that if there are no external forces acting upon a closed
system, the total momentum remains constant. This law has far-reaching impli-
cations in the study of motion and helps us understand the behavior of objects in
motion. For this, we delve deeper into the nature of fluid elements and the various
forces that impact them.
For now, we will concentrate solely on the fluid’s movement in the x-direction. The
fluid element’s motion is determined by the pressure forces exerted on its front and
back surfaces, which can be likened to normal stresses and are denoted by the Greek
symbol (σ) in the subsequent text. The normal stresses on the front and back of a
fluid element differ due to pressure changes in the flow direction. Therefore, a pres-
sure gradient and a normal stress gradient (∂σx/∂x) are located at the considered
point x and the change in normal stress (σx) at point x along dx is (∂σx/∂x · dx).
Now the pressure-dependent normal forces acting at points x and dx on the fluid
volume element are:

Fx = σx · dAyz normal force at x

Fx+dx =
(
σx +

∂σx

∂x
dx

)
dAyz normal force at x + dx

The resulting normal force will be the difference of above normal forces as these
forces are acting in different directions on a volume element:

Fσx = Fx − Fx+dx

=�����σx · dAyz −����σxdAyz −
∂σx

∂x
dxdAyz

Fσx = −∂σx

∂x
dV The normal force resulting in the x-direction.

As fluid possesses high viscosity η, it undergoes shear forces or stresses that affect
its top and bottom surfaces in the x-direction and its lateral surfaces. In contrast to
normal stresses perpendicular to the surface, shear stresses run parallel. The shear
stress τij is determined using Newton’s law of friction. The normal direction to the
surfaces is denoted by i = (y, z) and the direction in which τij acts is denoted by
j = (x):

τij = τyx = η ·
∂vj

∂i

As the fluid element’s width (dy) changes, the velocity gradient (∂vx/∂y) also changes.
This means a different shear stress will be present at the position (y + dy). We can
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define a corresponding shear stress gradient (∂τyx/∂y) at this point, resulting in the
following shear stress at (y + dy):

τyx +
∂τyx

∂y
dy

In practical terms, a positive shear stress gradient means that, as per Newton’s law
of fluid friction, the velocity gradient increases in the y direction. This indicates
that the flow velocity at the location y + dy is greater than at the location y. When
observing the flow direction (positive x-direction), the fluid moves slower to the
right of the fluid element and faster to the left. On the right side, the fluid element
decelerates while on the left side, it accelerates due to the flow. This causes the shear
stress at point y to be directed in the negative x direction and at point y + dy in the
positive direction. The difference between these two shear stresses is the resulting
shear stress on the two lateral surfaces.

τyx f inal = Shear stress at y+dy − Shear stress at y

τyx f inal = τyx +
∂τyx

∂y
· dy − τyx

τyx f inal =
∂τyx

∂y
· dy.

Now, the force Fτyx acting on the lateral surface of the fluid element will be the
product of shear stress per unit area and area dAxz

Fτyx = τyx· f inal · dAxz

Fτyx =
∂τyx

∂y
· dy.dAxz

Fτyx =
∂τyx

∂y
· dV

Likewise, the perpendicular force exerted on the upper and lower regions of the
fluid component is applied in a comparable manner.

Fτzx =
∂τzx

∂z
· dV

In addition to normal and shear forces, the behavior of a fluid element is also influ-
enced by the force of gravity. It’s worth noting that the flow in the x-direction can
vary in angle and may not always be horizontal. In such situations, only the com-
ponent of the weight force Fgx that points in the x-direction is of significance. The
symbol gx is representative of the component of gravitational acceleration that acts
in the x-direction.

Fgx = dm · gx

When analyzing the behavior of fluids, it is important to consider the various forces
that may be acting on them. Weight force is a type of body force that affects the
entire fluid element, rather than just its surfaces. This means that it is exerted on
the "body" of the fluid, rather than on specific points. In addition to weight force,
there may be other types of body forces to take into account, such as electrical or
magnetic forces. By understanding the different forces that may be at play, we can
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gain a better understanding of how fluids behave in different situations. So the force
of weight acting on the fluid element in the x-direction is:

Fgx = ρgx · dV

The consequential force acting on a fluid element in the x-direction is the sum of
normal force Fσx, shear forces Fτyx and Fτzx , and body force Fgx :

Fx f inal = Fσx + Fτyx + Fτzx + Fgx

Fx f inal = −∂σx

∂x
· dV +

∂τyx

∂y
· dV +

∂τzx

∂z
· dV + ρgx · dV

It follows from Newton’s second law that this resultant force produces the accelera-
tion ax with dm = ρdV denotes the mass of fluid element:

ax =
Fx f inal

dm
=

Fx f inal

ρdV
=

��dV(− ∂σx
∂x +

∂τyx
∂y + ∂τzx

∂z + ρgx)

