
ABSTRACT: In this study an innovative passive control strategy, referred to as New Tuned Mass Damper Inerter (New TMDI), 
coupled with a base isolation system (BI), is presented with the aim of reducing displacements in base isolated structures subject 
to seismic actions.
The proposed New TMDI employs the synergetic benefits of a recently developed non-traditional Tuned Mass Damper (known 
as New TMD) and an inerter device to achieve higher control performances in isolated structures. Specifically, the New TMD is
a secondary mass system connected to the BI system by a spring and to the ground by a dashpot. In addition, in the New TMDI 
configuration, the inerter device is placed in parallel with the damper.
The New TMDI optimal parameters are determined by performing a simplified approach which provides simple closed-form 
formulae as a quick tool to design the examined device. The reliability of the proposed approach is assessed by a comparison with
a more accurate and computationally complex numerical optimization procedure. Further, the performance of a base-isolated 
multi-degree-of-freedom structure equipped with a New TMDI is investigated taking into account different recorded ground 
motions as base excitation. Results from time history analyses assess the mitigation effect due to the optimal New TMDI on the 
response of base-isolated structures, also in comparison with those of a conventional Tuned Mass Damper Inerter (TMDI). On 
this base, the proposed New TMDI might be considered as preventive conservation strategy for applications also in historic 
buildings, where general constraints require limited space for the base displacements.
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1 INTRODUCTION
Nowadays, seismic base-isolation [1] is one of the most 
effective and widely used seismic protection technique to 
mitigate damage in buildings, bridges, industrial facilities and, 
in general, relatively stiffness structures, prone to the 
earthquake excitation [2] [3]. Base-isolation system introduces 
a layer of low lateral stiffness between the structure and the 
foundation, this leads to a decoupling of the building structure 
from the ground motion so the superstructure essentially 
behaves as a rigid body. In this manner, the majority of the 
displacement occurs within the base isolation sub-system, 
while displacements and accelerations of the main structure 
are greatly reduced. This effect is possible thanks to the so-
called isolators that are devices supplied concurrently by low
lateral and high vertical stiffness. On this base, recent studies 
concerning smart structure strategies have been dedicated also 
to the development of innovative materials for the 
manufacturing of novel seismic isolation devices [4].

The effectiveness of base-isolation in reducing structural 
forces is closely tied to the lengthening of the natural period of 
the structure. It is shifted to the velocity-sensitive region of the 
spectrum with a much smaller pseudo-acceleration. On the 
other hand, the deformation increases but this deformation is 
concentrated in the isolation sub-system and it leads to only a 
small deformation in the structure [5]. Isolation systems can
also be used as a retrofit approach for existing buildings that 
are brittle and weak: for instance, unreinforced masonry 
buildings or reinforced concrete buildings of early design, not 

including the type of detailing of the reinforcement necessary 
to ensure ductile performance. It is therefore an attractive 
seismic improvement technique for monumental buildings of 
historical or architectural merit whose aspect and character 
should be preserved [6].

Although these beneficial features have led to base isolation 
strategies being extensively employed, some detrimental 
effects have to be taken into account. Specifically, laminated 
rubber bearings are prone to undergo large and undesirable 
displacements due to their limited lateral stiffness [1]. This 
could be a problem in case of densely populated urban areas, in
fact, adjacent buildings could be structurally compromised if 
the controlled system presents significant displacements. In this 
regard, one possibility for the reduction of this undesirable 
displacement demand could be the implementation of damped 
isolators, even providing additional damping, for instance,
resorting to external dampers. It is worth noting, however, that 
this approach leads to an increase of inter-storey drifts of the 
main structure which means a thwarting of the beneficial effect 
of the base-isolation in converting the superstructure behaviour 
as that of a rigid body [7].

Therefore, research efforts in the area of smart structural 
technologies have been also focused in developing a possible
technology to enhance the dynamic performance of isolated
structures considering a combined control mechanisms that 
avoid the use of active control systems which may cause 
undesirable effects [8].

