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A two-interacting-qubit quantum Rabi-like model with vanishing transverse fields on the qubit-
pair is studied. Independently of the coupling regime, this model can be exactly and unitarily reduced
to two independent single-spin quantum Rabi models, where the spin-spin coupling plays the role of
the transverse field. This transformation and the analytical treatment of the single-spin quantum
Rabi model provide the key to prove the integrability of our model. The existence of different
first-order quantum phase transitions, characterized by discontinuous two-spin magnetization, mean
photon number and concurrence, is brought to light.

Introduction. The Quantum Rabi Model (QRM) [1-4]
describes the simplest nontrivial coupling mechanism be-
tween a single qubit and a quantized bosonic mode. In
spite of an apparently simple bilinear coupling between
fermionic and bosonic degrees of freedom, the complete
list of its eigevalues has been unveiled only in 2001 by
Braak [5]. The presence of counterrotating terms breaks
the U(1)-symmetry of the rotating ones. However, the
remaining Z(2)-symmetry gives rise to a spectrum char-
acterized by a complex structure.

It has been recently demonstrated that the QRM ex-
hibits a quantum phase transition (QPT) driven by the
qubit-mode coupling [6—10]. The study of the QPTs is
one of the most focused topics in light-matter interac-
tion systems [11-13], and obtaining analytical results is
a difficult goal.

In many applications, e.g. in quantum computing
[14, 15], it is necessary to consider more complex scenar-
ios to perform controlled gates [16, 17] and to generate
multipartite entangled states [18-20]. For such purposes,
the generalized versions of the QRM are useful, for in-
stance, the Dicke model [21], two-photon QRM [22, 23],
multi-photon QRM [24], multi-level QRM [25], two-qubit
QRM [26-31], multi-qubit QRM [32, 33]. The interest
towards these models results to be of significant impor-
tance for circuit quantum electrodynamics [34, 35] and
semiconductor systems [36-38].

In this work, we study a class of two-qubit QRMs
where, besides the qubit-mode interaction, a qubit-qubit
coupling is taken into account. Further, a longitudinal
field is applied to the qubit pair, whereas a transverse
field is absent. Such a model turns out to be profoundly
different from the usual two-qubit QRM commonly anal-
ysed [39-47], where a qubit-qubit interaction is missing.
However, in some contexts such an interaction cannot
be neglected, and in some scenarios, such as in quantum

computation, is fundamental to perform two-qubit quan-
tum logic gates to generate entangled states of the system
[18-20].

Generally speaking, the determination of both eigen-
values and eigenvectors of a time-independent Hamilto-
nian is the basic necessary step for unveiling intriguing
physical properties of the system. Exact or approximate
solutions of the standard two-qubit QRM have been ob-
tained through the application of several methods, like
Bargmann-space techniques [27, 31], perturbation the-
ory [29], the generalized rotating-wave approximation
(GRWA) [39], the method of extended coherent states
[40], adiabatic approximation and zeroth-order approxi-
mation method [48].

We will show that, thanks to the existence of a constant
of motion [49, 50], our model can be exactly, unitarily re-
duced to two independent, asymmetric [46] single-qubit
QRMs. Here, the role of the (effective) transverse field
is played by the qubit-qubit coupling. In this way, the
model turns out to be integrable on the basis of the exact
Braak’s solutions of the single-qubit QRM [5]. A simi-
lar model has been analysed, with a different method, in
Ref. [31]. Nevertheless, that model results to be non-
integrable and no QPTs are present. In this work, in-
stead, both the model and the used approach allow to
easily and exactly identify the occurrence of QPTs, char-
acterized by an abrupt change of the two-qubit magneti-
zation, the mean photon number and the two-qubit level
of entanglement. Such QPT's occur for a variation of both
the qubit-mode coupling, the qubit-qubit-coupling, and
the strength of the longitudinal magnetic field.



Model. Consider the following model (in units of #):
H=¢ 6] +&65+wad'a
+1%616; + %66, + 1.6{6; 1)
+ (8167 +8265)(a+4a"),

which describes two interacting spin-1/2’s subject to local
longitudinal (z) fields and coupled to the same single field
mode through different (real) coupling parameters. ®
and & (i =1,2) are the characteristic frequencies of the
mode and the i-th spin, respectively. 6/£ (k=1,2, 1=
x,¥,z) are the Pauli operators of the spins, while (a,a’)
are the annihilation and creation boson operators of the
field mode.

