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ABSTRACT

We discuss some perturbation results concerning certain pairs of sequences of vectors in a Hilbert space # and producing new sequences,
which share, with the original ones, reconstruction formulas on a dense subspace of # or on the whole space. We also propose some
preliminary results on the same issue, but in a distributional settings.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0131314

. INTRODUCTION AND NOTATION

In this paper, we consider different expansions of elements of a Hilbert space, or of some space of distributions, in terms of a sequence
in the style of Schauder bases. In particular, we propose some perturbation results for these expansions. Before going into details, let us fix
our framework and our notation. Let H be a Hilbert space with inner product (-,-) (which we consider linear in the second component and
anti-linear in the first component) and norm | - ||.

Throughout this paper, D is a dense subspace of H, and B(#) is the set of bounded operators T : H — H. We denote by T" the adjoint
of the operator T € B(H).

We recall that a Schauder basis F; = {,} for 7 is a sequence of vectors £, satisfying

f- iom,f)en, VieH,

with a unique sequence Fy = {xx }. A special class of Schauder bases for Hilbert spaces is constituted by Riesz bases. A Riesz basis F¢ = {,}
is a sequence of elements of H such that £, = Te, for every n € N, where F. = {e, } is an orthonormal (o0.n.) basisand T : H — H is a bounded

and bijective operator. Moreover, (En,zm) = Oum for every n, m, where .7:? = {En}, ?n = (Tﬁl)Ten is a Riesz basis, too. Equivalently, F is a
Riesz basis if it is a complete' sequence, and there exist A, B > 0 such that

A enl” < || cnbal| <BD leal
n=0 n=0 n=0

for every finite complex sequence {c, }.”
Frames in Hilbert spaces, introduced by Duffin and Schaffer,’ are generalizations of Riesz bases and are defined as follows: A frame
Fe = {&} for 1 is a sequence of elements of /{ such that

AlfI < f: En NP <BIFPE, Ve,
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for some A, B > 0. A frame F; = {&,} induces a reconstruction formula (strong version of the resolution of the identity) of the type

f:

HMS

gn) i Xm fn: Vf eH, (1.1)

where F, = {x} is some other frame for . Equation (1.1) generalizes the expansion given above for the Schauder basis. For instance, the
vectors in F need not be linearly independent.

Later, we will also need the notion of Bessel sequence, which is a sequence of vectors such that only one of the inequalities above for
frame holds true. More explicitly, F¢ = {£,} is a Bessel sequence if

S Ue AP <BIfI,  YfeH,
n=0

for some B > 0.

In this paper, we are particularly interested in perturbation results of sequences of vectors. For instance, for Schauder bases, Riesz bases,
and frames, the perturbation results in the following lemmas can be found in the literature. The idea of these results is essentially that if a
sequence JF; has some property (being a frame, a Riesz basis, or a Schauder basis), then a sequence F, which is close to F; (in a sense we
will properly define), has the same property.

In what follows, the following perturbation result for operators will be used heavily:

Lemma 1.1 (Ref. 4, Theorem IV.1.16). Let S, T € B(H) be such that T™' e B(H). If |S| < ||T™"|™", then T+ is invertible with
(T+8)7" e B(H).

In particular, some (well known) consequences of this lemma are the following perturbation results for Schauder bases, Riesz bases, and
frames we mentioned above.

Lemma 1.2 (Ref. 5, Corollary 22.1.5). Let F¢ be a frame for H with bounds A, B. Let F, be a sequence in H, and assume that there exists
B’ < A such that

D& <BIfI% Ve (12)
n=0

/2 l2
AI—E, Bl+B—.
A B

Moreover, if F¢ is a Riesz basis for H, then also F, is a Riesz basis for H.

Then, F, is a frame for H with bounds

Lemma 1.3. Let Fyand F, be two sequences of H, and assume that there exists 0 < « < 1 such that

Cn - (Pn) o Z Cngn (13)
n=0
for every finite complex sequence {c, }.
1. If F¢isa Schauder basis for H, then F, is a Schauder basis for H.
2. If Fyisaframe for H with bounds A, B, then F is a frame for H with bounds
A(1-a)’,  B(l+a)” (1.4)

3. If Fyis a Riesz basis for H, then also F, is a Riesz basis for H with bounds given by (1.4).

Point 1 of Lemma 1.3 is a result of Paley and Wiener® and actually holds also for Schauder bases for Banach spaces (Ref. 7, Chap. 1 and
Theorem 10). Points 2 and 3 of Lemma 1.3 are proved in Theorem 22.1.1 of Ref. 5.

During the last few decades, other types of sequences of vectors have been defined and studied, such as D-quasi bases, originally intro-
duced in Ref. § and then studied and extended in Refs. 9-13. Let D be a dense subspace of 1{. A pair of sequences ( F¢, F7) is a D-quasi basis

if (£4,&m) = Opm and
(f &)(Eng) =(f.8),  Vf.geD. (1.5)

HMZ

D-quasi bases seem to be valid alternatives to ordinary bases in concrete physical applications. In particular, as (1.5) shows, they produce
resolutions of the identity (or, as they are called with a more physical language, closure relations) for some physical systems described by
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certain Hamiltonian operators, which are not self-adjoint and whose eigenstates are known not to produce basis in . This aspect is discussed
in detail in, e.g., Ref. 10.