As an alternative and effective strategy, some researchers 
began to consider using passive vibration control devices for 
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the seismic response reduction of base-isolated structures. In 
this respect, the majority of these studies have analysed the 
control performances of an hybrid control strategy in which a
classical Tuned Mass Damper (TMD) is attached to the base 
isolation sub-system [9] [10]. TMD is a simple device 
consisting of a damped spring-mass system attached to a 
vibrating main system to mitigate any undesirable vibrations. 
By connecting this auxiliary mass to the base-isolation 
subsystem it is possible to obtain better control performance 
than providing supplemental damping to the isolation layer [11]
[12]. In addition, the application of the TMD does not alter 
base-isolation benefits in terms of inter-storey displacement 
since the small inter-storey drifts typical of base-isolated 
structures are preserved. Finally, this device allows the
displacement demand of the base-isolation sub-system to be
reduced [13].

On the other hand, TMD is more effective at reducing the
structural response for low damping. In addition, traditional 
TMD requires large masses to be effective and would need a 
large stroke to mitigate the structural responses in resonance 
circumstances, hence large spaces should be designed to 
accommodate the device. To overcome this possible drawback, 
some variants of TMDs have been proposed. In this regard, a 
novel configuration in which a so-called inerter [14] is in 
conjunction with the TMD has been recently proposed in order 
to enhance the effectiveness of the TMD without 
simultaneously amplifying the relevant mass ratio. The inerter
is a mechanical device that ideally produces a force
proportional to the relative acceleration between its two 
terminals.

Several kind of inerters have been proposed [15] [16] [17]
but in essence they act as an apparent mass (also called 
inertance) that can be orders of magnitude higher than its 
physical mass. When the inerter is placed in parallel with the 
spring and the damper of a classical TMD, it consists of a
hybrid device generally referred to as Tuned Mass Damper 
Inerter (TMDI). Another possibility, to enhance the 
performance of a TMD attached to the base-isolation sub-
system, could be an innovative non-conventional form of the 
TMD, referred to as “non-traditional TMD” or New TMD [18].
In this case a spring is placed between the TMD mass and the 
basement, while the damper is located between the ground and 
the TMD mass rather than in parallel with the spring (like in the 
classical TMD).

In this regard, comparison with traditional TMD controlled 
based isolated structure has proved the improved control
performance of the non-traditional design, for different types 
of earthquake excitations, especially in terms of TMD stroke 
[18]. Inspired by the successful outcomes deriving from the 
integration of an inerter element in a traditional TMD and from 
the attractive possibility to further reduce the auxiliary mass 
displacement by considering the non-traditional configuration, 
in this paper innovative structure strategies comprising non-
traditional design of the TMDI, hereinafter referred to as New 
TMDI, is proposed to reduce in a more efficient way the 
displacement demand at the isolation floor of isolated 
buildings. Consider the proposed layout as New TMD 
connected with an inerter device installed in parallel with the 
damper, both located between the TMD mass and the ground. 
Adopting this non-traditional TMDI, it could be possible to 

solve issues related to the proximity between historic buildings 
mentioned so far, offering higher control performance over an 
ordinary design. In this regard, in this paper, after the 
introduction of the analytical model of the New TMDI system 
an optimum design method is proposed. Specifically, this 
method has been performed by means of a recently developed 
procedure [19] [20], here extended to the case of the New 
TMDI attached to the base of an isolated structure subjected to 
a Gaussian white noise process. Finally, to show the validity of 
the proposed procedure and the efficiency of the New TMDI 
coupled with base-isolation sub-system, numerical simulations 
are carried out on a 5-storey building subjected to recorded 
ground excitations.

2 PROBLEM FORMULATION
Consider a base isolated (BI) structure shown in Figure 1
subjected to a horizontal ground acceleration xg(t) . Let the 
main structure have n degrees of freedom (DOF); thus, the 
whole BI system has n+1 DOF. Denote as mb, Kb, Cb,
respectively the mass, the stiffness and damping coefficient of 
the base isolation sub-system, assumed to behave linearly.
Further, let Mi be the mass associated to the ith degree of 
freedom of the n-DOF main structure (i = 1,…,n), whereas Cij
and Kij are the generic elements of the corresponding damping 
and stiffness matrices. 