ρ��dV

ax =
− ∂σx

∂x +
∂τyx
∂y + ∂τzx

∂z + ρgx

ρ
(A.10)

The alteration in the velocity of a fluid element in the x-direction, referred to as
substantial acceleration ax, can be determined by two factors. Firstly, calculating the
change in velocity over time at a fixed location, known as local acceleration (∂vx/∂t).
Secondly, by taking into account the change in velocity resulting from the movement
of the fluid element itself, known as convective acceleration (∂vx/∂x.vx + ∂vx/∂y ·
vy + ∂vx/∂z · vz):

ax

Substantial Acceleration

=
∂vx

∂t

Local Acceleration

+
∂vx

∂x
· vx +

∂vx

∂y
· vy +

∂vx

∂z
· vz

Convective Acceleration

(A.11)
The relationship at hand for substantial, local, and convective acceleration can be
accurately characterized through the Euler equation. In the event that the equation
for significant acceleration (A.11) is incorporated into the aforementioned equation
(A.10), the resulting connection can be expressed as follows:(

∂vx

∂t
+

∂vx

∂x
· vx +

∂vx

∂y
· vy +

∂vx

∂z
· vz

)
ρ = −∂σx

∂x
+

∂τyx

∂y
+

∂τzx

∂z
+ ρgx (A.12)

When a fluid is in motion, its velocity and velocity gradient change along all di-
rections. Due to the fluid’s viscosity, the shear stress is influenced not only by the
velocity gradient in a certain direction but also by the velocity gradient perpendicu-
lar to it. It is a mathematical construct that accounts for the internal frictional forces
that arise within a fluid when it is subjected to deformation. This leads to the defor-
mation of the fluid element, where the shear forces cause inclined surfaces, which
in turn affect another spatial dimension. However, in fluids, the stresses that act in
additional spatial directions are not due to actual deformation but rather the shear
rate. To describe these stresses, including normal and shear stresses, acting on a fluid
element, the introduction of a viscous stress tensor is necessary. The tensor has nine
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components, each of which represents a different component of the stress.

τ =

τxx τxy τxz
τyx τyy τyz
τzx τzy τzz

 (A.13)

FIGURE A.2: The normal and Shear Stresses of viscous stress tensor

Assuming a Newtonian fluid is isotropic, where the fluid mechanical properties
are considered to be consistent in all directions, the components of the viscous stress
tensor τ can be determined as follows:

τ = η.



(
∂vx
∂x + ∂vx

∂x

) (
∂vx
∂y +

∂vy
∂x

) (
∂vx
∂z + ∂vz

∂x

)
(

∂vy
∂x + ∂vx

∂y

) (
∂vy
∂y +

∂vy
∂y

) (
∂vy
∂z + ∂vz

∂y

)
(

∂vz
∂x + ∂vx

∂z

) (
∂vz
∂y +

∂vy
∂z

) (
∂vz
∂z + ∂vz

∂z

)

 (A.14)

To determine the individual entries of the viscous stress tensor:

τij = η

(
∂vi

∂j
+

∂vj

∂i

)
(A.15)

In equation (A.12), the shear stresses are:

τyx = η

(
∂vy

∂x
+

∂vx

∂y

)
(A.16)

τzx = η

(
∂vz

∂x
+

∂vx

∂z

)
(A.17)

The normal stresses in equations (A.13) and (A.14), marked as red and are diagonal,
have both normal and effective directional forces in the same direction and are de-
noted as σ. It is worth noting that viscosity not only produces shear stresses but also
normal stresses. Subsequently, these normal stresses that arise from the viscosity of
a fluid are also designated with the symbol for viscosity η and using equation (A.15)

τxx = σηx, τyy = σηy, τzz = σηz,
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τxx = σηx = η

(
∂vx

∂x
+

∂vx

∂x

)
= 2η

∂vx

∂x
.

The viscous normal stress is a type of force that is exerted on a fluid element. This
force acts perpendicularly to the fluid element and is in addition to the static pres-
sure. Unlike the static pressure, which is directed towards the fluid element, the
viscous normal stress operates in the opposite direction, i.e., away from the fluid
element. This force is caused by the internal friction between fluid molecules. The
viscous normal stress can be thought of as a force that pulls the fluid element away
from the surface normal, and it is particularly relevant in the study of fluid mechan-
ics and fluid dynamics. So, the resulting normal stress will be:

σx = p − σηx = p − 2η
∂vx

∂x
. (A.18)

Now using equations (A.16), (A.17) and (A.18) in the right side of (A.12):