Inspired by Lemmas 1.2 and 1.3, in this paper, we will provide perturbation results for sequences (in particular, for D-quasi bases) gener-
ating a reconstruction formula on a dense subspace D of H, even when the original sequences do not generate themselves any reconstruction
formula. Since we are dealing with sequences F; for which a series ), c»&, may not be convergent, we will consider also convergence
and reconstruction formulas in a weak sense. Throughout this paper, we will discuss some examples also in connection to physics, and to
Quantum Mechanics in particular.

This paper is organized as follows: in Sec. II, we give perturbation results regarding reconstruction formulas in strong sense. The weak
versions of these results are discussed in Sec. I1I and extended further to a distributional settings in Sec. I'V. Section V contains our conclusions.

Remark. As we will show, quite often in our results, a parameter A appears to extend the range of their applications. To make an example
with Lemma 1.2, given a frame F with bounds A, B, a sequence F, may not satisfy (1.2), but it may still satisfy, for some A # 0 and B’ < 4,
the condition

SIAE =gl <BIE, VfeH (16

Then, the conclusion of that lemma still holds, i.e., F, is a frame for #.

1l. CONVERGENCE IN STRONG SENSE

We begin our series of perturbation results considering first what can be deduced when working in strong sense.

Theorem 2.1. Let D be a dense subspace of H. Let F, and F be sequences of H such that § (@n, f)wn exists for every f € D, and let
n=0
0<a<1andA # 0 be such that

1 (g S~ 1| selfl,  vfeD. @
Then, a sequence JF7 does exist such that
i {(@ns ) Pns VfeD. (2.2)
If, in particular, D = H, a second sequence ‘FV also exists such that
f= i_o: o f i (¥ flym  VfeH, (2.3)

n=0

satisfying (Qn, Pm) = (Wns Ym) for every n,m. In particular, F, and Fg are bi-orthogonal if and only if F and Fy are bi-orthogonal.

Proof. Let us define Q: D — H, Qf = E (@n, f)yn for f € D, which is a bounded operator by (2.1). Since D is dense in H, Q has a
n=0
bounded extension Q : # — H, which satisfies

af-fl <alfl,  VfeH

Note that Q = Qif D = H. By Lemma 1.1, putting S = AQ — I and T = I, we obtain that Q is invertible with Q' € B(). As a consequence, Q
is injective and 671Q =Ipand Qafl = Ip(q)- If we define @, = 6711;/,1 and ¥, = 671T¢n, n > 0, we have

: Ons f )P = i (on flum=Q7'Qf = f, VfeD,
if:om,f)wn - Z}w Q' =QQ'f=f  VfeR(Q).

Here, we have Bsed, in particular, the boundedneis of 6_1. When D = H, R(Q) = H. Finally, the last claim follows from the identities
(9 Pm) = (9n, Q" yrm), together with (Y, Pon) = (Q ™" Yin, Pm). O
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Example 2.2. Let H = £*(R) and pj»Jj = 1,2, be two Lebesgue-measurable functions. Let us introduce the functions

Pn(x) =pr(x) (), Yu(x) = p2(x) ea(), (2:4)

where ¢ = {¢,} is taken to be an o.n. basis of £ *(R). We write, as usually, 7y = {,} and Fy = {x}. The properties of these two sequences
have been discussed, in connection with some physical systems, in Ref. 10 and references therein under the assumption that

pr(x)p2(x) = 1 2.5)

almost every in R. In this example, we assume that p,,p, have real values, p, € L= (R), |p,p,[ e < o0, and p,(x)p,(x) >c>0 in R.
Furthermore, we choose p, so that ¢, € £ %(R) for every n. It is clear that y, € £*(R) for every n due to the boundedness of Py

Wedefine D = {f € L*(R) : p1 f € £L*(R)}. This subspace is dense in H independently of p, (see Ref. 14, Example 3.8). In other words,
D is a large set for any choice of p,.

For f € D, X022 0(@n, f)n is convergent: in fact, {{¢n, f)} € P(N) and Fy = {y} is a Bessel sequence. Moreover, because of (2.4),

Qf = i(w)f)ll/n =pip2 f, VfeD.

Therefore, if we set 0 < A < , we conclude that

2
1Pzl oo

oo

A5 (gn )i fH [Gppr - D)f[ <alfl,  VfeD,

n=0

where a = |Ap,p, — 1] c. By our hypothesis, a < 1; then, by Theorem 2.1, a sequence F5 does exist such that (2.2) holds. Following the proof
of the theorem, we can also give an explicit expression of F5. Indeed, clearly, Q: £ ?(R) —» L£*(R) is the multiplication operator by p, p, on
L2(R). $n = Q 'y = pTtcy for any n. We want to remark that by our hypothesis, p;* € £ = (R).

If, in addition, also p; € £ °°(R) [which, together the assumptions above, implies that p; ', p;' € £ *(R) so F, and F are Riesz bases],
then (2.3) holds, and in particular, ,(x) = pi' (x)ca(x) and ¥u(x) = p5* (x)cn(x) for any . It is also clear that

<(Pn>’¢’m) = <¢n> Wm) = <Cn> Cm> = 67[,"1)
independently of the explicit choice of p;.

