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I've looked at clouds from both sides now
From up and down, and still somehow
1t’s cloud illusions I recall

I really don’t know clouds at all

Joni Mitchell
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Abstract

One of the key features of quantum mechanics is that any superposition of quantum
states is in itself a legitimate quantum state. This has far reaching consequences, and
is behind the stark difference in behaviour between quantum and classical systems.
In particular, quantum systems are not -unlike classical ones- intrinsically objective,
that is, different observers are not always able to agree on the properties of the
system. Understanding the conditions for objectivity in quantum states is therefore
key to address the wider issue of the quantum-to-classical transition. Here, we discuss
several aspects of quantum objectivity, and in particular subtleties that arise to the
definitions of objectivity whenever non-ideal scenarios are taken into account. We
first explore the emergence of objectivity in novel open system dynamics. We then
discuss the relations between different methods to quantify objectivity, prove their
non-equivalence and the implications that this entails. Finally, we provide proof-of-
principle evidence on the reproducibility of non-trivial objective states on quantum

computers.
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Introduction

Since its very beginning, quantum mechanics had a difficult relationship with the
pre-existing classical physics. It is a self-evident fact that several of the predictions
of quantum mechanics, such as the possibility for quantum systems to be in superpo-
sitions, or the fact that measurements inevitably alter the properties of a quantum
system, goes against the behaviour of classical systems.

Quantum systems can be in a superposition of states, while classical systems
can be in only one state at any given time. In turn, whenever quantum states are
measured, the measurement outcomes are compatible with classical physics, in the
sense that quantum systems are always measured in well defined states. This is
possible however because the measurement of quantum systems inevitably perturbs
the system, in order to destroy any superposition of states, which is yet another
divergence from classical physics, where measurements do not influence the system
itself.

Classical systems are however, nothing more than very large quantum systems.
This has led to speculation that, despite the stark differences, classical physics should
emerge from the quantum substrate. Arguably, the linking bridge between quantum
and classical physics is the measurement process, which is however added ad hoc to the
theory and itself not well understood. Therefore, trying to explain the measurement
process is a promising strategy for closing the gap between the quantum world and
the classical one.

Decoherence [1, 2] is often considered a promising mechanism to explain both
the measurement problem and the quantum-to-classical transition [3, 4]: as quantum
systems are never really isolated [1, 2], their surrounding environment “reads” the
system, causing coherent superpositions to be replaced by statistical mixtures, and
the corresponding loss of quantum features [4]. However, the theory of decoherence
is not per se sufficient to directly explain some pivotal markers of classicality, such
as the emergence of objectivity in quantum systems, that is, the mechanism allowing
multiple observers to agree on some property of a quantum state.

While an intrinsic property of classical systems, “objectivity” is usually under-
stood in the quantum domain as consensus between observers. More specifically,
given a quantum system S interacting with an environment £ composed of a number
of constituents &;, we say that the system is objective when observers performing
independent measurements on different &; reach a consensus about some property of
the system [5]. This is only possible if, due to prior interactions between system and

environment, the relevant information was encoded with high redundancy into the



environment [6, 7, 8, 9]. Research in the field of quantum objectivity concerns itself
to understand under which conditions quantum states can be considered objective,
and what are the typical features of such states.

Outline of the disseration—In chapter 1 we will offer an introduction to some
base concepts of open quantum systems and quantum information theory. This will
be helpful to introduce many of the tools that we will use throughout this dissertation.

In chapter 2 we will introduce the concept of quantum objectivity. We will give
an operative definition of objectivity in the quantum scenario and outline its main
features. We will then describe the two main measures of quantum objectivity used
in this context, namely quantum Darwinism (QD) and spectrum broadcast structure
(SBS). The first two chapters will essentially cover known material.

In chapter 3 we will introduce the stochastic collision model, a versatile model
for open system dynamics. We will give a full characterization of the open system
dynamics resulting from such models, including an analysis of the emergence of objec-
tivity. We will also prove the versatility of the stochastic collision model by applying
it to a network excitation transfer problem.

In chapter 4 we will expand on the concepts of redundancy and consensus, two
different quantifiers of quantum objectivity. We will show that, while the two concepts
are often considered as synonyms, they actually capture different features of quantum
objectivity, and the relationship between them can be non-trivial in some cases. In
particular, we will discuss the consequences that this has for the connection between
quantum Darwinism and spectrum broadcast structure. The operative definitions
given to redundancy and consensus will provide tools to analyse the meaning of
quantum objectivity in several scenarios of interest.

Finally, in chapter 5 we provide experimental evidence of objective states in a su-
perconducting quantum computer, showing that quantum computers are a promising

platform for future experimental investigations of quantum objectivity.



Chapter 1

Open quantum systems and

quantum information theory

Properties of a quantum system can be objective only if information about those
properties is encoded into a larger system (the environment). This is only possible
through a system-environment interaction. As such, the study of quantum objectivity
rests on the shoulders of open quantum systems and quantum information theory.
In this chapter we will offer a basic introduction to the theories of open quantum
systems and quantum information, as well as their formalism. As we will only focus on
some concepts, the most useful ones in relation to this dissertation, this introduction
will be far from complete. The interested reader can find more about open quantum

systems in [1, 2] and about quantum information theory in [10, 11].

1.1 Unitary evolution

It is standard practice, in physics, to connect the time evolution of a system with
some of its properties, by means of an equation of motion. In quantum mechanics, the
equation of motion that describes the evolution of quantum states is the Schrodinger

equation: .
o () = —iH [$(2)), (1.1)

where H is the Hamiltonian of the system. Here, and throughout the dissertation,

we will work in units of A = 1. The formal solution to eq. (1.1) is

[t +7)) =U(T) [9(t) , (1.2)

with U = e " the time evolution operator'. Since UTU = 1, the time evolution
is described by a unitary operator and the inner product is preserved, in particular
(W(0)I9(1) = ((t+7)[6(t + 7)) V.

The Schrodinger equation can be straightforwardly generalized to describe (closed)
evolutions of density operators, resulting in what is referred to as the von Neumann

equation: ;
() = ~ilH, p(t)]. (1.3)

! Assuming for simplicity that the Hamiltonian H is time independent.
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Box 1: Open evolutions do not preserve the purity of the reduced subsystems

Take for instance a qubit (a two level system) that is in the possession of Alice.
Alice’s qubit is not isolated, and it interacts with another qubit, in the possession of
Bob. The two qubits are initially in the [¢) 4 = \/LE (10) 4 + 1) 4) and [)z = [0)5
states respectively, the joint state is |) = [¢)) ,®[v)z. Suppose the two qubits evolve
according to the unitary transformation U = |0)0|®1+|1)(1|®0c, which, as it happens,
is the quantum equivalent of the controlled NOT (CNOT) logic gate. After the
evolution, the two qubits will be in an entangled state |¥) = \/L§(|O>A 10)g+11) 4 11)5)-
If we are not interested in Bob’s qubit, we can recover the state of Alice’s qubit by
performing the partial trace over the Bob’s qubit degrees of freedom, which effectively
corresponds to ignoring them. px = Trg(|U)¥|) = (|0)0| 4 + |1)1]| 4), so that an
initially pure state is now in a statistical mixture.

While the two qubits, shared between Alice and Bob, follow a unitary evolution, the
individual qubits are described by an open evolution. While one could argue that
this is always the case, and that open evolutions are always the result of ignoring the
environment, in most cases of interest keeping track of the environmental degrees of

freedom is both unfeasible and undesirable, which justifies an open system approach.

1.2 Open evolutions

Any isolated system evolves according to an appropriate von Neumann equation.
However, when the system interacts with other systems -the environment- this is no
longer true.