Figure 1. MDOF base isolated shear-type frame

In this way, the total mass of the system can be formulated as 
Mtot=mb+ Mi

n
i=1 . The structural response of the BI structure 

is finally given by the system of n+1 equation of Equation 1.
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where (i=1,…,n), xb(t) is the displacement of the base isolation 
sub-system relative to the ground, xi(t) is the displacement of 
the i-th DOF of the main structure relative to xb(t), as shown in 
Figure 1, and a dot over a variable stands for derivation with 
respect to time.

Figure 2 shows the differences between the traditional 
TMDI (Figure 2 (a)) and non-traditional TMDI (Figure 2 (b)),
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attached to the degree of freedom of the base isolation sub-
system, where md, kd, cd, denote the mass, the stiffness and the 
damping of the considered device, respectively, and b the 
inertance. 

As can be seen, the only difference is that the damper of the 
New TMDI is not connected to the base isolation sub-system 
but directly to the ground, while the inerter is connected, in both 
cases, to the moving mass of the device on one terminal and to 
the ground on the opposite one. In this way, the force generated 
by the inerter device is directly proportional to the relative 
acceleration of the device and to the inertance parameter b.

(a)

(b)

Figure 2. Base isolated structures: a) MDOF base-isolated 
TMDI-controlled shear-type frame; b) MDOF base-isolated 

New TMDI- controlled shear-type frame.

The equations of motion which govern the behaviour of a base 
isolated system controlled by the traditional TMDI and of a 
base isolated system controlled  by the New TMDI are given in 
Equation 2 and Equation 3, respectively,
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where xd(t) is the displacement of the considered device relative 
to the base. Note that if the parameter b is set equal to zero in
Equation 2 and Equation 3, the conventional cases of the 
BI+TMD and BI+New TMD are obtained, respectively.
Clearly, Equation 1 and Equation 3 greatly simplify if an SDOF 
main structure is considered. In this regard, Equation 1 for the 
BI structure can be rewritten as
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where μb=M1/Mtot, ωb=(kb/Mtot)1/2, and ζb=Cb/(2ωbMtot) are the 
mass ratio, natural frequency and damping ratio of the base 
isolation sub-system, respectively. Further, ω1=(K1/M1)1/2 and 
ζ1=C1/(2ω1M1) are the natural frequency and damping ratio of 
the SDOF main structure. Analogously, focusing on the 
BI+New TMDI system with a SDOF main structure (Figure 3
(a) ), Equation 3 is particularized as
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where β=b/Mtot is the inertance ratio, μd=md/Mtot the New 
TMDI mass ratio, while ωd=[kd/(md+b)]1/2 and 
ζd=cd/[2ωd(md+b)] are the natural frequency and damping ratio 
of the New TMDI, respectively.

Although to derive the so far mentioned equation, a specific 
type of inerter has not been considered, from a practical 
standpoint, the current trend emerging from the literature 
suggests the use of ball screw inerters, which might be arranged 
on a par with dampers connected to the base isolation system
[21]. It is worth stressing some technical issues could arise 
since stand-alone inerter devices, due to geometric limitations 
and alignment requirements, would be very difficult to design.
To tackle this kind of drawback, a configuration based on the 
use of V braces as extenders or frames [22], to transfer the 
displacement and acceleration of the TMD mass to the end 
terminal of the inerter, both allocated in the basement, might 
represent a possible solution.

3 OPTIMAL DESIGN PARAMETERS OF NEW TMDI 
SYSTEM

As can be seen in Equation 5, the New TMDI is characterized 
by the following parameters: the inertance ratio β, the mass 

..

..



ratio μd, the natural frequency ωd, and the damping ratio ζd.
Clearly, the achievement of the best TMDI system
performances in controlling base-isolation displacements 
would require these four parameters to be conveniently chosen.