Example 2.3. Let F, and F, be sequences such that

f= (f Hnxn  VfeH.

HMS

Let X,Y € B(H) be two non-necessarily invertible operators with |X]|| + |Y|| + |X||| Y] < 1. Then, if we perturb F, and F, as follows:
Fo={pn=(1+X)n.} and Fy = {yn = (1 + Y)yn}, these two sequences satisfy (2.1) for A = 1. This can be checked using the following

equality:
qu;n - f=Xf+Yf+YXf,

together with the Schwarz inequality and our condition on | X|| and | Y|. A particular choice of X and Y, manifestly non invertible, can be
produced by any fixed vector ¢ € H, normalized: |o| = 1. We define the operators P, f = (0, f)o, and R, = 1 — P,. It is well known that they
are both orthogonal projectors and, as such, in particular, |Ps| = |Rs| = 1. In addition, P,R, = 0. Then, if we take, for instance, X = « P, and
Y =BR, &, 3> 0 with & + 8 + aff < 1, we can perturb the original sequences F, and F as proposed above. In particular, in this example, we
can identify all the vectors and the operators. Indeed, we find

Q=1(1+p)+(a-p)Py Q= (n+ﬁ_“P,,).

We observe that Q = Q' and Q7! = Q™ )T. As for the vectors, we find

Pn = (]1 + aPU)Wn =Hn+ ‘xpaﬂn; Yn = (]1 +ﬁRG)Xn =Xn +ﬁR0Xn>

together with

~ -1 -1 %4
= = P,) Yy = (1 - P,
Pn=Q yn=(L+aPy) x (Il T+ a )x

J. Math. Phys. 64, 043502 (2023); doi: 10.1063/5.0131314 64, 043502-4
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and

’]}7” = (Qil)T(Pﬂ = (]1 +ﬂRa)717’]n = (]1 - % Ro)”]w

Remarks 2.4.

1. Note that under the assumptions of Theorem 2.1 and in the case D = H, we do not always have that

f=2 (@ lon Z_:v/n, Yn VfeH, (2.6)

=0
because these series may not be convergent.'” Indeed, let {e, } be an o.n. basis of 1, and let

Fop=A{en e, e1,e2,e2,2,63,3,€3,...} and Fg = {e1, e1,—e1, €2, €1, —e1, €3, €1, —€1, .. .}
(see Ref. 16, Example 2.2). It is easy to see that f = § (@n, f)Pn forany f € H, but f = Z (@n, f)pn only if (e1, f) = 0.
n=0
If in Theorem 2.1, we add that the series oi (@n> f)@n is convergent for all f € H or § (Wn> f)@n is convergent for all f € H, then
n=0 n=0

we can conclude that f = § (@n, f)pn for all f € H (a similar statement holds with y,, ¥, instead of ¢, ¢,,). For example, these are the
n=0

cases when F, and F are Bessel sequences.

2. In Theorem 2.1, if ((pn, l//m> = 0n,m, then Fs=Fy and fﬁ = Fy. Moreover, F3 (respectively, ‘FW) is linearly independent (a Bessel
sequence, a frame) if and only if F is so (respectively. F).

3. The excess of a sequence F, is

e(g) =sup {|I|: IcN and span{gu},eng = pan{@n}nen}.

Here, with span{¢;,}, we denote the closed linear span of a sequence {¢;,}. The excess is a measure of overcompleteness of a
sequence. For instance, a frame F, is a Riesz basis if and only if e(¢) = 0. Let F, F5, Fy and Fy be as in Theorem 2.1. Then,
e(9) = e(y) and e(¥) = e(9). If Fy and Fy are frames, then e(9) = e(y) = e(y¥) = e(¢) by Theorem 2.2 of Ref. 17.

Corollary 2.5. Let D be a dense subspace of H. Let F¢ and Fy be two sequences of vectors in H such that
f=3 (Sl VfeD
Moreover, let F, and Fy be two sequences of H such that for some 0 < 3,y and A + 0, withf+y < 1,
i:: (Agn = &u f)

i:jfn, (¥ = 1)

| <BIfI, VfeD,

<yIfl, VfeD.

Then, a sequence JF5 does exist such that (2.2) holds. If, in particular, D = H, then two sequences F5 and F3; do exist such that (2.3) holds.

Proof. The proof is based on the identity

M3

(Agns ) fj Agn — Eu Sy + §0<5n,f>(wn )

Il
=}

n
together with the inequalities above and Theorem 2.1. O

Example 2.6. Let F¢ be alower semi-frame of H. This means that F is a sequence satisfying

Al < i:jousn,f)f, Vien,

for some A > 0. Then, by Ref. 18, Proposition 3.4 [see also Ref. 19 (Remark 1) and Ref. 20 (Theorem 4.1)], there exists a Bessel sequence F
such that

F=XEnfn  VfeD,

n=0

J. Math. Phys. 64, 043502 (2023); doi: 10.1063/5.0131314 64, 043502-5
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where D = {f € 1 : ¥;2|(& f)|* < 00} and a Bessel bound of Fy is 1. In the following, we suppose that D is dense in . Let F, be a
sequence of 7 such that F,_; is a Bessel sequence with a Bessel bound B < A. Then,

\f Ifl.  VfeD

By Corollary 2.5 (setting Fyy = Fy, = \/g y =0,and A = 1), there exists a sequence 75 such that

S (gn &0 f)
n=0

Z Ons f)Pns  VfeD.