Suppose we have an atom interacting with the electromagnetic vacuum. The atom
is initially in an excited state, that we write as |¢(0)) = |1). After some time it will
emit a photon through spontaneous decay and jump to the ground state, so that
|(7)) = 10). At the same time, if the atom is initially in the ground state, it will
simply remain there throughout the time evolution: |¢(0)) = |¢(7)) = |0). The inner
product is not conserved, indeed (¢(0)|¢(0)) = 0, while ((7)|¢(7)) = 1. What-
ever dynamics describes the spontaneous decay of an atom, it is clearly not unitary.
Non-unitary evolutions are often referred as “open”, since they are usually the conse-
quence of the environment not being isolated, but interacting with an environment.
Furthermore, as shown in Box 1, open evolutions do not preserve the purity of the
system.

Generic transformations of a quantum system, thus including open evolutions,
are described by quantum channels, trace preserving completely positive maps. A
channel ® acts on a quantum state p, so that p’ = ®(p). Channels can be represented
in many different ways, here we will show the Kraus representation and the Stinepring

representation.
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Kraus representation—TIt is always possible to find a set of operators {K;} that
follow the condition ), K j K; =1, for which it holds that

(p) = 3 Kipk]. (1.4)

This is referred to as the Kraus representation of the channel ®. It should be noted
that the set of Kraus operators {K;} is not unique, in other words, one could find a
different set {M;} that results in the same channel.

Stinespring representation—Just as we have seen that non-unitary transforma-
tions are the result of unitary interactions between the system and the environment,
we can always represent channels as a unitary transformation involving the system
and an ancillary state

®(p) = Tra(Up ® p*UT), (1.5)

where p? is an ancillary state and U a unitary operation acting on both p and p®.

Like the Kraus representation, the Stinespring representation is also not unique.

1.3 Master equations and non-Markovianity

Even for open evolutions it is usually desirable to be able to describe them using an
equation of motion. While the most general equation that describes the time evolution
of generic open quantum systems does not exist, it is possible to show how, provided
that some conditions are met, the equation of motion can be cast in a specific form.

Given a system in the state pg at time ¢ = 0, the state of the system at a generic
time ¢ is given by D;(p(0)), where the D channel is called the dynamical map. If it
holds true that D;i, = DD, then the dynamical map has the semi-group property,
meaning that any composition of dynamical maps is itself a legitimate dynamical map.
Since D usually describes open, irreversible evolutions, it cannot be inverted, which
is why the semi prefix is used. While only a restricted number of dynamical maps
have the semi-group property, they correspond to a wide array of relevant physical
scenarios.

The semi-group property implies that it is sufficient to know the state of the
system at a given time to be able to predict its whole future, a concept that is
often expressed by saying that the time evolution depends only on the present, and
is not influenced by the past of the system. This property strongly resembles the
Markovian assumption [12] for classical stochastic processes, which is why the semi-
group property is often considered to be the analogous of the Markovian condition
for quantum systems [13, 14, 15].

Provided that the dynamical map has the semi-group property, we can write the

master equation that describes the time evolution of the system.

plt + dt) = Day(p(t)). (L6)
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Let’s expand the map in linear order:
Dar =1+ dtL, (1.7)

then
p(t + dctli —p(t) = L(p(t)). (1.8)

This finite difference equation is the master equation that describes the process.

We recovered the master equation based on an important assumption: we required
the semi-group property for the dynamical map, which in turn ensured that the
process is Markovian. It should be noted however, that there is not a universally
agreed upon definition of quantum Markovian processes, and the aforementioned
semi-group property is often considered to be an over-stringent requirement [16].
While discussing the different measures and interpretations of non-Markovianity is
outside of the scope of this dissertation, we will point out that the distinguishability
between two different states can never increase under quantum channels [17]. The
degree of dintinguishability between two different quantum states can be put in terms
of the trace distance D(p1,p2) = %Tr]pl—pgl, and we have that D (®(p1), P(p2)) <
D(p1, p2) for every channel ®. If the dynamical map has the semi-group property,
then we can always represent it as a collection of channels, and it holds true that
o(t,p12) = %D(pl(t),pg(Q)) < 0 Vt, i.e. the distinguishability between quantum
states monotonically decreases in time. If the semi-group property is not satisfied,
then it is not always possible to represent the dynamical map as a collection of
channels, meaning that the trace distance does not have to decrease monotonically.
The fact that o is larger than zero at any time can be seen as a hallmark of non-

Markovianity, employed in the BLP measure [18]

N (®) = max / dto(t, pr(0)), (1.9)
p1,2(0) Jo>0

that quantifies the degree of non-Markovianity of a quantum process. It should be

noted however that this is not a measure of whether a dynamical map has the semi-

group property or not, as N (®) can be zero (and the process Markovian), even if ®

does not have the semi-group property.

1.4 Collision models

A useful tool to address open quantum systems that has received growing interest in
recent years is the one of collision models (CM) [19, 20, 21, 22]. In collision models,
the system interacts with the environment through a series of repeated interactions
with ancillary systems. While this approach may seem an idealization of more re-
alistic scenarios, it proves to be advantageous in the derivation of master equations

equivalent to microscopic derivations, and is able to provide useful physical insights
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in several scenarios [23, 24, 25]. In the following we will illustrate the simplest (and
archetypal) collision model.
Suppose we start with the system initially in the pg state, and N ancillae all in

the same state v. System and ancillae start in a product state
prot(0) = po @ vV, (1.10)

The system interacts with the first ancilla by means of a unitary evolution Uy, after
the first interaction system and ancilla will be in the Uj(py ® I/)UIT state. We assume
that the ancilla will never interact with the system again. This way, we can safely
recover the state of the system after the first collision, p;, by tracing out the ancillary
degrees of freedom, so that p; = Tr, [Ur(po ® I/)U}L]. This is effectively a Stinespring
representation of a quantum channel, so that p; = ®(pg). This represents the first
time step in the system dynamics. The system then interacts with the second ancilla
in an similar way, and so on. Since the ancillae are all in the same initial state, and
interact with the system with the same unitaries, each collision corresponds to the
same ® channel. Each collision represents a time step in the discrete-time evolution
of the system, and at the generic n-th time step, the dynamical map will be ®".
The dynamical map clearly has the semi-group property, in the sense that " =
&™MP"~™_ This ensures that the time evolution of the system is Markovian and, as a
direct consequence, it is described by a discrete-time master equation, similar to the
one in eq. (1.8). Collision models can be modified in many ways depending on the
dynamics one may wish to describe [26, 27]. In particular, non-Markovian evolutions
are usually described by using three different approaches: allowing for the ancillae
to be initially correlated [28], letting the ancillae interact more than once with the

system [29], or having ancilla-ancilla interactions [30].

1.5 Measurement theory: PVM and POVM

The most commonly found type of measurement is the projective valued measurement
(PVM). PVMs are defined as a set {P;} of orthonormal operators such that

P, P; = P;b;;. (1.11)

and

> p=1 (1.12)

After a measurement, the outcome i is obtained with probability p; = Tr(P;p), and the
system is projected in the PjpP;/p; state. The fact that ), P; = 1 can be interpreted
as the fact that we must find the system is some state after a measurement, so that

the sum of all probabilities is one.