Thanks to the existence of the constant of motion 6767,
the model can be unitarily transformed into H = H, & Hp,
with

H, =€,6%+ 7,6, + v-1a+ o d'a+ g, (4" +a) 6%,
Hy, =&,6; + 1,65 — 1y +w d'a+g, (a" +4a) 67,

(2)
where €, = &1+ &, Yo =% F W and gup = g1 £ &2.
The effective Hamiltonian H, (H,) governs the dynam-
ics of the two-spin-mode system within the dynamically
invariant subspace %, () spanned by {|++),|——)} ®
Yo (=)~} & {m) ), with 67[£) = £[)
and a'a|n) = n|n) (see supplemental material). The two
Hamiltonians in Eq. (2) look like the well known asym-
metric QRM [46] [51]. It is worth noticing that the role
of the transverse field in the two effective Hamiltonians
is played by the (effective) spin-spin couplings ¥, and .

We emphasize that the two qubits behave as effective
two-level systems within each invariant subspace. There-
fore, each information at our disposal or obtained for
the effective dynamics of the fictitious two-level systems
described by o) and O'é (I = x,y,z) can be reinterpreted
in terms of the actual two coupled qubits, 61/ and oé,
through the following mapping

[t)a = 1£4), [ = [1F), 3)

where |£), (|£)p) are the two single-spin states of the fic-
titious spin-a (spin-b). This means that the study of the
dynamics of the original system (two interacting qubits
coupled to the same field mode) can be reduced to that of
two independent effective single-spin quantum Rabi prob-
lems. In other words, we can solve the original dynami-
cal problem by applying to each two-dimensional subdy-
namics the known results reported in literature for the
single-spin QRM. It is worth noticing that such a reduc-
tion based on an analytical method (see the supplemental
material) is independent of the Hamiltonian parameters
as well as of their possible time-dependence. In partic-
ular, no constrains related to the spin-mode couplings
are present: our approach holds for weak, strong, ultra-
strong and deep-strong spin-mode coupling (see Refs.
[52, 53] for the classification of the coupling regimes).
Moreover, it is worth noting that when g ~ g, the sub-
space a can be characterized by either a weak or strong

coupling regime (depending on the magnitude of the two
couplings), while the subspace b would ever be in the
weak coupling regime.

Spectrum. Thanks to the exact dynamical decompo-
sition which breaks down the initial dynamics into two
independent easier (sub)dynamics, the eigenvalue prob-
lem can be successfully dealt with. The spectrum of the
two-spin-mode system, indeed, is obtained by the ‘union’
of the spectra of H, and H,, each of which can be an-
alytically derived from the QRM spectrum [5] (see the
supplemental material). The latter presents two series of
eigenvalues related to the different value of the parity [5],
and then our model is characterized, in general, by four
series of eigenvalues. The exact dynamical reduction of
our two-qubit QRM implies the integrability of the model
as direct consequence of that demonstrated by Braak [5]
for the single-qubit QRM.

Of course, depending on the Hamiltonian parameters,
different scenarios with different eigenspectra can arise.
From now on, without loss of generality, the case 3, =0
is considered. Such a term only causes a shifting in the
spectra of H, and Hj, with no relevant physical implica-
tions. To appreciate this claim, let us consider the two
special cases for which some terms of H, and/or Hj, van-
ish. First, in the case g1 = g» = g/2, it is easy to see that
the b-spin is effectively decoupled from the field-mode.
It means that, although the two spins are coupled with
the field mode, within the b-space they evolve as the field
mode were absent. This condition simplifies H}, as follows

H, = 8[,6'; + '}’bég + o de, (4)

which, in turn, leads to a trivial spectrum consisting in
\VEE+
H, is instead characterized by the ‘standard’ single-spin
QRM spectrum. The first four eigenstates of the two-
spin-mode system (given by the first two eigenvalues of
H,, E(‘)‘/l, and the first two eigenvalues of Hj,, Eg /1) are
shown in Fig. 1(a) for & =& =0 and % =2y, =0.40.

Another particular case corresponds to ¥ = ¥%; such a
condition induces the emergence of a further constant of
motion: £ = 67+ 6;5. In this instance,

the following infinite set of doublets EX = nw +

H,=€,6:+wd'a+g,(a"+a) 6y, (5)

can be reduced to the displaced quantum oscillator
(DQHO) Hamiltonian since 67 is a constant of motion.
The portion of spectrum of the two-spin-mode system
stemming from H, consists in the infinite set of eigen-
values (E)* = w(n — a?) £ ¢, for oZ = £1 and with
o = g,/ ; the related eigenvectors turn out to be

|[+4) @ [Fa,n) = [++) © D(F)|0), (6)

D(a) and |0) being the displacement operator and the
vacuum state of the quantized bosonic mode, respectively
[54]. In this case, the four lowest eigenvalues of the sys-
tem seen before for g = g, = g/2 (E(‘)’/17 and Eé’/l)7 when
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Figure 1: First four eigenvalues of the two-spin-mode
system for g =g, = g/2 and: (a) & =& =0,
Y% =2%=04w; (b) & =& =0250, =% =0.30.
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Figure 2: The lowest eigenvalue E(l)’ of Hp (black solid
line) and E§ of H, for: (a) &y =& =0, g1 =g» =g/2 and
in case of spin-spin coupling anisotropy

(% =27 = 0.4, blue dotted line), and spin-spin
coupling isotropy (% = % = 0.3®, cyan dashed line); (b)
g =6=0,2,/3=g =gand =% =020.