We stress that (2.2) does not necessarily extend to every f € H, despite the fact that the formula defines an identity. Examples, involving, in
particular, lower semi-frames, describing this case can be found in Refs. 18 and 20.

Corollary 2.7. Let D be a dense subspace of H. Let F¢ and F be two sequences of vectors in H such that

Z (&> xns VfeD.

Moreover, let F, and Fy be two sequences of H and A # 0 and suppose that one of the following condition is satisfied:

L. Fip-& Fy» Fe and Fy—y are Bessel sequences with Bessel bounds By,_¢, By, Bg, and By—, respectively, verifying By, ¢By + BgBy—y < 1.
2. Fap-¢ and F are Bessel sequences with Bessel bounds By,_¢ and By, respectively, verifying By,_¢By < 1.

3.
Z_;) (IAgn =&l Tynl + &l Ty = xal) < 1. 2.7)

Then, a sequence F7 does exist such that (2.2) holds. If, in particular, D = 'H, then two sequences Fg and F do exist such that (2.3)
holds.

The previous corollary in the case A = 1 and D = H is also connected to Theorem 5.3 of Ref. 21 formulated for Hilbert spaces. Now, we
show an application of the corollary.

Example 2.8. Let F. be an orthonormal basis of H. Let us define a new sequence F as follows: X, =en+eni1, n21, and let D be
its linear span. As mentioned in Ref. 5 (Example 5.4.6), F is a Bessel sequence with Bessel bound 4, but not a frame. However, it is has a
n
bi-orthogonal sequence F, where, in particular, &, = 3, (-1)"*
k=1

ex. This implies that

oo

F=> (& Hxn VfeD.

n=

—_

Now, let F, be the sequence given by
On = Z (—l)nJrky,,,kek, n>1,
k=1

where {y,}nsk>1 is some complex sequence such that for some A # 0, Z Vi — 1 is convergent for every k > 1 and sup (Z Ay — 1 )
k>1 \nzk

< oo. Then, F, ¢ is a Bessel sequence with Bessel bound sup ( Z Ay — 1|2). Indeed,
k>1 \n=k

n>k k>1 \ n>k

il(f» gn &) i (Z AYnk = 1|2)|(f, e)|” < sup (Z Yk = 1IZ)IIfI2

for every f € H.If, in particular,

k21 \ n>k

sup (Z Wyni = 1] ) % (2.8)

J. Math. Phys. 64, 043502 (2023); doi: 10.1063/5.0131314 64, 043502-6
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by Corollary 2.7 (point 2), condition (2.2) holds for some sequence F3. We observe that inequality (2.8) holds, for instance, taking
Yuk =1 (- + 1) forany A #0and 0 < e < %

Theorem 2.1 above gives also a generalization of Lemma 1.3.

Corollary 2.9. Let F, and Fz be sequences such that f = § (@n> fYPn for every f € H. Let Fy be a sequence 0 < o < 1 and A # 0 such
n=0

that
> en(Ayn —@n) || < al| > cnn (2.9)
n=0 n=0

for every finite complex sequence {c,}. Then, a sequence F does exist such that

M

f=2@mflym  VfeH

]
o

n

Proof. First, by a limit argument, we note that (2.9) is valid also for those complex sequences {c,} such that 3 c¢,@, is conver-

n=0
gent. Then, if we fix f € H and choose ¢, = (¢, f) for any n, we obtain condition (2.1) with D = H{. Hence, the conclusion follows by
Theorem 2.1. =

A. An example from quantum mechanics

This section is based on results previously deduced in Ref. 22 and in Ref. 10, to which we refer to for more details. Here, we will only state
few essential facts, useful for us here.
Let us first introduce the following functions:

1 —sa(x) —2ax 1 —sp(x) V2ax
=——7H, AV = S =——H, B = . 2.10
1) = (9 < a eV () = (e = a (e (2.10)
Here, H,, is the nth Hermite polynomial, s4 (x) = % +2ax, sp(x) = "—22 —V2ax, ais a real parameter, and n = 0,1,2,3, . ... Moreover,

X2
Hy(x)e >

1
=

is the nth eigenstate of the Hamiltonian of the quantum mechanical harmonic oscillator, Ho = ( P+ 4? ), where § and p are the (self-adjoint)
position and momentum operators, satisfying [in a suitable sense, for instance, on the dense set of Schwartz functions S(R)] the following
canonical commutation relation: [§, p] = ill. We refer to Ref. 23, or to any other monograph on quantum mechanics, for many details on the
harmonic oscillator.

First of all, we observe that F; = {#,, n > 0} and F = {)u, n > 0} are not Riesz bases for £ *(R), since they are obtained by multiplying
the o.n. basis F. = {es, n > 0}, with an unbounded operator, with unbounded inverse. However, it is easy to check that ( 7, Fy) are D(R)-
quasi bases. Here, D(R) is the set of C*-functions with compact support, which is known to be dense in £2(R). Letus call H = Hy — /2 a d%.