S b= Y Te(Pip) = Te(p Y P) = Te(p) = L (1.13)
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An interesting property of PVMs is that they are repeatable, in other words, after
performing a PVM and obtaining a measurement outcome, performing the same PVM
once again yields the same measurement outcome and leaves the state unaltered. This
is not a universal property of measurements, but rather a specific one of PVMs

A generalised class of measurements are the positive operator valued measure-
ments (POVMs). A POVM is defined by a set of positive operators {II;} that sum
up to identity

d I =1, (1.14)

and the outcome i is obtained with probability p; = Tr(Il;p). Notice that, unlike
PVMs, the operators of a POVM need not be orthonormal, so that PVMs are a
specific case of POVMs. At the same time, the POVM itself does not tell us the post-
measurement state. In order to know it, we would have to find a set of operators Fj;
such that IT; = > y EJjEij, the post-measurement state would then be p%_ > ; EijpEiTj.
Since the choice of {E;;} is not unique, the POVM itself is not enough to know the
post measurement state. Moreover, repeatedly performing a POVM many times does

not necessarily yield the same result each time.

1.6 Information entropy

Given a (discrete for simplicity) stochastic variable X with an associated probabil-
ity distribution p(zx), the information entropy —or Shannon entropy— is defined as
H(X)=—->_p(z)logp(x), and it describes the degree of ignorance associated with
the stochastic variable. For quantum systems, the analogous version is the von Neu-

mann entropy

S(p) = —Tr(plog(p)). (1.15)

By writing the state in its eigenvector basis, p = — ). A; [1;)(¢4], the von Neumann

entropy reads

S(p) = Z/\z‘ log(A;). (1.16)

It is therefore possible to interpret the von Neumann entropy as the degree of uncer-
tainty about in which of the {|¢;)} states the system is in. If instead we perform a
measurement operation, we recover a probability distribution p; = Tr(IL;p), where IT
is a generic POVM. From this probability distribution it is possible to compute the
associated Shannon entropy Hmy(p). Said entropy is of course highly dependent on
the chosen POVM, and it is always satisfied that Hmy(p) > S(p) [31].

1.7 Measuring correlations

In a classical system, the mutual information between two random variables is defined
as
I(X:Y)=H(X)+H(Y)—- H(XY). (1.17)
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It quantifies how much knowledge we recover on X by measuring Y, and vice versa.
As a matter of fact, I(X :Y) < min{H(X), H(Y)} which simply implies that the
knowledge we recover on one of the two variables by measuring the other cannot be
higher than the initial degree of uncertainty.

Given a bipartite quantum state p4g, the quantum mutual information (QMI)
between A and B is defined as

I(A:B) = 5S(pa) + S(ps) — S(pag), (1.18)

as a direct generalization of the mutual information for classical systems, using the
von Neumann entropy instead of the Shannon entropy. The QMI can be higher than
the individual entropies of p 4 and pp. In particular, if p 45 is a pure state, S(pag) = 0
and S(p4) = S(pp), while we have full knowledge on the global state, we are ignorant
about the individual ones, and I(A : B) = 25(p4). The fact that in some cases
I(A: B) > max{S(A),S(B)} already suggests that the QMI does not have the same
operative interpretation as with the classical setting.

If we perform measurement operations on both subsystems, however, we recover
a classical probability distribution, from which we can compute a classical mutual
information, recovering the operative interpretation. Given the state p4p we can
perform two measurement operations II* and II® on the respective subsystems, the
joint probability distribution for the outcomes of the two measurements reads p;; =

Tr(H;“Hf pAB), and the marginal probabilities are p;;y = ypij- This is a classical

i
probability distribution, from which we recover a classical rjriutual information, that
is however dependant on the chosen measurement operators. We are often interested
in recovering the maximum obtainable mutual information (which we will refer to as
the accessible mutual information I,c.), so we maximise over all possible POVMs and
write

Tace(A 2 B) = (Hra(pa) + Hys (pg) — Hians (p) - (1.19)

AT
It always holds that L..(A: B) < I(A: B). Even though the accessible information
is a quantity of great interest, the fact that it requires the simultaneous optimization
over all possible POVMs on two subsystems makes its computation unfeasible in most
cases.

Another useful quantifier of correlations is represented by the Holevo x (also
known as Holevo quantity) [32]. Suppose Alice has a classic register of states {p;},
and decides to send the state p; with the corresponding probability p; to Bob, who
then performs a POVM on the received state. The POVM yields outcome j provided
the input state was p; with a corresponding probability p;;. The result is a joint
probability distribution p;; = p;p;; of the classical register and the outcomes of Bob’s

POVM, resulting in a (classical) corresponding mutual information. Such mutual
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information is upper bounded by the Holevo y, defined as

x{pi} =S (mei) - ZpiS(pi). (1.20)

Suppose now that we have a bipartite quantum state p*8 shared between Alice
and Bob. Alice decides to perform a projective measurement P on her subsystem,
she obtains the outcome ¢ with probability p; = Tr(Pi,oABPZ-) in which case Bob’s
subsystem is in the plB = iPiA,oAB PiA state. This scenario is analogous to the previous
one, only that the classical register is now replaced by the outcomes of the projective
measurement. Also in this case the mutual information between Alice’s outcomes and
Bob’s outcomes is bounded by the Holevo x. After Alice’s measurement, the joint

state will be the following

> _piliNil @ o’ (1.21)

With |i) eigenstates of P;. If we want to compute the QMI of this state, we have
that S(A) = =Y, pilog(pi), S(B) = S (X, pip?) and S(AB) = — >, p;log(p;) +
> i piS (pP), so that the resulting QMI is exactly the same as the Holevo y. This is
true whenever we have states of the form of eq. (1.21). The measurement performed
by Alice is a local operation, and the QMI between A and B can never increase under
local operations. This implies that the Holevo x can never be higher than the QMI.
By maximising over all the possible projective measurements performed by Alice,
we obtain an upper bound for the accessible information between Alice and Bob. The
Holevo y is itself bounded by the QMI, so that the following relations always hold

Iee(A:B) < II;E}AXXPA(A :B) < I(A:B). (1.22)

The advantage of the Holevo x is that we only need to maximise over all possible
PVMs on Alice’s system, instead of maximising simultaneously over two different
POVMs.

The numerical difference between the maximised Holevo x and the QMI is called
discord [33, 34], defined as

D(A:B)=1I(A:B) —H;E}AXXPA(AMB), (1.23)

and it represents correlations that cannot be accessed by performing local operations
on the two subsystems. Notice how the Holevo x as it appears in eq. (1.23) bounds
the accessible information between A and B, after a projective measurement has been
performed on A. When instead measurements are performed on B, the correspond-
ing Holevo x will not in general be the same quantity. Henceforth, discord is an
asymmetric quantity: D(A: B) # D(B : A).

To finish this chapter, we point out that there are some states, called classical-

quantum (CQ) and classical-classical (CC), with some interesting properties regarding
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their correlations. A state is referred to as CQ if it can be written as p = >, p; |i)(i| ®
pB, CC if it can be written as p = > i Pig [i)i| @ [5)(d], with {|¢)} and {[j)} two
orthonormal sets. We have already seen that, if a state is CQ, the Holevo x is the
same as the QMI. If a state is CC, the accessible information, the maximised Holevo
x and the QMI all reduce to the same quantity [35]. Both CQ and CC states are

therefore zero-discord, and their correlations can be accessed locally.
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Chapter 2

Quantum objectivity

While it may be common to have an intuitive understanding of what it means for
something to be objective, it is not trivial to offer a rigorous and unambiguous def-
inition of objectivity. To avoid the difficulties of dealing with a proper definition of
objectivity, we will adopt the convention of defining objectivity in terms of consensus
between observers. Within this convention, if different individuals can simultaneously
agree on a statement, then that is an objective statement [5, 36]. Quantum objectiv-
ity tries to understand when, in the quantum settings, we can say that a particular
system has objective features.

