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1. Introduction

In this paper we study the following nonlinear elliptic problem driven by a degenerate p-Laplacian

—div(a(z)|Vul|P~2Vu) = Af(z,u) inQ,
(P)
u=0 on 0f).

The problem (P) is defined on a bounded domain Q@ C RY with Lipschitz boundary 9Q, N > 1,
1 < p < oo. The leading differential part of the equation in (P) is the differential operator A, ,(u) =
div(a(z)|Vu|P~2Vu), called degenerate p-Laplacian with a weight a € L}, ().

We assume that the weight a : Q — [0, +-00[ is a measurable function such that:
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DS
s+1
problem driven by p-Laplacian operator. In many boundary elliptic equations singularities or degenerations

and denote by ps = the exponent associated to s. We point out that if @ = 1 we get back to elliptic
can appear, they can be caused by introducing the coefficients into the terms of the equations. For instance
we can modify the p-Laplacian operator div(|Vu|P~2Vu) introducing a coefficient a obtain the differential
operator div(a(z)|Vu[P~2Vu). If the coefficient a satisfies a € L>(Q2), a(z) > ag > 0 a.e. in §, the associated
problem is studied in the classical Sobolev space W1P(Q), if these conditions are not satisfied because a
is unbounded or a is only positive a.e. in 2, singularities or degenerations arise in the problem. We can
study the associated problem using the weighed Sobolev space W1P(a, ). We refer to [6] (see also [11])
and references therein for an overview of the topic, in which also various examples of weights are given.

Recently, many authors have studied degenerated differential equations. In particular, in [7], using the
compactness of an imbedding for weighted Sobolev spaces, the authors study some weaker assumptions
to obtain the pseudo-monotonicity of nonlinear degenerate or singular operators. In [8] the authors study
a quasilinear homogeneous eigenvalue problem with degenerate p-Laplacian, whose weights are negative
powers of the distance from the boundary of the domain. In [12] the authors use a sub and supersolution
approach to obtain the existence and location of at least one solution for a problem with degenerate p-
Laplacian and convection term. In [14] the authors obtain existence of positive or compactly supported
radial ground states for a quasilinear singular elliptic equation with weights; the approach is based on the
Mountain Pass Theorem and the constrained minimization method. In [16], using a variational approach, the
authors prove the existence of solutions for a class of degenerate semilinear elliptic systems with measurable,
unbounded and nonnegative weights.

Degenerate and singular problems may be found in several applications, for instance, in the study of
behavior of turbulent fluid flows, in induction heating and in oceanography, in which many problems are
described in domains whose depth vanish on the shore ([1,9]) or in the electrical conductivity imaging ([13]).

The aim of this paper is to obtain existence and multiplicity results for problems driven by degenerate
p-Laplacian operator using variational methods and critical points theorem. In this respect the functional
setting is adapted to appropriate weighted Sobolev space, where the associated exponent ps plays a crucial
role. It is worth noting that our variational approach allows to obtain multiple solutions on the contrary of
other methods, such as the upper and lower solution or the fixed point methods, which can study only the
existence.

The paper is arranged as follows. Our main result (Theorem 3.4) ensures the existence of at least three
solutions under a sign hypothesis on the primitive of the nonlinearity and a suitable algebraic condition
(see assumption (ii)). As a special case, we obtain Theorem 3.5 where the algebraic condition is replaced
by a (p — 1)-sublinear condition at zero. Finally, the existence of at least three nonnegative solutions for an
autonomous case is pointed out (see Theorem 3.7) and an example is presented.

2. Prelimiaries

In this section we introduce the weighted Sobolev space that we use throughout the paper and we present
some of their properties. We assume that p > 1 and denote by p’ = p%l the conjugate exponent of p.

The weighted Sobolev space is defined as

WhP(a,Q) = {u € LP(Q) : ar|Vu| € LP(Q)},

endowed with the following norm

S

[ull1,p,a = / lulPdz + / a(z)|VulPdz | . 2)

Q Q
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Taking (1) into account one has a 71 e L () (see [12]), then WP (a,) is a uniformly convex (hence
reflexive) Banach space and C5°(9) is a subset. We denote by W, ?(a, Q) the closure of C§°(€2) with respect
to the norm || - ||1,p,q-

On Wy*(a, Q) we consider the following norm

T =

Jull = | [ at)vurds

Q

which is equivalent to (2).
From (1) the following embedding is continuous

Wy (a,Q) < W, ().