(
∂vx

∂t
+

∂vx

∂x
· vx +

∂vx

∂y
· vy +

∂vx

∂z
· vz

)
ρ = −∂σx

∂x
+

∂τyx

∂y
+

∂τzx

∂z
+ ρgx

= − ∂

∂x

(
p − 2η

∂vx

∂x

)
+ η

∂

∂y

(
∂vy

∂x
+

∂vx

∂y

)
+ η

∂

∂z

(
∂vz

∂x
+

∂vx

∂z

)
+ ρgx

= −∂p
∂x

+ 2η
∂2vx

∂x2 + η
∂

∂y

(
∂vy

∂x

)
+ η

∂2vx

∂y2 + η
∂

∂z

(
∂vz

∂x

)
+ η

∂2vx

∂z2 + ρgx

= −∂p
∂x

+ η
∂2vx

∂x2 + η
∂

∂x

(
∂vx

∂x

)
+ η

∂

∂y

(
∂vy

∂x

)
+ η

∂2vx

∂y2 + η
∂

∂z

(
∂vz

∂x

)
+ η

∂2vx

∂z2 + ρgx,

by rearranging:

= −∂p
∂x

+ η

(
∂2vx

∂x2 +
∂2vy

∂y2 +
∂2vz

∂z2

)
+ η

∂

∂x

(
∂vx

∂x

)
+ η

∂

∂x

(
∂vx

∂y

)
+ η

∂

∂x

(
∂vx

∂z

)
+ ρgx,

or

= −∂p
∂x

+ η

(
∂2vx

∂x2 +
∂2vy

∂y2 +
∂2vz

∂z2

)
+ η

∂

∂x�����������:0(
∂vx

∂x
+

∂vx

∂y
+

∂vx

∂z

)
+ ρgx,

The following equation serves to describe, in a precise and formal manner, the mo-
tion of an incompressible fluid as a continuum in the x-direction:(

∂vx

∂t
+

∂vx

∂x
.vx +

∂vx

∂y
.vy +

∂vx

∂z
.vz

)
ρ = −∂p

∂x
+ η

(
∂2vx

∂x2 +
∂2vy

∂y2 +
∂2vz

∂z2

)
+ ρgx,

(A.19)
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Analogous equations apply for motion in y- and z-directions.(
∂vy

∂t
+

∂vy

∂x
· vx +

∂vy

∂y
· vy +

∂vy

∂z
· vz

)
ρ = −∂p

∂y
+ η

(
∂2vy

∂x2 +
∂2vy

∂y2 +
∂2vy

∂z2

)
+ ρgy,

(A.20)

(
∂vz

∂t
+

∂vz

∂x
· vx +

∂vz

∂y
· vy +

∂vz

∂z
· vz

)
ρ = −∂p

∂z
+ η

(
∂2vz

∂x2 +
∂2vz

∂y2 +
∂2vz

∂z2

)
+ ρgz,

(A.21)

So the Navier-Stokes equation for the incompressible fluids is:

ρ

[
∂v⃗
∂t︸︷︷︸

Local
Acceleration

+ v⃗
(
v⃗ · ∇⃗

)︸ ︷︷ ︸
Convective

Acceleration

]
= − ∇⃗p︸︷︷︸

Pressure Force/
Normal Force

+ η
(
∇⃗2v⃗

)︸ ︷︷ ︸
Frictional Force/

Shear Force

+ ρg⃗︸︷︷︸
Weight Force/

Body Force

(A.22)

In cylindrical coordinates:(
∂vr

∂t
+

∂vr

∂r
vr +

∂vr

∂θ

vθ

r
−

v2
θ

r
+

∂vr

∂z
vz

)
ρ = −∂p

∂r
+ η

(
∂

∂r

(
1
r

∂(rvr)

∂r

)
+

1
r2

∂2vr

∂θ2 − 2
r2

∂vθ

∂θ
+

∂2vr

∂z2 + ρgr, (A.23)

(
∂vθ

∂t
+

∂vθ

∂r
vr +

∂vr

∂θ

vθ

r
+

vθvr

r
+

∂vθ

∂z
vz

)
ρ = −1

r
∂p
∂θ

+ η

(
∂

∂r

(
1
r

∂(rvθ)

∂r

)
+

1
r2

∂2vθ

∂θ2 +
2
r2

∂vr

∂θ
+

∂2vθ

∂z2 + ρgθ , (A.24)

(
∂vz

∂t
+

∂vz

∂r
vr +

∂vz

∂θ

vθ

r
+

∂vz

∂z
vz

)
ρ = −∂p

∂z
+ η

(
1
r

∂

∂r

(
r

∂(vz)

∂r

)
+

1
r2

∂2vz

∂θ2 +
∂2vz

∂z2 + ρgz, (A.25)
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