Objectivity is a typical property of classical systems, and for this reason under-
standing quantum objectivity is considered as a fundamental step in understanding
the quantum-to-classical transition [37, 38, 39, 40], the process through which quan-
tum systems lose their quantum features and become classical, as well as objective.

In this chapter we will offer an introduction to the subject of quantum objectivity.
We will begin in section 2.1 by introducing the notion of decoherence [1, 2, 41],
while strictly speaking uncorrelated with quantum objectivity, decoherence, can be
considered as a precursor of some of its key concepts, and it has been for a long time
a much studied tool in the wider context of the quantum-to-classical transition. In
section 2.2 we will delve into the definition of state objectivity in the quantum context,
and we will describe the framework of quantum Darwinism [42, 43], that can be used to
measure the degree of objectivity of a quantum state. In section 2.3 we will reason in
terms of accessible information to discuss some issues that may arise in the framework
of quantum Darwinism, we will then introduce an alternative framework, spectrum
broadcast structure [44], that allows to solve said issues. We will finally discuss
the relations between these two measures of quantum objectivity. Throughout this
dissertation, we will refer to objectivity in quantum systems as “quantum objectivity”,
this should not be interpreted as a quantum version of objectivity, as opposed to a
classical one, but simply highlights that the system with objective features is of a

quantum nature.
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Box 1: Proper and improper mixtures

We toss a coin, and if the result is heads the system is prepared in the state |¢), if

the result is tails it is prepared in the state [¢)). We don’t get to see the result of the
coin toss. The system is in a well defined state, but we are fully ignorant about it.
The best thing we can do is to describe it as a statistical mixture between |¢) and
|t)). This is an example of a proper mixture.

Suppose instead that we have a pure system in a superposition between two states,
|¢) and |¢)). The system interacts with an environment and becomes entangled with
it, by performing the partial trace over the environment we recover the local state
that is once again in a statistical mixture between |¢) and |1)) (see Box 1 of chapter 1).
This is an example of an improper mixture.

In a proper mixture the system is in a well defined state, but we are forced to describe
it as a mixed state because we don’t know in which, among the many possible states,
is the system. On the other hand, in an improper mixture the system is entangled
with an environment, the system is not in a well defined state and our need to describe
it as a mixed state does not arise from ignorance on our part.

In the two cases here considered the same final state is produced by means of two very
different processes. It is however not possible, by performing measurements on the
system, to understand whether we are dealing with a proper or an improper mixture.
The impossibility to distinguish between proper and improper mixtures means that,

from the operational point of view, there is no distinction between them.

2.1 Decoherence

The emergence of classicality is arguably one of the oldest foundational open questions
in quantum mechanics, and the quantum-to-classical transition is still the subject of
active research.

Decoherence [1, 2, 41] is often considered a promising mechanism to explain such a
transition [3, 4]: as quantum systems are never really isolated [1, 2], their surrounding
environment “reads” the system, causing coherent superpositions to be replaced by
statistical mixtures, and the corresponding loss of quantum features [4, 45].

Decoherence is usually due to the system interacting with an environment that
acquires information about the system in a specific basis, as a consequence of which
the system entangles with the environment. The system-environment interaction is
usually through Hamiltonians of the type Hy = As ® Bg, where Ag is an operator
that acts on the system and Bg an operator that acts on the environment. In this
case, should we write the density operator of the system in the basis of the eigenstates
of Ag, provided that the Hamiltonian of the system Hg commutes with Ag, the off-
diagonal elements would decay as time progresses, while the diagonal elements would
remain unaltered. At the end of a successful decoherence process, the system will be

in a statistical mixture of the various eigenstates of As, and by measuring the whole
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environment we would be able to infer in which among those is the system. Since
the interaction with the environment is unavoidable, and control of the whole envi-
ronment is usually impossible, decoherence is seen as an irreversible loss of quantum
information.

Decoherence consists of the environment acquiring information about the system.
This can be interpreted as the environment performing an act of measurement on the
system, and subsequently ignoring the outcome. This is because, while the environ-
ment effectively contains information about the system, that information is not being
accessed. Performing a PVM measurement P on the system p, given the outcome ¢,
the post measurement state is p%]%p]%, however, if we do not read the outcome, the
resulting state is ), P;pP;. If p is written in the basis of the {P;} states, we can see
that performing a PVM and ignoring the outcomes results in setting the off diagonal
elements to zero, and leaving the diagonal elements unaltered.

The distinction between a measurement process and decoherence is fully analogous
to the distinction between proper and improper mixtures (see Box 1). A system that
undergoes decoherence entangles with its environment, and while the system and
environment together are in a well defined state, the system alone must be described
as a statistical mixture of states, making it an improper mixture. On the other
hand, if a measurement is performed on a system, and the measurement outcome is
ignored, the system is in a proper mixture. While the system is in a well defined
state, ignorance about it forces us to describe it as a mixture of states.

There is then no distinction, at the operative level, between a full decoherence
process and a measurement process, in the sense that both have the same effects on
the system. In a similar manner, a partial decoherence can be seen as a PVM mixed
with the identity channel.

The states that the environment “reads” also take the name of pointer states [46].
Being eigenstates of Ag, the pointer states are impervious to the effects of decoher-
ence, and can effectively be regarded as classical states as far as the environmental

interaction is concerned.

2.2 Objective states

However successful at tackling some aspects of classicality, the theory of decoherence
is not “per se” sufficient to directly explain some other pivotal markers of classicality,
such as the emergence of objectivity in quantum systems. Understood as consensus
between observers, objectivity is an intrinsic property of classical systems, but not of
quantum system.

The reason why objectivity is not an intrinsic property of quantum system is that,
while a classical system can usually be measured simultaneously by more than one
observer and as many times as needed, once a quantum system has been measured
it is permanently altered, so that any subsequent measure is actually measuring a

different state. It is also a well known fact that unknown quantum states cannot be
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cloned [47, 48], meaning that an easy strategy to circumvent the fragility of quantum
states (creating multiple copies of the same state) is not a viable option. However,
information about a given state in one specific basis can be copied without limitations,
meaning that, while the full information about the system is not obtainable, limited
information (the diagonal elements of the density operator in a given basis) can in
principle be simultaneously accessed many observers, who would then be able to share
their acquired information and reach a consensus.

While a quantum state can never be considered objective in itself, objectivity may
emerge from the quantum state being part of a larger context [49]. Objectivity then
becomes a property of the system, dependent on the joint properties of the system
and its context, in other words, the environment that caused the decoherence process
in the first place. While decoherence is only concerned with studying the dynamical
properties of the open system alone, it now becomes necessary take into account the
environment as well, and to study the resulting system-environment state.

Given a quantum system S interacting with an environment £ composed of a
number of constituents &;, we say that the system is objective when observers per-
forming independent measurements on different portions of £ reach a consensus about
some property of the system [5, 36]. This is only possible if, due to prior interactions
between system and environment, the relevant information was encoded with a high
level of redundancy into the environment.

The first framework we will consider is quantum Darwinism (QD) [42, 43]. In
quantum Darwinism, given a system-environment state pse, the objectivity of the
system is checked by computing the quantum mutual information between system and
environmental fraction, I(S : £r) = S(ps)+S(pe;) — S(pse;) where & is a fraction of
the environment such that dim(&y) = fdim(&) and f € (0,1). If I(S : &) = S(ps)
for a small values of f, then we can divide the environment in roughly 1/f fractions,
and be confident that an equal amount of observers can make measurements on their
respective fractions and recover information about the system. More specifically, it is
required that I(S : £¢) = S(ps) for all fy < f < 1— fy, and the number of observers
that can reach a consensus is precisely 1/ fp.