Moreover, using Holder’s inequality we obtain

/|Vu|p5dx:/a_p?sa%i|Vu Psdx
Q Q
%)i 541»1
< /a|Vu|pdx /a_sdm for all u € W, (a, ).
Q Q
So, we have
llyyve 0y < lla™* 173 gy llull ~ for all u € Wy (a, ). (3)

Where |[-[| ;1 (g is the usual norm in LY(Q).

We assume that 1 < p; < N and consider the critical exponent p} = ﬁi]z -. Then the Sobolev embedding

theorem ensures that the embedding W, *(a, ) — LI(f) is continuous for 1 < ¢ < p* and by Rellich-
Kondrochow compact embedding theorem the embedding WO1 P(a,Q) — L1(Q) is compact for 1 < ¢ < p.
It is known that, for every u € WO1 P+ (Q2) there exists a constant 7' € R such that

||UHLP§(Q) < T”“HWOL“(Q)’ (4)

where T is the constant determined by Talenti (see [15])

I is the Euler function.
Form (3) and (4) and Hoélder’s inequality, we obtain

P

i-a
PR ], (5)

1
lull oy < Tlha 173 I

for every 1 < ¢ < p* and u € Wol’p(a,Q). We observe that, since s > %, we have p < p% so the (5) also
holds for ¢ = p.
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By (Wol’p(a, Q)) we denote the topological dual space of Wol’p(a, Q) and by (-,-) the duality brancket.

The negative degenerate p-Laplacian, with weight a € L}OC(Q) such that (1) holds, is the operator A =
—Aap: WoP(a,Q) — (WyP(a,Q))* defined by

(A(u), v) = / o(2)[VulP 2V - Voda. (6)
Q

Important properties of negative degenerate p-Laplacian are listed in the next proposition and for the proof
we refer to [12].

Proposition 2.1. The operator A : Wy (a,Q) — (W, (a,Q))* defined by (6) is a coercive operator, that is

1) 400 Mﬁij)“’w = 400, and it has the Sy property i.e. any sequence {u,} C W&’p(a,Q) that satisfies

Uy, — u in Wy'P(a,Q) and lim SUDPy, s 4 o0 (A(Un), un, — u) <0 is strongly convergent.
Finally, we recall a three critical points theorem obtained in [3] (see also [2]).
Theorem 2.2. Let X be a real Banach space and let @, ¥ : X — R be two continuously Gateaux differentiable

functionals with ® bounded below. Assume ®(0) = ¥(0) = 0. Assume that there are r € R and @ € X, with
®(@) > r, such that

su U (u) (a

ueP—1(]—o0,r]) U
7
r < d(a)’ (™)

and, for each
O(a) r
AeEA=
< V@)’ sop W’

u€P—1(]—o0,r])

the functional Ix = ® — AV is bounded from below and satisfies the (PS)-condition.
Then, for each XA € A, the functional Iy admits at least three critical points.

3. Main results

Throughout the sequel, we assume that the nonlinearity f : 2 x R — R is a Carathéodory function i.e.
f(-,t) is measurable for every t € R, f(z,-) is continuous for almost every x € Q and satisfies the subcritical
growth condition:

(H) There exist two nonnegative constants a1, as and 8 € [1,p| such that

|f(x,t)] < ay +axlt]’~! forall (z,t) € Q x R.

t
Put F(x,t) = /f(x,f)df for all (z,t) € 2 x R.
0

From (H) follows

|F(z,8)] < ar]t] + %W for every (z,t) € Q x R. (8)
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We consider the C'-functionals ®, U : Wol’p(a, Q) — R, defined by
Lo
B(u) = Sl )

and

W(u) = / Pz, u(z))dz, (10)

Q

for all u € Wy (a,Q).
The Géteaux derivative of the functional ® at point u € Wy?(a, Q) is given by

(@' (u),v) = /a(m)|Vu(ac)\p_2Vu(x) - Vo(z)dz,

Q

and it is the negative degenerated p-Laplacian operator i.e.