However, taking into account that and μd are usually 
determined on the basis of structural constraints, only ζd and 
ωd, or better to say the frequency ratio ν=ωd/ωb, are required to 
be appropriately determined through an optimization 
procedure.

In this regard, since the system is assumed to be subjected 
to a zero-mean stationary Gaussian white noise process due to 
the intrinsic random nature of the seismic excitation. The white 
noise process is characterized by the one-sided Power Spectral 
Density (PSD) G0 and this allows the optimal parameters to be 
found by minimizing the steady-state displacement response 
variance of the base isolation sub-system 2

bX expressed as

22
0

0
bX bH G d (6)

where b b gH X X denotes the base isolation sub-
system displacement transfer function. Specifically, Fourier 
transforming the system in Equation 5, followed by some 
algebra, yields
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Considering the complexity of solving the integral involved in 
Equation 6, the evaluation of the optimal parameters (ν, ζd)
would require a rather cumbersome numerical optimization 
procedure, which should be implemented for each specific 
values of the input parameters to minimize the response 
variance 2

bX .

Figure 3. Simplified models: a) A SDOF base-isolated New 
TMDI-controlled shear-type frame; b) Base isolated rigid 

structure equipped with New TMDI.

On the other hand, further simplification can be achieved 
considering that in base-isolated buildings the main structure 

essentially behaves like a single rigid body [18] [23], and the 
base isolation sub-system displacements can be order of 
magnitude higher than those of the main structure. Thus, it is 
feasible to simplify the system in Equation 5, assuming that the 
entire base isolated structure can be modelled as an SDOF 
system, as shown in Figure 3. Hence, the original system in 
Equation 5 can be recast as
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where capital letters are used since g tX gX g is a white noise 
process and hence the structural responses are also stochastic 
processes. Following the approach in [19] and [20], the base 
isolation sub-system response displacement variance of the 
simplified system in Equation 9 can be given in the form
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where 
bXz is a function of both the design parameters ν and ζd,

and can be defined as 
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In this regard, taking into account Equation (11) and Equation 
(12), the optimal values of ν and ζd that minimize 2

bX can be 
equivalently obtained from the minimum of the function 

, 1
bd Xz which does not depend on 0G and on the

natural frequency of the base isolation sub-system b .
Therefore, an explicit expression for the minimum of 

,d could be determined considering that the derivatives 
of this function with respect to the design parameters must be 
equal to zero.

However, a more wieldy procedure consists in minimizing 
,d by using well-known numerical minimization

algorithms already implemented in most commercial software 
(for instance FindMinimum in Mathematica or fminsearch in 
MATLAB environment) allows to achieve these 
computationally complex expressions. In this manner, the 
optimal design parameter values νopt and ζd,opt can be directly 
found. As can be seen in Equation 11 and Equation 12, the 
function 

bXz depends also on the damping ratio of the base 
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isolation sub-system ζb. Hence, the proposed optimization 
procedure can take into account also the effect of this 
parameter, and the corresponding optimal values νopt and ζd,opt
must be found numerically.

However, approximate solutions of the optimal parameters
can been achieved by considering ζb tending to zero, as it 
usually happens in optimization procedures for passive 
vibration control systems [24]. Moreover, as suggested in [18],
further simplification can be obtained assuming that for base-
isolated structures the stiffness of the attached New TMDI 
could be set approximately equal to the stiffness of base 
isolation bearings; thus, the approximate optimal frequency 
ratio can be given as

1
2

opt dopt dopt
(13)

Therefore, using the just proposed equation, the minimum of 
the function ,d yields an analytical approximate optimal 
solution of the optimal damping ratio of the New TMDI
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Clearly, in this manner optimal design parameters can be easily 
evaluated.

4 ANALYSIS OF THE CONTROL PERFORMANCE
The previous optimal design procedure uses, for sake of 
simplicity, a stationary white noise as base acceleration.
Therefore, to further assess the validity of the proposed 
analytical solution for the optimal design parameters, in this 
section, the control performances of the BI system equipped 
with the New TMDI is investigated in the time domain using a 
set of 44 real recorded ground motions with different features 
taken from the FEMA P-695-FF set described in [25].