Then, o = Hy+\2a d%, and we have
1
H77n = Enﬂn: HTXn = EnXm E,=n+ E + ‘xz = ES + 052»

where E), = n + 1 is the nth eigenvalue of Ho, with eigenvector e,. The operators H and H T are a particular case of the Hamiltonians of a shifted
harmonic oscillator,'’ with a complex shift. This kind of operators are nowadays widely analyzed in the context of parity time (PT)-quantum
mechanics and its relatives (see Refs. 9 and 10 and references therein).

In the rest of this section, we will show how to use the strategy proposed in details in Example 2.3, in a slightly modified form, to deform
Fy and F and to deduce some quantum-mechanical motivated operators connected to these deformations. In particular, our choice of
functions in (2.10) corresponds to the choice § = —« in Example 2.3. Hence, we have

_ 1 2a
=1(1 - a) +2aP, = (11— P)
Q ( (X)+ afq Q -« l+a [

and
on = (1 + aPs) 1, Yn = (1(1 - &) + aPs) xns

J. Math. Phys. 64, 043502 (2023); doi: 10.1063/5.0131314 64, 043502-7
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~ 1

~n: 1- Pa N> nzin— Pg ne

Y ( T+a )X Vo= g (oo
To refine further these formulas, we fix o(x) as follows: o(x) = ep(x) = #e‘xz/ *. Then, we can rewrite the action of P, on 7, and y, as
follows:

Potin = mn(a)eo, Poxn = ma(—a)eo,

where

>

dx = (GOl &2
n!

1 —xz—\/iwc
() = —— | Hy(x)e
@)= e S
n=20,1,2,3,.... Then, the functions above become, for instance,

Pn(x) = xu(x) - (1(%);\/;!(3”‘2/2 eo(x),

_ n+1 )
%ea /2 eo(x),

¢n(x) = 1 (x) = N

and so on. All these functions are simply the original ones but shifted by some other function, which is proportional to ey(x) = o(x). We see
that these proportionality constants depend, in particular, on n. What is also interesting for possible applications to physics is that all these
deformed functions are eigenstates, all with the same eigenvalues E,, of different operators, which one can easily find by suitable deformations
of H and H'. In particular, we can introduce the following (for the moment, formal) operators:

Hi=(1+aP)H(L+aP,)”',  Hy=(1-aR,)H'(1-aR,)",

as well as

-1
H3:(11—LP[,)HT(11— 2 PU) . Hi=(1-aP,)H(1-aP,)".
l+a l+a

We see that Hy coincides with H,, with a replaced by —a. This is also true for H3, which is equal to H, with the same replacement, as one can
check with easy computations. It is clear that the various formulas above are all well-defined on some dense subset of £2(R). In particular,
for instance, H is well defined on L, while H; is well defined on Ly, the linear spans of F, and F, respectively. The following eigenvalue
equations are satisfied:

Hy¢n = En@u,  HaYn = Enyn, H3?pn = En?ﬁn» H4¢n = Enwn:

V#n > 0. The Hamiltonians H; and H, (and H3 and H4 consequently) can be rewritten as follows:

1 1
xP,,), H,=H + \/Eaz(xpa + P,,x),
+a l1-«

H =H- \/E(xz(ng+ ;

which contain not only the shifted versions of the Hamiltonian of the harmonic oscillator Ho, H and H T but also present extra terms that
manifestly contribute to breaking down even more self-adjointness of the new Hamiltonians. We end our analysis noticing that, as expected,
when « = 0, all the operators, eigenfunctions, and eigenvalues collapse to those of the standard harmonic oscillator.

Remark. Tt is maybe useful to note here that our choice of the harmonic oscillator as physically motivated example is somehow natu-
ral: our analysis originates from the analysis of pseudo-bosons,'’ which are strongly connected to particular deformations of the harmonic
oscillator. However, it is clear that the same strategy can be adapted to other systems, like, just to cite one, to the Posch-Teller potential,

AMA-1
ne =15

where A > 1 and x € (0, ). For A > 1, this potential is a regularization of the infinite square well with center in 7 and of length 7 (A = 1) and
extrapolates both the latter and the harmonic oscillator (for small [x — 77/2|). The Hamiltonian of the particle is

d2
H,\ = —@ + V,\(x),

and the eigenvalue equation for H, can be explicitly solved, (see, for instance, Ref. 24 and references therein),

Hy €,(x) = €her(x), (2.11)
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where €} = (n+1)? and
ef, (x) = Kﬁ sin’ fo,(cos X). (2.12)

b 72 al(n+ 1)
Kn=T() Nz \‘ I'(n+21)

is a normalization constant, and C, is the Gegenbauer polynomial of degree n.”” The set {¢}(x)} is an orthonormal basis.

Here,

Now, as we have done in (2.10), we can act on ¢} (x) with an unbounded multiplication with unbounded inverse S(x). For instance, we
could consider S(x) = tan (x + g), and we can repeat the same construction described before.
lll. CONVERGENCE IN WEAK SENSE

In many physical examples the eigenstates of a certain non-self-adjoint Hamiltonian do not allow us to expand all vectors of H or even
of some dense D, as discussed in Sec. II. However, these vectors satisfy a weak version of the resolution of the identity as that in (1.5) (see
Ref. 10 and references therein). This motivates the analysis proposed in this section.