(®'(u),v) = (A(u),v)

for every v € Wy (a, Q).
The Gateaux derivative of the functional ¥ at point u € VVO1 P(a,Q) is given by

v) :/f(alc,u(:L“))v(:r)dx7
Q

for every v € Wy (a, Q).
Lemma 3.1. If {u,} € W, " (a,Q) such that u, — u and hypothesis (H) holds, up a subsequence one has

lim (V' (uy), un —u) = 0.

n—-+oo

Proof. Hypothesis (H), Holder’s inequality and the compact embedding theorem enable us to assert that

\/f(x,un)(un w)dz| < ay|u, — ullL1Q) + a2||un\|LB Q)||un ull sy — Oforn — 0. O
Lemma 3.2. The functional U : WyP(a,Q) — R, is sequentially weakly continuous in Wy (a,Q) and its
Gateaux derivative is compact.
Proof. We observe that

W (0, 2) (W7 (a,9))

is compact because it is the composition of the mapping u — f(z,u), takmg value in L?’ () (which is
continuous and bounded by hypothesis (H)) and the linear embedding L?' (Q) (W (a, ))* which is
compact, because it is the adjoint of the compact embedding Wy ?(a, Q) < LP(Q2)).

Finally, since VVO1 P(a,Q) is reflexive, ¥ is sequentially weakly continuous (see [17, Corollary 41.9]). O
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We recall that a weak solution of problem (P) is a function u € W, *(a,2) such that

/ a(2)| V(@) P> Vu(z) - Vo(e)de = A / o, ula))o()da,

Q

for every v € Wy (a, Q).
We observe that, under hypothesis (H) the integral in the right side of weak definition of solution exists.
Put Iy = ® — AV we can observe that the critical points of I are the weak solutions of (P).

Remark 3.3. Since @ is continuous and convex on VVO1 P(a, ), then @ is sequentially weakly lower semicon-
tinuous (see [5, Remark 6]) then, taking into account of Lemma 3.2, we obtain that I is sequentially weakly
lower semicontinuous for every A > 0.

Put

R := sup dist(x, 00), (11)
zeQ

we observe that there is xg € Q such that the N-dimensional ball of radius R, denoted by B(zo, R), is
contained in 2.
Put

B:= B(xo, R)\ B <x0,§> ,
and

1
_ 207 Ha’sllil(g)

k=———"—"a , 12
P lall 11 (s, (12)

where || denotes the measure of Lebesgue of €.
Now, we present our main result.

Theorem 3.4. Assume that (H) holds and that there are two positive constants ¢ and d, with ¢ < ff%d, such
that

(i) F(z,t) >0, for all a.e. x € B (xo, R) and for every t € [0,d].
(i)

fB(%’%) F(z,d)dz

1-p, 92 gp
aic + —c
! K|Q|dP ’

where a1, as, B and k are given by (H) and (12), respectively.

27 |lall 1 () @° 1
RP F(xz,d)dx’
PR [ (0, 1) (@)

Then, for each A € A = , problem (P)

z0

1 pi_p 1 a
PTP[la=%| 21 o I 72 (arct—» + ECB*P)

has at least three weak solutions.

Proof. Our aim is to apply Theorem 2.2. To this end put ® and ¥ as in (9) and (10). The functionals ®

and W satisfy all regularity assumptions requested in Theorem 2.2. On the other hand, ilnf D(u) =
uEWy P (a,Q)
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®(0) = ¥(0) = 0. So, our aim is to verify condition (7) of Theorem 2.2. Fix A € A, from (ii) we observe that

one has A # (.
Define
0 if x € Q\ B(zo, R),
- 2d
a(z) = E(Rf|zfxg\) if x € B,
d if v € B (z0,%).

Clearly, @ € Wy?(a,Q) and taking into account (12) we have

1 (2d\" 2|l Ly )
(b ) = — —_ d = 7dp. ]_
(a) » (R) B/a(x) x DR (13)

On the other hand, from (i) one has
U (@) > / F (z,d)dz,
B(z0,%)
and hence, we obtain

/ F (z,d)dx

U (a) N pRP  B(z0.%)
o(a) — 27[al (s dp

[~q}

0 P
Put r = % (Lc) . From ¢ < k7d one has ®(a) > r; from (5) and (8) we obtain

Tlla=*1175 o,

s B pi—8 P
Wil = flull”. (15)

W(u) < arflull o) + 2 IIUHLB(Q) <aTla?|]

Q)|Q

as
B
Taking (9) into account, for all u € W 1P (a,€) such that u € &1 (]—o0, r]), one has that ||u| < (pr)% nd

o7 (|=o0,1]) € {u € WP (a, ) : [lull < (pr)? | (16)