In order to properly design the New TMDI device to be 
connected to the base-isolated structure, the one-sided PSD 

gXG
gX g

of the input has been evaluated at b , thus 
determining the corresponding value 0 0.002

g bXG G
gX g

.
The numerical simulation takes into account the base-isolated 
five-storey planar frame building (n=5) analysed in [26].
Specifically, the mass of each floor of the main structure is 
equal to Mi=3,5·103 kg (i=1,…,4), the storey stiffness is
Ki=35·106 N/m, and the dashpot damping coefficient is 
Ci=35·103 Ns/m. The natural frequencies of the structure are ωi

[rad/s]=[28.46, 83.08, 130.97, 168.25, 191.90], and the system 
is assumed to be a classically damped structure with damping 
ratio of each mode ζi=0.0142. The base isolation sub-system 
has a mass mb=3.5·103 kg, a natural frequency ωb= π rad/s and 
a damping ratio ζb=0.02. Finally, assuming a mass ratio μd=5% 
and inertance ratio β=0.3, the optimal design parameters of the 
New TMDI device 1.69opt

0.3, the op
1.69opt and , 0.66d opt

design para
0.6d opt, have been 

determined using the aforementioned optimization procedure.

In this way, the evaluation of the equations of motion
(Equation 1 and Equation 2) can be retrieved by direct 

numerical integration, in order to find out the response of the 
base isolated structure, with and without New TMDI, subjected
to the FEMA P-695-FF 44 records. Specifically, for each of the 
FEMA P-695-FF 44 records, the displacement relative to the 
ground has been determined for both the simple base-isolated 
structure and the base-isolated structure equipped with the New 
TMDI. In this regard, comparison of the corresponding profiles 
of the median, 16th and 84th percentiles are shown in Figure 4
for the base-isolated structure with (red lines) and without 
(green lines) New TMDI. A similar comparison is also reported 
in Figure 5 in terms of total accelerations and inter-storey drift 
ratios, considering in these cases also the structural response of 
the uncontrolled system (UC) fixed at the base (grey lines).

As can be seen, although the optimized New TMDI device 
is able to effectively reduce the relative displacement demand 
(Figure 4), this reduction may lead to slightly higher inter-
storey drift ratios and total peak accelerations compared to the 
base-isolated structure without device (Figure 5). This effect is 
probably caused by the employed optimization criterion that is 
related only to the minimization of the base displacement 
variance. Further, note that this behaviour is similar to those 
arising when highly-damped isolators are used [7] [27].

Nevertheless, as can be seen in Figure 5, the benefits in 
terms of total accelerations and inter-storey drift ratios of the 
BI with New TMDI system clearly are proven by the reduction 
with respect to the corresponding ones of the UC system fixed 
at the base. Thus, classical beneficial features of base isolation 
are still kept when employing the New TMDI.

In this respect, Figure 6 shows the comparison between the 
response time histories of the base-isolated benchmark 
structure with New TMDI (red dash-dot line), with traditional 
TMDI (black solid line) and without any devices (green dashed
line), considering two records of the FEMA P-695-FF 44 with 
different characteristics, namely the Imperial Valley and the 
Duzce earthquakes. As far as the TMDI is concerned, its 
optimal parameters have been obtained considering the same
mass ratio and inertance as the New TMDI and the procedure 
described in [19]. In particular, the optimal design parameters 
of the TMDI device are 0.798opt

ticular, the
0.79opt and , 0.258d opt

al design 
0.2d opt, .