Theorem 3.1. Let F, and F be two sequences of vectors in H such that § (f> on)(¥n, g) exists for every f,g € H, and let 0 < a < 1,
n=0
A # 0 be such that

(f o)y g) = (f-8)| <alfllgl,  VigeH (€RY)

HMS

Then, there exist F5 and ]:? such that

(f.g) = io<f on)(Fnrg) = iu,w)m,g» VigeH, (32)

Moreover, (9n, Pm) = (Vn> Ym) for every n,m

Proof. We start observing that from (3.1),

HMS

(f Pn)(ym g)| < Vf,get

Therefore, the operator acting as Qf = 3,20 (@n, f)¥n, Vf € H, in weak sense,”® is bounded. It is also easy to check that [|AQ - 11| < 1.
Therefore, by Lemma 1.1, Q is invertible and Q™" € B(#). Let us now define the vectors

Zﬁn = Q_lll/m Wn = (Q_l)T(Pn = (QT)_I(P"’

We have, using the definition of Q,

Foon)@ng) = 3 U on(um (@) 8) = (QF (@) g = (frg)  Vhiget

0 n=0

M3

n

Similarly, we have

||M8

T = X (FllonQ ') = Q1.0 00 = (hg), VfgeH

Finally, our last claim can be proved as in Theorem 2.1. O

Using Theorem 3.1, it is possible to construct, in particular, out of two {-quasi bases, more -quasi bases. The underlying idea, shown
in the following example, is the same of that used in Example 2.3.

Example 3.2. Let F,; and F, be two H-quasi bases,

Y o)) = 2o A foxn ) g) = (fo8),  Vf.get
n=0 n=0
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Let X,Y € B(*) be two non-necessarily invertible operators with |X| + | Y| + | X]||Y]| < 1. Then, Fy = {¢n = (1 + X)#n} and Fy = {yn
= (1 + Y)yn} satisfy (3.1) for A = 1, so there exist F5 and ‘FW such that (3.2) holds. As in Example 2.3, it is possible to take, for instance,
X=aP;and Y = R, a, > 0 with a + B+ af < 1. Thus, we obtain again

@n = Hn + aPstp, Wn = Xn + PRo)n

and

~ o ~ B
n = 1- P o | Xn> n = 1- Ro ne
¢ ( l+a )X v ( 1+p )’1
Relaxing condition (3.1), we can state the following theorem:

Theorem 3.3. Let Dy and D, be two dense subspaces of H, let F, and F be two sequences of vectors in H such that § (f>@n){¥n g)
n=0
forany f € D1,g € Dy, andlet 0 < a < 1 and A # 0 be such that

oo

AYAfooalymg) - (frg) <alfllgl,  ¥feDi, geDa (3.3)

n=0

Then, two sequences F, F3 and two subspaces D\, D; do exist such that

<f,g>:§0<f,¢n><¢mg>, VfeDi, geDs (3.4)
and
(f.8) = S frun)Twg), VieDy, geDs (3.5)

Il
=)

n

Moreover, (9n, Pm) = (Wn, Ym) for every n,m.

Proof. We only sketch the proof being similar to that of Theorem 3.1. The operator Q : D; — H defined by (Qf,g) = oi (f> 0n)(¥n>g)>
n=0
for f € Dy, g € Ds, is bounded and admits a bounded and invertible extension Q : H — H with Q7 le B(H). The sequences Fzand Fyand
the subspaces 131 and 232 are given by
’(Fn = 6_11//na wn = (6_1)T(Pn = (QT)_I(Pna ,’51 = GDI =QDy, 52 = QTIDL o

~Of course, Remarks 2.4.2 and 2.4.3 hold also in the context of Theorems 3.1 and 3.3. We observe that an explicit characterization of 51
and D; is not so easy and depends strongly on the explicit form of Q, which, in turns, depend clearly on F, and Fy.

Example 3.4. We come back to the sequences defined in Example 2.2, i.e., Fy = {9} and Fy = {yn},

¢n(x) =pr(x) (), yn(x) = p2(x) en(x), (3.6)

where ¢ = {¢} is an orthonormal basis of £*(R) and p »j = 1,2, are two Lebesgue-measurable functions with real values, with | p,p, e < 00
and p, (x)p,(x) > ¢ > 0 in R. However, here we do not assume that p, or p, belongs to £ (R) as we did in Example 2.2. Still, p, and p, are
chosen to ensure that @,, y, € £2(R) for every n. Let us introduce the subspaces

Di={feL’R):p;feL*R)}, j=12

First of all, we observe that, as observed in Example 2.2, they are both dense subspaces in £*(R), and moreover, if p; € £ (R), then
Dj=L*(R).
Let us take f € D1, g € D,. Then, because of (3.6),

oo

DA ou) s g) = (p1 fop2g)s

n=0
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where the right-hand side is well defined. Indeed, our present assumptions ensure that p; f, p2g € £ 2(R). In other words, the operator Q
in the Proof of Theorem 3.3 is the multiplication operator by p,p, on Dj, while Q is the multiplication operator by p,p, on H. Now, let

0<A< We have
Terpalleo P 2 oo ©

(f o)y g) = (f:8)| = ((Apip2 = D) fg) < al fllgl,  VfeDi, geDs

HMS

where a = |Ap,p, — 1] e, Which is smaller than 1 by our hypothesis on p;, p,. Thus, (3.3) is satisfied, so (3.4) and (3.5) hold. In particular, it is
easy to see that also in this case, $n(x) = pi* (x)cn(x) and ¥ (x) = p3* (x)cn(x).