In the topical literature, 1/ fy is referred to as the “redundancy” of the information
encoding. In chapter 4 however, we will show that there is a fundamental difference
between the notion of how many times information about the system is encoded into
the environment, and how many observers can independently agree on properties of
the system. This will lead us to provide operatively clear definitions of “consensus”
and “redundancy”. Our definition of redundancy will therefore depart from how it
is commonly intended in the literature, while consensus will become a technical term
with a precise definition, while it currently is a non-technical term, essentially used
as synonym of redundancy.

The redundancy of information is made manifest by the behaviour of I(S : &)
as a function of the environmental fraction size f. In objective states, this plot

presents a characteristic plateau, once the QMI reaches the value of S(ps), it does
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not increase by increasing the size of the environmental fraction, if not when the
whole environment is taken into account (psg is pure, so that I(S : £) = 25(ps)).
The plateau is a manifestation of the redundancy of the encoded information. If we
have access to two environmental fractions, each containing full information about
the system, our understanding of the system should not increase, hence the plateau.

The global state psg is usually assumed to be pure, this assumption is by no
means necessary and can be easily relaxed [50]. Should pse be mixed however, we
can always introduce and additional environment F such that the global state psgr
is pure. This means that considering only pure pse states by no means incurs in a
loss of generality.

Let us remark that Z(S : £f) is the mutual information between the system and a
specific environmental fraction of size f, and may depend on the chosen fraction [51,
52]; in order to evaluate QD we must in general perform the average of the mutual
information with all possible environmental fractions of the same size [53], we will
refer to this quantity as I (S : &p). Provided that pse is a pure state, it always holds
that I(S : &) + I(S : E\&f) = 25(ps), where E\Ef consists in all the environment
apart from &;.

I(S: &) +1(S: Ei_f) = (;}Q) Z I(S: &)+ I(S:E\Ef) = 25(ps)- (2.1)
{&r}

This means that the average mutual information is antisymmetric with respect to the
point f = 1/2, and that I(S : E172) = S(ps)

It should be noted that objective states are a minority among all possible states,
in the sense that a generic state randomly extracted from the Hilbert space will most
likely not have objective features. At the same time, system-environment states that
are the result of a decoherence process will usually be objective [54].

Finally, having introduced the environment as a the repository of information
about the system, we can redefine the pointer states as the states the environment
holds most information about. In other words, observers measuring their environ-

mental fractions will be able to infer in which among the pointer states is the system.

2.3 Accessible information

Quantum Darwinism defines objectivity in terms of QMI between system and en-
vironmental fractions. However, what is really required for quantum objectivity is
for observers to be able to recover information about the system by measuring said
environmental fractions. This property is quantified by the accessible information,
that as we know is strictly less than the QMI. This implies that the use of QMI is ac-
tually imprecise, since it could prove to be misleading: if a system-environment state
satisfies the conditions of QD, the system would be interpreted as objective, even

when observers would actually not be able to reach a consensus about properties
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of the system. Since the Holevo x offers a more precise way to bound the accessi-
ble information, it has been proposed that quantum objectivity should be measured
my means of the Holevo x, and not QMI. This approach takes the name of strong
quantum Darwinism (SQD) [55].

An alternative framework used to measure objectivity is that of spectrum broad-
cast structure (SBS) [44]. According to SBS, the state of a system is considered to

be objective if the system-environment state can be cast in the following form

pses = > piliXil @ RV @ RP @ @ R, (2.2)

with the extra condition that
o N 2
RORY = 5, (RP) Vi, i, . (2.3)

The [i) states are an orthonormal basis for the system, and the various Rl(j ) states are
the states of the environmental fractions &;, conditioned by the fact that the state of
the system is [i).

Provided that each observer has access to an environmental fraction &;, if one of

(

them measures their fraction to be in the state Rij ), they will infer that the system is
in the state |i)(i|, additionally, eq. (2.3) ensures that, for each fragment &; the possible
Rz(j ) can all be distinguished from one another without mistakes. From the structure
of the state in eq. (2.2) it can be seen that if one observer determines that the system
is in the |i)(7| state, all other observers will independently reach the same conclusion,
and thus consensus among them is ensured. Since there are N such environmental
fractions, then N is the number of observers that can simultaneously agree on the
state of the system.

The environmental fractions &£; are by no means bound to be the individual
constituents of the environment: each of the &; fractions can be composed by sev-
eral of the environmental constituents, and therefore take the name of macrofrac-
tions [56, 57]. This is analogous to the fact that in QD we do not expect that
I(S : &) = S(ps) when &; is the individual environmental constituent, and it is
perfectly accepted that the individual environmental constituents may not, by them-
selves, contain enough information about the system. According to SBS, so long as
it is possible to partition the environment into appropriate macrofractions, the state

of the system is objective. Consider for example the state
pse = po|0)0ls ® JOXO| ™ + py [1X1]5 @ [+)}+*. (24)

One may initially think that this state does not satisfy the SBS condition. This is
because |0) and |+) are not distinguishable from one another, and observers accessing
an environmental constituent will not be able to recover sufficient information about
the system. However, it is simply required that it is possible to divide the environment

into a sufficient number of macrofractions such that the condition in eq. (2.3) is
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Box 2: Encoding information about qudits into qubits

For an system to be objective, the macrofractions need to have at least the same

dimensionality of the system. From a QD perspective because objectivity is possible
only if the entropy of the environmental fraction is the same as the entropy of the
system. From an SBS perspective because the number of distinguishable states con-
ditioned by the state of the system needs to be the same as the number of pointer
states.

However, the individual environmental constituents can be of lower dimensions, even
for objective states. Here we propose the example where, the system is a qutrit, and
the environment is made out of qubits. The system —a qutrit— can be in one of the

following states: |0)g, |1)g and |2)5. The global state is

_ b
V3

Its not difficult to check that the state above is objective, by reasoning in a similar

) = == (105 ® 10V +[1)5 8 |52 + 2)s @ [1)®V). (2.6)

fashion to how we did in eq. (2.5) we can divide the environment into fractions
comprised by m qubits each. While a qubit may only be in two distinguishable
states, several qubits all in product states are increasingly orthogonal even if the
individual states are not, and can thus be in several (almost) distinguishable states.
It is possible then to encode information about the system in (for example) qubits,
regardless of the dimensionality of the system, provided that the environment is large

enough.

satisfied. We can indeed rewrite the previous state as

QN/m

pse = po |00l @ (J0)0I5™) ™™ + py [1)1]s ® (1+)+™) (2.5)

The ability to distinguish between [0)®™ and |+)®" scales with m, | (0| |[+)®™ | =
(%)m Therefore we can arbitrarily increase the degree of distinguishability by in-
creasing the size of the macrofractions, provided of course that the value of N allows
us to do so and still remain with a significant number of macrofractions. By following
an analogous reasoning, we show in Box 2 that the environmental constituents can
be of a lower dimensionality than the system.

The state in eq. (2.2) is a mixed state, while in QD the global state is usually
assumed to be pure. This is because a state should have SBS after we have traced

out at least one macrofraction. Let us consider the following pure state

p=> vl e @|rY). (2.7)
i J

with <R§j ) ’RZ(,] )> = §,;7. With a slight abuse of notation, we could say that the state
in eq. (2.7) also has SBS since, by tracing out one macrofraction, we recover the state
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in eq. (2.2). It is not required however that the jo )

states are pure, so that eq. (2.2)
is more general than eq. (2.7).