As can be seen in Figure 6, both devices are effective in 
controlling the base isolation displacement. However the 
proposed device achieves the better performance, compared 
with the TMDI one, for both the Imperial Valley and the Duzce
earthquakes. Despite this, both systems show the characteristic 
feature of passive control devices which generally have 
minimal effects in the first few seconds of the excitation [28].
On the other hand, as previously mentioned, lower control 
performances are achieved in terms of storey drift of the last 
floor. In this regard, a comparison including also the 
uncontrolled (UC) system (grey dotted lines) is represented in 
Figure 7, for both Imperial Valley record (Figure 7 (a) ), and 
the Duzce ground motion (Figure 7 (b) ). Again, as expected on 
the basis of the results shown in Figure 5, although the New 
TMDI slightly alters the benefits of the simple BI system in 
terms of storey drifts, pertinent response is still much lower 
than the uncontrolled system (grey dotted line).

Finally, as can been seen in Figure 8, the New TMDI design 
yields smaller displacements of the mass compared to the 



traditional TMDI for the two considered inputs. Notably, this 
aspect can be particularly advantageous in practical cases 
where the space designed to host the device is limited.

On this base, it can be argued that, the analytical solution of 
Equation 13 and Equation 14 leads to optimal design 
parameters that work satisfactorily also for real earthquake 
records despite they have been retrieved assuming a white noise 
base excitation.

Figure 4. Response profiles of the peak floor displacement 
relative to the ground for the hybrid-controlled structure (BI 

with New TMDI – red lines) and base-isolated structure (BI –
green lines) subjected to the 44 FEMA P-695-FF records: 
circles - median; crosses - 16th percentile; squares - 84th

percentiles.

(a)

(b)
Figure 5. Response profiles for the uncontrolled structure (UC 
– grey lines), hybrid-controlled structure (BI with New TMDI 

– red lines) and base-isolated structure (BI – green lines) 
subjected to the 44 FEMA P-695-FF records: a) peak floor 

total acceleration; b) peak floor inter-storey drift ratio. Circles 
- median; crosses - 16th percentile; squares - 84th percentiles.

(a)

(b)
Figure 6. Base isolation displacements relative to the ground: 
a) Response to the Imperial Valley earthquake; b) Response to 

the Duzce earthquake. BI with New TMDI - red dash-dot
lines, BI with TMDI - black solid lines; BI without devices -

green dashed lines.

(a)

(b)
Figure 7. Storey drift: a) Response to the Imperial Valley 
earthquake; b) Response to the Duzce earthquake; BI with 

New TMDI - red dash-dot lines, BI with TMDI - black solid 
lines; BI without devices - green dashed lines; Uncontrolled 

structure – grey dotted lines.



(a)

(b)

Figure 8. Displacement of the device relative to the base: a) 
Response to the Imperial Valley earthquake; b) Response to 

the Duzce earthquake; BI with New TMDI - red dash-dot line, 
BI with TMDI - black solid line.

5 CONCLUDING REMARKS
In this paper, a smart control vibration strategy has been 

proposed consisting of a non-traditional layout of tuned mass 
damper inerter, referred to as New TMDI, for base isolated 
systems to further reduce base displacements with respect to 
the classical design. This novel design includes also a damping 
element, the inerter, which is directly connected to the ground.

Optimal parameters of the proposed system have been 
determined by means of an optimization procedure based on 
the minimization of the base displacement variance of the base
isolation sub-system. Further, corresponding approximate 
closed-form expressions have been achieved based on some 
assumptions related to the base excitation and isolation 
damping.

A numerical investigation has been carried out using a set of 
real earthquakes records with different characteristics. From 
these analytical analysis emerged that New TMDI can 
effectively further reduce displacements of the base isolation 
sub-system compared to the system controlled by a classical 
TMDI with the same mass ratio. Although this reduction leads 
to a minor increase of storey drifts and total accelerations of the 
main structure, these are in any case significantly lower than 
those of the uncontrolled structure fixed at the base.

On the base of the preceding observations, considering the 
excellent outcomes in reducing base-isolation degree of 
freedom displacement, it can be argued that the proposed New 
TMDI represents a smart strategy not only for new 
constructions but also for existing buildings, with a focus on 
historic or monumental one, for which conventional seismic 
retrofit approaches often cannot be used. 
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