IV. WORKING WITH DISTRIBUTIONS: A CONCRETE EXAMPLE

In this section, we will show that the results given in Theorem 3.3 can be extended outside #. This will be discussed with an explicit
example, recently considered in Refs. 10 and 27. For that, to keep this paper self-contained, we start giving here few essential steps of this
example.

Let us consider the following operators defined on H = £L*(R): £f(x) = xf(x), (Dg)(x) = g'(x), the derivative of g, for all
feD(R) = {h € EZ(R) : xh(x) € CZ(]R }, and g € D(f)) ={he £2(R) B - LZ(R)}. Here, K" is the ordinary derivative® of the square-
integrable, differentiable, function h. Of course, S(R) c D(%£) n D(D). The adjoints of £ and D in H are well known: £" = £ and DT = -D.
We have [D,x]f(x) = f(x) for all feS(R). In Refs. 10 and 27, using the general settings of pseudo-bosonic operators,'’ the following
sequences have been constructed using the pseudo-bosonic ladder operators a = D and b = #:

Fo {(D(x)—\/;,n>0} .Fy,—{nn(x)—(_\/ln_)!né(”)(x),nzo}.

We refer to Refs. 10 and 27 for the details of their construction and for many of their properties. Here, we just observe, as it is clear, that
@, 11x ¢ L£*(R) for no value of n. Despite of this, however, a sesquilinear form extending the usual scalar product in £ *(R) can be introduced,
and the sequences F¢ and F; are biorthonormal, with respect to this form.

To achieve this aim, we use an idea discussed in Ref. 29. This is based on the simple fact that the scalar product between two good functions

f(x) and g(x), for instance f(x),g(x) € S(R), can be written in terms of a convolution between f(x) and g(x) = g(~x): (f,g) = (f * §)(0).
Hence, it is natural to define the scalar product between two elements F(x), G(x) € S’(R) as the following convolution:*’

(F,G) = (F = G)(0), (4.1)

whenever this convolution exists, which is not always true. Note that in order to compute (F, G), it is first necessary to compute (F * G)[f],
f(x) € S(R), and this can be done by using the equality (F » G)[f] = (F, G * f), which, again, is not always well defined. It may be useful to
stress that (F * G)[ f] represents here the action of (F * G)(x) on the function f(x).

With this definition, we find that

<(Dn> ”]m) = (Sn,m; (4.2)

as claimed before: F¢ and F; are biorthonormal, with respect to the scalar product we are considering here.
Let us introduce the following set of functions:

D=L"(R)nL>®(R)nA(R), (4.3)

where A(R) is the set of entire real analytic functions, which admit expansion in Taylor series, convergent everywhere in C. Of course, D
contains many functions of S(R), but not all. For instance, the function

f(){l’{(l)} *#0
0, x=0,

is in S(R). However, since the all its derivatives in x = 0 are zero, f(x) ¢ A(R). In addition, any function in D automatically belongs to
L 2(R). Indeed, taking f € D, we have, with standard notation,’’

I£13= [1f G < sup £(0)| f £ ()lde = f o f 1 < oo
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In Refs. 10 and 27, it has been proved that for all f,g € D, (f, ®,) and (#,,g) are well defined and that

(f.8)=

||M8

(f D) (11> & Z (fs112)(Pn.g) (4.4)

so that (Fo, F,) are D-quasi bases. It should be stressed that since S(R) ¢ D, it is not clear if D is dense or not in £ *(R), but this is not very
relevant in the present context, where the role of the Hilbert space is not so central.

Now, as in Example 3.2, we first deform ( Fo, F5), and then, we use this (class of) deformations to discuss how the main results in
Theorem 3.3 can be extended outside H.

Let us consider two linear operators M and L on £ *(R), with adjoints M and L', satisfying the following features:

pl. Land M leave D stable;
p2. M'®, and LTnn are well defined in S’(R), (f,M'®,) and (f,L} 11,,) exist for all f € D and V# > 0, and the following equalities are
satisfied:

(Mf, @) = (f,M' D), (Lfin) = (f,LT0). (4.5)

Note that while it is granted the existence of (Mf, ®,) and (Lf, 7, ), because of what proved is in Ref. 27 and for the stability of D under
L and M, the existence of the right-hand sides of the equalities in (4.5) is not automatic.
p3. Wehave

IML-1] <1 (4.6)

Because of p2, the new vectors ¢, = M'®, and v, = Lt 1, are well defined in S’ (IR). Now, using (4.4), together with p2 again, we
can easily check that Y22 (f, 9n ) (¥, g) = (f,M'Lg), V f,g € D, so that

2 (. n)(Ynrg) <f,g>‘:\<f,(M*L—n>g>\<M*L—nunfnngn.