The SBS framework also proves to be a tool to measure the pointer states of the
system: the possible states observers may find the system to be in emerge naturally
from eq. (2.2), and are precisely the set of {|i)} states [44]. Notice however that
the pointer states were originally introduced in the context of pure decoherence. The
frameworks in quantum objectivity are generally unconcerned with the dynamics from
which the objective state arises, and the SBS state could be the result of dynamics
that are not pure dephasing.

As a measure of objectivity, QD relies on entropic properties, whereas SBS relies
on the geometric properties of the overall system-environment state. While the two
measures may seem to take two very different approaches, they are actually strongly
connected [58, 59]. There is indeed a hierarchy between the measures of objectivity,
that we will present here.

SBS implies SQD and QD— Given the state in eq. (2.2), the state of system and
a portion of the environment is pse, = >, p; [i)i| ® Rl(l) ® RZ@) ® - ® Rl(fN). The
state of the system is ps = >, p; |i)(i| and the state of the environmental fraction
Is pg, = ZipiRl(l) ® REQ) ® - REfN). The three states have the same entropy,
S(pse;) = S(pe;) = S(ps), therefore I(S : £f) = S(ps) Vf, moreover, since eq. (2.2)
is a CQ state, it is naturally zero-discord, and the QMI coincides with the Holevo ¥,
which is also S(ps).

SQD implies bipartite SBS— One of the requirements of SQD is that there is no
discord between system and environmental fractions, which is satisfied if the state is
CQ. A generic CQ state has the form

psie; = Y i li)il @ RY. (2.8)

Since SQD also requires that Ine.(S : £f) = S(ps), for a state like the one above this
is only satisfied if Rl(f )Rl(,f ) = 6. We then recover a bipartite SBS state [59].

SQD and strong independence implies SBS— We first need to introduce the con-
cept of “strong independence” [44] between the environmental macrofractions. Strong
independence states that the environmental fractions are only correlated through the
system, and it can be put in terms of the multipartite mutual information conditioned
by the state of the system I(&...En|S) = 32, S(pg;is) — S(pgis) = 0. The strong
independence requirement is satisfied if the states of the macrofractions, conditioned
by the state of the system, are in a product states. If we impose strong independence
between the environmental macrofractions in eq. (2.8), the resulting state is SBS.
What we have provided here is more of an argument rather than a rigorous proof,
which can be found in [55].

If a system is objective according to SBS, then it also is objective according to
QD. The opposite of this statement however is not true, so that SBS is considered to

be a more stringent measure of quantum objectivity.
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Chapter 3

Stochastic Collision Models

In this chapter, we introduce the stochastic collision models (SCMs), a class of open
system dynamics that combine quantum collision models and classical stochastic pro-
cesses. After a description of the framework, we will explore some features of the
stochastic collision models by applying it to some relevant scenarios. In particular,
in section 3.1 we will use the SCM to study the open dynamics of a qubit in a pure
dephasing regime. We will see how decoherence and non-Markovianity can both be
present without system-environment entanglement, while the same is not true when
it comes to quantum Darwinism, suggesting that the emergence of objectivity within
a dynamical model requires for system-environment entanglement to be established,
more details can be found in [60]. In section 3.2 we will further explore the versatility
of the SCM by using it to model the environmental effects on a quantum network, and
show how it proves to be a useful tool for studying transport phenomena in quantum
networks. More details in [61].

In a SCM the ancillae collide with the system at non-deterministic times, accord-
ing to a stochastic process. While this may a priori seem to be a minor difference
with respect to deterministic-time collisions, we will show how it has important phys-
ical implications. The dynamics of the system is recovered by averaging over the
stochastic realizations, and depending on the parameters of the stochastic process, it
can exhibit both Markovian and non-Markovian behaviors.

As with standard CMs, system and environment are initially in a product state
prot = po ® vV, (3.1)

Between one collision and the next the system evolves by means of a unitary channel
p(t +71) = F(r)p(t) = U(r)p(t)Ut(r), where U(r) = e ""Hs and Hs is the free
Hamiltonian of the system.

The collision between an ancilla and the system is modeled through the unitary
dynamics generated by the interaction Hamiltonian H; during a short period of time
T.. We assume the collision time 7. to be much shorter than any relevant time scale
in the free system dynamics, so that collisions can be regarded as an instantaneous
processes, effectively resulting in the application of the unitary transformations Uy =
e~eH1 We assume that the ancilla does not collide again with the system, meaning

that its degrees of freedom can be safely traced out after the collision. This effectively
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implies that, just like for CMs, the individual collisions correspond to the system
evolving according to the same quantum channel ®.
After a certain amount of time, the system will have evolved according to the

following expression:
Pt :.F(t—tn)q)...q)f(tg —tl)q)f(tl)po, (32)

where the collision times ¢; are such that the time interval between one collision and
the next follows a given probability distribution.

It should be stressed that this is the resulting state for one single realization of the
stochastic process. The ensemble dynamics is obtained by averaging over all possible
realizations of the stochastic process, and it can be written in the following general
form (see [62])

oo t to
o(t) :po(t)fp(0)+z/0 dtnm/o dspn(ts o 4)F(E—£2)D ... DF(ts — t1)DF(t1)p(0).
. (3.3)
where py(t,,...,t1) is the probability density for the realization of n collisions, so
that p,(t) = fg dtp- - 52 dt1pn(tn, ..., t1) is the probability that at time ¢ the system
went through precisely n collisions.

For simplicity, we have assumed that there is only one type of ancilla that can
collide with the system, and only one underlying stochastic process that determines
the collision times. It is nonetheless straightforward to relax these assumptions, and in
section 3.2 we will see an example where the system evolves due to multiple stochastic
collision models.

Throughout the chapter, we will focus on situations in which the ancillae are
all initially in a product state and collide with the system only once. It should be
noted however, that the model can accommodate the same scenarios that have been
explored in the literature of collision models, such as allowing the ancillae to be

initially correlated or to collide multiple times with the system.

3.1 Decoherence without entanglement and quantum Dar-
winism

In this section we study the open system evolution of a single qubit modelling the
interaction with the environment by means of a stochastic collision model.

We first focus on the connections between the qubit decoherence and entanglement
production between the qubit and the ancillae. The very idea that open system
dynamics arises from the interaction between two parts of a bipartite total system
naturally suggests that entanglement must be established between the two during the
time evolution. This is indeed very often the case and it is therefore not surprising that
environment-induced decoherence has been until now associated with the presence

of entanglement between system S and environment £. However, it can be shown
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FI1GURE 3.1: Sketch illustrating the model. The orange dots represent
the system S colliding with different ancillae (white dots) at exponen-
tially distributed random times, depicted as red vertical lines on the
t-axis. During each collision, the system and the corresponding ancilla
undergo a unitary transformation Uy. The set of all ancillae defines
the environment &£, whereas £y represents a randomly chosen fraction
f of the ancillae, to which an observer might have access in order to
acquire information about the state of the system.

that, contrarily to this intuition, as long as we limit our attention to the reduced
dynamics of the system S only, decoherence may take place without entanglement.
Specifically, we identify two different microscopic descriptions of the total system, one
establishing § — £ entanglement while the other one does not, leading to the same
reduced dynamics for S.

The same model shows that also information back-flow, identified as the source of
memory effects, i.e., non-Markovian dynamics [18], does not require S — £ entangle-
ment. Finally, we show that entanglement plays a pivotal role in the objectification
process, since it appears to be needed for it to take place.

The environment is composed of a set of initially uncorrelated ancillae colliding
with the system sequentially and only once. This interaction mechanism results on
pure dephasing of the system qubit, exhibiting both Markovian and non-Markovian
dynamics, depending on the relevant parameters. Our analysis reveals that, while
the SCM can give rise to exactly the same qubit dephasing as the one caused by an
entangling interaction, it is not capable of accounting for QD. However, the introduc-
tion of a super-environment acting as the source for the randomness in the collision
times elucidates the origin of QD and the role played by entanglement in it.