£ =& =0.25w and ¥, = % = 0.3, are modified as shown
in Fig. 1(b).

Unbiased QPT. Depending on the parameter-space re-
gion, the ground state (GS) of the two-spin-mode system
(1) belongs to either the a or b space. It can be derived
by the GS of the effective quantum Rabi Hamiltonians
which governs the dynamics in the a (H,) and b (Hp)
spaces, on the basis of the mapping in Eq. (3).

Let us first consider the unbiased case (& = & = 0),
assuming in addition equal couplings of the two spins
with the mode, namely g; = g» = g/2. This condition
implies that the fictitious spin-1/2 b is decoupled from
the field mode. In this instance, the two effective two-
level Hamiltonians read indeed

H,=Y6,+0d'a+g(a"+a) 6L, -
H, =y%6; + o d'a.

The ground energy of H is trivial and corresponds to
Eb = —v,, while E§ can be derived analytically [5] (see
the supplemental material).

By considering the anisotropic case ¥ = 2% = 0.4, a
QPT happens at the critical value g, =~ 0.714, as it is
clearly shown in Fig. 2(a) (solid black and blue dotted
lines). It means that the ground state of the two-spin-
mode system is placed in the b-space for g < g. and cor-
responds to |GSp) = (|+—) — |—+))/V2&|0). As far as

g > g, it ‘moves’ into the a-space and can be written as
8, 55]

1GSa) = [+4) ® f1,(aM)[0) = |- =) ® f5,(aM)|0),  (8)

where f|, and f, are functions of the operator at ex-
pressible in terms of the confluent Heun functions [56].
This quantum phase transition can be experimentally
detected by measuring the net magnetization (M, =
(GSk|(67 + 65)/2|GSk), k= a,b) of the two-spin system.
|GSp), and more in general the whole b-space, are in fact
characterized by a vanishing net spin magnetization since
the two involved spin states are {|+—),|—+)}. [GS.),
instead, presents, in general, a non-vanishing net spin
magnetization. This implies that, moving from the re-
gion g < g, to g > g., M; abruptly changes from a vanish-
ing value to a non-vanishing one. The highlighted phase
transition can be then classified as a first-order quantum
phase transition with the net spin magnetization as the
order parameter.

It is worth noticing that in the isotropic case (% =
¥ =7Y/2), since ¥, =0, H, reduces to the DQHO Hamil-
tonian in Eq. (5) (with &, =0 for the unbiased case under
scrutiny). In this instance, the lowest-energy state of H,
is doubly degenerate. In terms of the two spins, by con-
sidering Eq. (3), they read:

[+ @D(~a)[0),
168 = {|——> @ D(a)).

Such a degeneracy is due to the existence of a further con-
stant of motion: £2. The related eigenvalue simply reads
Ej = —g% /o, while Eg = —7 and the related lowest-energy
state remain unchanged: |GSp) = (|+—=) —|—+))/v2®10)
(already mapped into the two-spin system). In Fig. 2(a)
(cyan dashed line) it is possible to see that the quantum
phase transition occurs as well, but the crossing point
corresponds to a higher critical value of the coupling pa-
rameter, namely g.~ 0.775. This shows that the isotropy
level of the spin-spin coupling (which could depend on
the geometry of the actual spin system) confers a differ-
ent symmetry to the Hamiltonian. This implies, in turn,
the emergence of different physical features like, for ex-
ample, the critical point which separates two different
experimentally measurable phases. We underline that,
besides the magnetization, also the level of entanglement
between the two qubits undergoes an abrupt change. In
this case, it is indeed easy to calculate the concurrence
C [57], which vanishes for |GS,) and is maximum (C =1)
for |GSp).

In Fig. 2(b) we show the QPT both for the isotropic
case % =% = ¥/2 =020 and for a different coupling
to the mode of the two spins (2g,/3 =g, = g). In this
scenario the two Hamiltonians read

(9)

H,=o d'a+g,(a"+a)6;, (10)
H,=y6} +w d'a+g, (a" +4) 6}

In this case Eg coincides with the energy of the lowest-
energy state of the related QRM, which in terms of the
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Figure 3: (a) The lowest eigenvalue E§ of H,, (black solid
line) and Ef of H, for g1 = g» =¢/2, 1 =7 =0.3w, and
€1 = & =0 (red dashed line), & = & = 0.20 (green
dotted line), & = & = 0.4 (blue dot-dashed line). (b)
The normalized energy difference (E§ —Eg)/® in the g-¢
space. The two phases are characterized by different
values of the two-spin magnetization M;, the mean
photon number N, and the concurrence C.

two spin reads
GSp) = |+=) @ £1,(@")[0) = |[=+) @ £, (@")[0), (1)

while Ef is the energy of the lowest-energy state of the
DQHO given in Eq. (9). The QPT at g, ~ 0.491 is due
to the different dependence of Ef and E(l)’ on g.