This inequality, because of (4.6), is exactly the one in (3.3), with A = 1 and D; = D, = D. The only (crucial) difference is that the vectors

?, and v, except for quite peculiar choices of M and L (which, even if they exist, are not useful for us, here), are not in £ 2 (R). Now, the

question we want to answer is if and how it is possible to construct the dual sequences of ( Fy, Fy), i.e., two new sequences of vectors
= {¢n} and Fy = {¥,} (belonging to some space to be identified) such that the analogous of (3.4) and (3.5) are satisfied.

This construction can be carried out easily if we slightly modify p1 and p2 as follows:

pl’. Land M, invertible, leave D stable together with (L™")" and (M™")T;
p2’. M'®,, LTy, M'y,, and L7'®, are well defined in S’(R), (f,M'®,), (f,.L'y,), (f,M'n,), and (f,L™'®,) exist for all f € D and
Vn > 0, and the following equalities are satisfied:

(M, @) = (fLM'®a), (L) f, D) = (£,L7Dn), 47)
as well as

(Lfstn) = (f-LTm)s (M fona) = (F. M ). (4.8)

Of course, our previous comments on the existence of these quantities can be repeated.
Under p1’ and p2’, it is easy to identify ¢, and ¥,,. Indeed, if we define

Gn=M "y Yu=L"0, (4.9)

we see first that these are well defined vectors of S’(R). Second, taking f,g € D and using (4.8) and (4.9), together with ¢, = MiD,,
we have

oo

> f9n)(Gng i (M, @) (s (M) g) = (Mf, (M) Tg) = (2.

n=0

Here, we have also used (4.4) and the fact that both Mf and (M™")'g belong to D because of p1’. Similarly, we can check that, again for
f-8€D, Y020 {f>n){(Vn,g) = (f,£)- Then, we have recovered similar results as those in Theorem 3.3, but in a different function space.
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A. A simple class of choices of M and L

Although the above hypotheses on M and L can appear rather strong, it is not hard to construct examples, which work nicely, in our
context. The easiest choice is possibly the following:

Mf(x) =m(x)f(x),  Lf(x) =(x)f(x) (4.10)

forall f € £*(R). Here, m, ! are real, invertible, functions such that m,l,m™",I"" € £ °°(R), and they all in A(R). It is clear that M and L are
bounded, with bounded inverse, and self-adjoint: M = M and L = LY. It is also easy to see that pl' is satisfied. This is because, for instance, if
f €D, then Mf(x) = m(x) f(x) also belongs to D: mf € L °°(R) n A(R), being the product of two such functions. Moreover, since

IMflh = fRIM(x)f(X)\dxé [mleo] fl1 < oo,

Mf e £L'(R), as we had to check. Similar estimates hold for the other operators in p1’.

As for p2', first we note that m®,,, 111”, milqn, and I ®, are all well defined in S'(R) because of the properties of m and / and of the
definition of @, and #,,. The second part of p2’, i.e., the fact that (f> MT(D,,), (f> LTﬂn>, (f> Mﬁlqn), and (f, L71¢>n) all exist, can be deduced
from what was shown in Ref. 10, where the convergence of a series involving this kind of scalar products is proven. The equalities in (4.7) and
(4.8) are trivial.

Finally, m and | must still satisfy the bound in (4.6): any such pair can be used to deform the original D-quasi basis ( Fa, Fy) to
find two new D-quasi bases ( Fy, F5) and (Fy, Fy) out of them. If we take, for instance, I(x) = %, it is easy to check that [MTL — 1|

< ml-1|e = % so that (4.6) is satisfied for all choices of m. Of course, other choices of m and [ and, more generally, other form of operators
M and L could be found. This is part of our future projects.

V. CONCLUSIONS

We have discussed how D-quasi bases and more general sequences can be perturbed giving rise to other sequences that share with
the original ones the possibility of obtaining closure relations of different kind, in H or even outside #. In particular, we have shown how
sequences that are not, for instance, D-quasi bases under some natural conditions allow us to define other sequences that are D-quasi bases,
when considered in pairs with the original ones.

Some examples are discussed. In particular, one quantum mechanically example connected to the shifted harmonic oscillator has been
explored in some detail.

Among our plans for the future, we would like to explore the role of (pseudo-)bosonic ladder operators in our framework, also in view
of the possible implications in the analysis of manifestly non-self-adjoint Hamiltonians. In addition, we would like to apply the perturbation
results to more generic multipliers;’>”” in fact, Lemma 1.1 has been applied in Ref. 33 to study an aspect of the spectra of dual frame multipliers.

In Sec. IV, we have given some ideas to work with distributions, showing in this way that the role of Hilbert spaces is not really essen-
tial, sometimes. In this perspective, another plan is to extend the perturbation result of the first section in the setting of triplets D[t] ¢ H
c D*[t*], as considered in Ref. 34, and chains of Hilbert spaces, as considered in Ref. 35. The idea of investigating perturbation results in the
distributional context is supported by the recent investigation of bases and frames in this context.”**
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