Then, for each u € ®~! (]—o0,r]) and owing to (15) and (16), we have that

sup U(u) sup U(u)
ue®~1(]—o0,r]) [ull <(pr)®
r - r
-5 Bil,,—s B B
sup (a5 42175l + 277 005 )
1
lull<(pr)®
o r
< arTlla~*||33 |Q| et 4 BTﬁHa z
1 1-p B=p
1 T?lla™"l 11 (q T ay (Tla o ’
= pT?||a™" ap Q L*L( ) T EQ 7“2 > ( )pr
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1 Pi-p
=pTPla™"|| 31 (0| 73 (alcl—p 4 %Cﬂ—p) ,

that is

sup U (u
ueP—1(]—o0,r])

sy Pz P _p Q2 g
P S||'s ¥ 1-p B—p
. < pT?|a \|L1(Q)|$2| v (alc + 3 c ) . (17)

Therefore, from (ii), (14) and (17) we obtain condition (7) of Theorem 2.2.
From (15) follows that, for each u € W,*(a,Q), one has

ph—1
P

1
zi(sz)|9| 5ol +

az

B

pi—8
=
s

B
T%a™ ]| i |2 7

- .
Bu) = 8(0) = A0(w) 2 Tul? A (T ). a9

If 8 € [1,p[ from (18) we have limjj,|— o0 IF\T(T\L) = 400 for every A > 0. If 8 = p, condition (18) becomes

1 pr—1

) al? = xar Tl g 01

pi—p
5

1 _syt -
I(w) = w) = \¥(w) = (1—Aa2Tp||a 172 (102 ¥ ],

that implies lim)j, | 400 I\AIT(TI) = +00 being

1
A< <

1 P:—:p as\ — 1
pTP|la=* 21(9)|Q| 3 (alcl_p—i—?) ang||a—S||£1(Q)|Q\

—_

pi—p "’
Y

Then, fix A € A, I, is coercive. Since Iy is sequentially weakly lower semicontinuous (see Remark 3.3) and
coercive, it follows that I is bounded from below. Now, we are going to prove that I, satisfies the (PS)-
condition. Consider a sequence {u,} C Wy (a,Q) such that {I(u,)}nen is bounded, and {I}(un)}nen
converges to 0 in (VVol’p(a7 Q)) *. Since I is coercive, the sequence {u,} is bounded. Then, since VVol’p(a7 Q)
is a reflexive Banach space, up to a subsequence, we have that u,, — u. Hence

<¢)/(un)7 Up — u> = <Is\(un)’ Un — u> + /\<\I//(un)v Un — u>7
and, taking into account of Lemma 3.2, we have

lim sup(®’ (uy, ), u, — u) < 0.

n—oo

By the S, -property of ® in W, (a, Q) (see Proposition 2.1) we have that u, — u in W, *(a, ). Hence I
fulfills (P.S)-condition.
. o c . A M r
All assumptions of Theorem 2.2 are verified, then for each A € A C T(7) ST T(w) problem
u€P~1(]—o0,r])

(P) admits at least three weak solutions and the proof is complete. O

A result of multiplicity solutions of problem (P) is obtained, assuming that the nonlinearity is (p — 1)-
sublinear at zero.

Theorem 3.5. Let f: @ X R — R be a Carathéodory function, satisfying (H) with 1 < 8 < p and assume
that there is a positive constant d, such that F(x,t) > 0, for a.e. x € B (xo, R) and for every t € [0,d] and
fB(xO ny F(z,d)dz > 0, moreover

'
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flz, 1)

50 [t

=0 uniformly a.e. in ) (19)

where xg and R are given by (11).
2"lall 150"

Then, for every A > TR fB(IO,g) Flad)de

, problem (P) admits at least three weak solutions.

Proof. Arguing as [10, Lemma 3.3] and [4, Theorem 3.3] we obtain that assumption (19) ensures that

sup U(u)
liy “€2td=cor))

r—0+ r

—0. (20)

2"lall 1) d"

~ p . N
Let @ € Wy (a, ) be as in Theorem 3.4, then (14) holds. For each X\ > T ) PO

from (20) there

exists 7 € ]0, ®(@)[ small enough such that

sup U(u)
u€®~1(]—o00,7])

r

27 ||l 1 ) AP W(a)

<

>l =

Then, condition (7) of Theorem 2.2 is satisfied.
Moreover, in the proof of Theorem 3.4 we have already showed that, when 1 < g < p, the functional Iy

is coercive, bounded from below and satisfies the (PS)-condition for each A > 0.
2Plall 1y d”
PR [ 5) F @)

Since of all assumptions of Theorem 2.2 are verified, for each A\ > , problem (P)

admits at least three weak solutions. 0O

Remark 3.6. We observe that assumption (19) implies that zero function is a solution of the problem (P).
Therefore, Theorem 3.5 ensures, in particular, that problem (P) admits at least two distinct non-zero weak
solutions.