Let us first describe the model under consideration, which is also depicted in

fig. 3.1. The system is a single qubit with free Hamiltonian Hs = S0, where w is
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the qubit frequency, subject to collisions with qubit ancillae at random times. The
collision times follow a Poisson process with rate A, meaning that the inter-collision
time is exponentially distributed. The initial state of all the ancillae is p, = |0)0],
henceforth uncorrelated. When an ancilla collides with the system, it interacts with it
with Hamiltonian H; = gag@)af, where the superscripts stand for ancilla and system,
respectively. The interaction time is considered to be extremely short, so the collision
can be regarded as instantaneous, and its effect amounts to a unitary transformation
applied to both the system and the ancilla. Here we denote by interaction strength
the limit § = lim;_,q tn, where ¢ is the duration of the collision. The resulting unitary
transformation for the collision is Uy = exp{—i%0? ® 05}.

Since all the ancillae are initially uncorrelated with each other and with the sys-
tem, and they collide with the system only once, we can describe the change on the

system’s state in terms of the collision channel
Dclps] = Tra [Unpa @ psUf] (3.4)

which can be cast in Kraus form as ®.[ps] = KpsK' 4+ KTpsK, with

1 672’9/2 0
K:ﬁ( . el%). (3.5)

As a result, the effect of the channel is a factor cosf multiplying the coherences of
the qubit state.

3.1.1 Decoherence

The state of the system at time ¢ is given by the convex sum of all possible stochastic
realisations of the ancillary dynamics (trajectories), each of them weighted by its
probability. We notice that K commutes with Hs and, therefore, with U = e#Hs,
This in turn implies that, if the number of collisions at time t is k, we can simply
write the state of system as pg(t) = U,;Sq)((;k) [ps(0)] UtST, where the superscript (k)
indicates that the channel is applied k£ times. According to our previous observation,
the state in every trajectory is fully determined by the number of collisions, so we

can write

ps(t) = pr(t)pr(t), (3.6)
k=0

where py(t) is the probability for k collision events to have happened at time ¢. Since

collisions follow a Poisson process,

o0 k
pst) =3 A ), (3.7
k=0
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In Box 1 we show how to obtain the integrated dynamics. Here we recover the master

equation of the process, starting with the time derivative of eq. (3.7) that gives

0 k 0 kik—1
ps(t) = Aps(t) + e (Z O )+ (zt_l)!pk(t)) (3

k=0 ’ k=1

The leftmost term in the parenthesis gives the unitary evolution of the system,

o] k 00 k
S Ot = S A i 0] = i Hs s ], (39)
k=0 k=0

whereas the rightmost one is

7”2 k:' Pk+1 7”2 )] = A [ps(t)] - (3.10)
Finally, we can write

ps(t) = —i[Hs, ps(t)] + A (P [ps(t)] — ps(t)) (3.11)

which is in GKSL [63, 64] form, with K and KT as Lindblad operators. Hence, we
conclude that the system undergoes Markovian dynamics.

The master equation eq. (3.11) describes a pure dephasing dynamics with decoher-
ence factor ¢(t) = exp[—A(1 — cos )t]. We notice that ¢(t) is invariant with respect to
changes of the interaction strength 6 upon a proper modification of the collision rate.
In particular, the system undergoes the same temporal evolution for A (1 — cos ) = C,
where C' is constant. This is an interesting observation, since the interaction strength
0 defines the level of entanglement between the system and a given ancilla after a
collision has taken place. For instance, for 6 = (2m + 1), m € Z, Ug|0), ® |+)s =
e~ im/2 11),®|—)g, yielding a product state, while for = (2m+1)7/2, m € Z, the two
become maximally entangled. Hence, we can conclude that, in the former case, the
system undergoes pure dephasing while remaining in a separable state with respect
to the environment.

The source of randomness in the collision times can be seen as originating from
a quantum process where the particle is emitted, for instance, as a result of a spon-
taneous emission process. This would reintroduce entanglement, in this case with an
effective super-environment, in the overall picture. We will analyse the consequences
of such an effective description in more detail when focusing on QD. At this point, it
is sufficient to stress that a quantum super-environment does not need to enter the
description, since the collisions with the ancillae can be triggered by some classical

and largely macroscopic stochastic process.
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Box 1: Integrated dynamics

Invoking again the commutativity of the Kraus operators with the system Hamilto-

nian, and using eq. (3.7), the state of the system at time ¢ can be expressed as

ps(®) =32 O (U550 (.12
k=0

Denoting

P10 P11

ps(0) = (poo P 01) : (3.13)

the term U,;Spg(O)UtST becomes

twt

poo  pore
US ps(0)UST = ( ) : (3.14)
p1o€ P11

Therefore, using the Kraus decomposition of the collision channel, we see that

—iwt k9
o [Ufpsut| = | PO e ) (3.15)
p1o€e™! cos™ 0 P11

Introducing this result into eq. (3.12), we can write

ps(t) = poo pore™Hcos" O) (3.16)
p10e(cosk 0), P11 ’

where (cos” #); is a shorthand notation for
k e (AR At _Mcosf _ _—Aé(1l—cos6)
(cos” O)y = e Z g cos 0=e e =e ; (3.17)
k=0

and yields the coherence factor ¢(¢) in the main text. Hence, the state of the system

at time ¢ is

t(iw+A(1—cosh))
. (3.18)

(t) = P00 po1€
Ps ploet(iw—)\(l—cos 0)) o1

From the latter result, we see that the system decoheres with rate A (1 — cos#).

3.1.2 Non-Markovianity

The model introduced above describes the situation in which the system undergoes
Markovian pure dephasing dynamics while remaining in a separable state with the
environment. We now show that SCMs can induce non-Markovian behaviour as well.
To this end, we modify the previous model by limiting the number of ancillae to a
finite amount n. Here, every ancilla’s collision time has an exponential probability

density with rate A/n, so that the probability for any ancilla to have collided at time
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tis pr = 1 —e /™ The effect of the collisions is not altered. The state of the system

at time ¢, in the case in which there are n ancillae, now reads

1 1
=33 A@)e ) [USos U] (3.19)
a1=0 an=0
Where we have introduced the vector &, = (a1, - ,ay). Each index «; represents

the state of the i-th ancilla, that is, whether it has collided or not, so the sum runs
over all possible histories. The function A(d,) accounts for the probability of each

trajectory, and is given by
Aan) =]] [p?i (1- pt)““} , (3.20)

Using eq. (3.15), we obtain

e~ Wt { (cos )2 i
pslty = (o M0 eI g
ploe <(cos0) i 1>t P11

where (-); stands for the average over trajectories at time ¢. This quantity can be

computed as

A(@p)(cos 0)2=i %

MH
M-

<(cos 0)2: ai> =

t
0

Q

=
Il
o

Qn

|

_ (pt cosf+1—p)" = [1 + (cosf — 1) <1 — e—At/n)]n

[ pecos0)* (1 —pt)l—%} (3.22)

HM
||::]:

The integrated dynamics reduces to that of infinitely many ancillae at short times,

At < n. Coherences are multiplied by the factor
enni(t) = [1 + (cosf — 1) <1 - e—*t/")r . (3.23)