We remark that the previously highlighted QPTs do
not depend on any external parameter (e.g. the applied
magnetic field). Rather, they only depend on the relative
weights of the internal parameters characterizing the sys-
tem: the spin-spin coupling, the spin-mode coupling and
the mode energy. Therefore, such a phenomenon can be
interpreted as a self organization of the system: depend-
ing on the geometry as well as on the physical features of
the system, the latter can exhibit different phases for the
GS. As seen before, in fact, different couplings and re-
lated anisotropies deeply determine the critical value for
which a QPT occurs and consequently different struc-
tures of the phase space. In nuclear magnetic resonance,
for example, the typical range of the spin-spin coupling
is 10-300 Hz, depending on the molecule [58]. The in-
teraction strength can instead reach the kHz range in
microwave-driven trapped ion scenarios [59]. Further,
thanks to the huge electric-dipole moments of the Ry-
dberg states, the effective spin-spin coupling in Rydberg
atoms and ions can reach a few MHz [60, 61].

Biased QPT. In order to study the effects stemming
from the presence of bias terms, let us consider a homo-
geneous (& = & = £/2) magnetic field applied to the two
spins and homogeneous spin-mode coupling (g1 = g2 =

g/2) and spin-spin-coupling (% = % = ¥/2). In this in-
stance the two effective Hamiltonians read
H, =6+ w d'a+g(a' +a) 67 12
u B g(a'+a)é;, (12a)
Hy, =y8} +© d'a. (12b)

The magnetic field removes the degeneracy of the lowest-
energy state of H,, which this time [mapped through (3)]
results to be |GS,) = |——)@D(@)|0) with E§ = —g* /o —¢
as ground energy. The (mapped) lowest-energy state of
Hy, instead, is again |GS,) = (|+—) —|—+))/v2®|0) with
cigenvalue EL = —7v.

In Fig. 3(a) Ef is plotted versus g/ for different values
of €. We see that, depending on the value of the homoge-
neous magnetic field, the critical value of g corresponding
to a QPT is different (red dashed and green dotted lines).
In particular, when € > y the critical point does not ex-
ist, implying that no QPT occurs (blue dot-dashed line).
This aspect suggests that, fixing the value of the spin-
mode coupling, an e-dependent QPT is present. In Fig.
3(b), indeed, by plotting the difference E§ —ES in the
(g,g) space, two distinct regions corresponding to differ-
ent phases of the system clearly emerge. The white strip
coincides with the critical points where the QPT occurs.

It is worth noticing that these two phases are charac-
terized by a different level of entanglement between the
two qubits. In |GS,) the latter are indeed in a disentan-
gled state, whereas |GS;) exhibits a maximally entangled
state of the two qubits. It means that the QPT is char-
acterized by an abrupt change of the concurrence C [57],
namely C =0 and C =1 in the subspace a and b, re-
spectively [see Fig. 3(b)]. The physical reason at the
basis of such an effect is that the spin-spin coupling, re-
sponsible for the two-qubit entanglement, is present in
the effective Hamiltonian Hj, while it is absent in H,
[see Egs. (12)]. Moreover, also the two-qubit magnetiza-
tion M, and the mean photon number N = (GS;|a"a|GSy),
(k= a,b) exhibit a discontinuous behaviour in the QPT:
{M,=—1, N=a?=g?/®*} and {M, =0, N =0} for |GS,)
and |GSp), respectively. Therefore, the concurrence, the
spin magnetization and the mean photon number results
to be order parameters of this first-order QPT.

Finally, we underline that an analogous, but qualita-
tively different, QPT occurs by fixing the spin-mode cou-
pling g and varying the spin-spin coupling y. This shows
that the two-qubit QRM here analysed admits QPTs not
as a particular case, that is for specific conditions on the
Hamiltonian parameters, rather a wide range of different
scenarios exists where QPTs are allowed.

Conclusions. The two-qubit QRM here investigated
allows to focus on the effects stemming from the inter-
play between the qubit-qubit coupling and the qubit-
mode coupling. The two-qubit-mode problem can be
exactly reduced into two independent single-qubit-mode
(sub)problems, which turns out to be integrable. This
circumstance allows to analytically find the occurrence
of QPTs originating discontinuities in the spin magne-
tization, the mean photon number and the concurrence.
Our exact approach [62-68] can be applied to other sce-
narios paving the way for further investigations and ap-
plications.
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