We point out an autonomous case and we assume that the nonlinear term has a (p — 1)-sublinear growth
at zero and at infinity. We consider the following problem

—div(a(z)|Vu|P~2Vu) = Af(u) inQ,

on 01,

<
I
o

and put F(t) = fg f(s)ds.

Theorem 3.7. Let f : R — R be a continuous function such that f(t) > 0 for every t € [0, 4+o0[, with f # 0.
Moreover, we suppose that

f(t)
= 21
|t —+oo [t[P1 O )
and
O
P q P
Put A = 2ol pe &gy S gy,

pR?|B(z0,5)| d>0{ F(d)
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Then, for every A > \*, the problem (Py) admits at least three nonnegative weak solutions.

p
Proof. From (21) and (22) one has {%

QPHGHLI(B) dp
pRP|B(zo,2)| F(d) ’
We claim that I is coercive for every A > 0. We observe that from (21) we obtain

: F(d) > 0} # 0. Fix a positive number A > \*. So, there is

d > 0 such that \ >

F(t
im ®) =0. (23)
[t|>+oo |E|P
1 .
Indeed, fix 0 < e < ——; from (23) there exists ¢ > 0 such that

1 Ps—P
pATp|\a*5||£1(Q)IQI s
F(t) <e€lt|’ + e,

for each t € R.
Then, from (5)

1 pi_P
L@ 7 lull? + €], (24)

W(u) = /F(u)dw < /(e|t|p T ) do = € [ullfy g + €l < T7]la~*
Q Q

then

P:

—-P
P [lull” = Acl]

—_

In(u) = (u) = AW (u) > —[|ul]” = AT [la™"[| 7, (q) €

=

p

1 Py —
> |5 AT 905l = el
This leads to the coercivity of I. Moreover, I is bounded from below, owing to the fact that it is coercive
and sequentially weakly lower semicontinuous (see Remark 3.3). Finally, as we have just shown in the proof
of Theorem 3.4, I, satisfies the (P.S)-condition. Arguing as in the proof of Theorem 3.5, we prove that
condition (7) of Theorem 2.2 holds.

All assumptions of Theorem 2.2 are verified, then, for each A > A\*, problem (P;) admits at least three
weak solutions.

We observe that by condition (22), the function w = 0 is solution of (F;).

We claim that the others weak solutions are nonnegative. We use a classical truncation argument, put

f(0), if t<o,
fr) = (25)
f@), if t>o0.

We can apply the Theorem 3.5 to the function f¥+, then the following problem
—div(a(z)|Vu|P~2Vu) = A\fT(u) in Q,
(P)
u=0 on 012,
admits at least three weak solutions for every A > A\* and two of them are nonnegative since fT is

nonnegative as standard arguments prove. So the solutions of problem (P;") are also solutions of problem
(P). The proof is finished. O
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Now, we present an example in which our results can be applied.

Example 3.8. Put N =3, p=2, Q = B(0,1) and
a(z,y,2) = V/a? +y? + 22

; p: = 3 and then a=* € L*(Q). Indeed

la™ |10 ///!a |dxdydz—/// (2% +y® + 2% dady = 4r.

B(0,1)

Fix s = 3, then ps =

Moreover, fix

then

2% .11

22.3(2% —1
HaHLl(B):///M(Jf,y,dldxdydz:// / Va2 +y? + 22dadydz = 3@ -1,
B

B(0,)\B(0,3)

Let f: R — R be the following function

2 +1
e
‘We observe that
lim f(t) = lim & =0,
150 tP—1  to+oo tP—1
d d N2
F(d) = /f(t)dt = / %dt =e 4 (—d" — 4d® — 13d* — 26d — 26) + 26,
e
0 0

and

32(2? )| inf v _ inf @’ <e
2% .11 d>0 F(d) d>0e 9 (—d* — 4d3 — 13d? — 26d — 26) + 26

Then, owing to Theorem 3.7, the problem

Du
—div({/2? + y2 + 22 Vu) = A (u +‘u|) in Q,

u=0 on 012,

admits at least three nonnegative weak solutions for all A > e.

11
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