In this case, the entanglement-invariance in the dynamics no longer holds. Further-
more, this new phase factor eny(t) gives rise to non-Markovian dynamics. In the
particular case in which the system and the ancilla entangle maximally after a colli-

sion (cos# = 0), the system dephases monotonically with exy(t) = e

, exactly like
in the model with infinitely many ancillae. In the case of entanglement-free interaction
(cos@ = —1), however, the off-diagonal elements of the density matrix are multiplied
by the factor exm(t) = (26_)‘t/” - l)n, which is equal to zero at t,,, = nln2/\ (mix-
ture time) and tends to (—1)" as ¢ — oco. As a consequence, if the initial state of the
system is, e.g., ps(0) = |+)+/, it becomes maximally mixed at ¢ = ¢,, and it gradually
recovers its purity thereafter. Moreover, the system remains in a highly mixed state

for longer periods as the environment size n increases (see fig. 3.2). Remarkably, this
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FIGURE 3.2: Coherence factor for the qubit, eq. (3.23), as a function
of time for different number of ancillae with non-entangling interaction
strength, 6 = m and A = 1. The vertical lines indicate the correspond-
ing mixture time ¢,,, at which the coherence vanishes. The recoherence
effect is a direct consequence of the environmental finite size. As time
progresses, the probability that all ancillae collided with the system
increases, reducing the information the environment holds about the
system. As the number of ancillae increases, the coherence remains
close to zero for longer periods of time

phenomenon of recoherence takes place despite the fact that the system never collides
with the same ancilla more than once, and despite the absence of interactions [65]

between ancillae.

3.1.3 Quantum Darwinism

So far we have shown that it is possible for a system to undergo exactly the same
decoherence dynamics whether or not it becomes entangled with its environment, or
even to exhibit non-Markovian dynamics, as a consequence of a SCM. Needless to
say, this raises the question of what role does entanglement play in the quantum-to-
classical transition. In what follows, we address this issue in the context of QD. As
we will show, decoherence without entanglement does not allow for the encoding of
information about the system’s state into the environment, whereas this is possible
when one considers a super-environment giving a quantum origin to the randomness
in the collision times.

We focus first on the case in which the interaction is non-entangling, namely 6 = m,
and the initial state of the system is ps(0) = |[+)+|. By tracing out k = (1 — f)n
ancillae from the total state of system and environment pgsg(t), one can calculate the
reduced state when only a fraction f of the latter is considered, pse, (t) = Try, [pse(t)],
while further tracing out the system S yields the reduced state of the fraction of the

environment, pg,(t). The total system-environment state at time ¢, pse(t), can be
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written as the convex sum

1 1
pse(t) = Z Z A () |0 ) (0] @ (Seven ()| +¢) (+¢| 4 doda (@ )| —¢) (—]) »
a1=0 an=0

(3.24)
where we have denoted |+;) = U |+) and defined the functions eyen(@,) and

dodd (@), which are equal to one if their argument represents an even (odd) number
1+(—1)2i

of collisions and zero otherwise. These can be written as deven(dn) = ———— and
N (=12 . . . . .
dodd (On) = % Equation (3.24) explicitly shows that the state is fully separa-

ble. Now, in order to compute the mutual information, we need to characterise the re-
duced state of the system and a fraction f of the environment, pse, (t) = Ty, [pse(t)],
resulting from tracing out k& = (1 — f)n ancillae. To do so, consider a projector
|k @k | corresponding to some state of the n — k non-traced-out ancillae repre-
senting an even number of collisions. In the reduced density operator, it will appear
tensored with both |+;)(+¢| and |—;)X—¢|, since |@,_xXFn—k| ® |+:)+¢| will be the
result of integrating over all the states of the k traced-out ancillae representing an
even number of collisions, whereas the integration over odd collisions of the k£ ancil-
lae will give |@n—kX@n—k| ® |[—¢)X—¢|. Now, their corresponding matrix elements can
be readily computed, since they are simply given by the probability of &,_j mul-
tiplied by the sum of the probabilities of all the states of the k traced-out ancillae
with either even or odd parities. Hence, we can write pg,__, +, = A(d,—k)Pg(t) and
P&, .— = Mdn—k) (1 — Pg(t)), where P;(t) is the probability for the &k ancillae to

yield an even number of collisions at time ¢ and can be computed as

1 1
PEt) =Y -+ > A(ak)Oeven(dr)

011:0 akZO

1 1
:% 14+ Z Z A(@g)(—1)2 % (3.25)

a1=0 ar=0
k
- % [1 n (26—”/" - 1) } .

Notice that +; and —; need to be swapped in the previous discussion if the parity of
On_t is odd. With this result in hand, we can now compute all reduced density matri-
ces in diagonal form. First, by setting k = n, we immediately obtain the reduced state

of the system as ps(t) = Ps(t) [4+¢)+¢|+ (1 — P5(t)) |—¢)(—+¢|- The reduced state of the
1 1
environment is given by pg, (t) = Trs [pse; ()] = > -+ > Ad@n—p) |Fn_pN@n—kl.
a1=0 oy =0
With these results, we can immediately compute the entropies involved in the mutual
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FI1GURE 3.3: Mutual information over system entropy as a function of
environment fraction for the two settings at different times, for n = 10*
ancillae and A = 1. To indicate the state of the system at the time to
which each curve corresponds, they have been coloured matching the
corresponding dot in the inset, which shows the coherence factor as in
fig. 3.2. The times have been chosen to cover the different dynamical
regimes undergone by the system. a, the origin of the randomness
in the collision times is not considered. The plateau in the mutual
information occurs for Iy = 0, meaning that the ancillae alone barely
carry any information. b, the emitters are part of the quantum state
as well. The effect of the emitters is the appearance of QD while the
system is in a highly mixed state.

information. We have

Hs = —Fy(t)log B (t) — (1 — P;(t)) log (1 — P;(2))

1 1
Hgf = — Z s Z A(O_gn—k) log (A(O_gn—k))>

a1=0 ap_ =0

1 1 1
Heep == 30 o S0 57 AlGas) [FE(0)°S (1- PE(H)'

a1=0 an_=0as=0

« log (A(@n_k) [P,S(t)as (1- P;?(t))l—as}) :

(3.26)

where we have included an additional index as in the last expression to account
for the state of the system. Given that both Hg, and Hsg, can be interpreted as
the entropies of the joint probability distributions of independent random variables,
they can be expressed as the sum of their individual entropies, so we can write
Hg, — Hsg, = P (t)log Pg(t) + (1 — Pg(t)) log (1 — PE(t)),

The resulting mutual information is

Iy = Hy (P () — Ho(FE(1)) (3.27)

where [ =1 — %, and Hyp(z) = —zlogz — (1 — x)log(1l — x) is the binary entropy
function. In fig. 3.3a, we show this curve for different dynamical regimes. Despite
an almost linear dependence in some periods, it is mostly flat around null mutual
information except for f ~ 1 when the system is highly mixed, which implies the

absence of objective reality upon which observers can agree.
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We now study the case in which the random process that governs the dynamics has
a quantum source. In particular, we consider n emitters initially excited that relax
to their ground state emitting an ancilla in the process. Moreover, we further assume
that the ancilla is emitted in state p, = |0)(0| and, once emitted, it immediately
collides with the system, flipping its state (since § = 7). Hence, the emitter-ancilla
dynamics is such that their joint state at time ¢ can be written as Ve=/7|1), ®|0), +
V1 —eM/|0), ®|1),. The total state including system and environment is now the

pure state

1

W}SS( Z Z \/ an |an ® |an a ( even(&n)’+t> +5odd(o_2n)’*t>)a

1= =0 an—O

(3.28)
where @; = 1 — «; represents the state of emitter ¢. Tracing out all the emitters
cancels all the coherences in the density matrix and leaves us with eq. (3.24). There-
fore, despite the quantum super-environment, our previous result regarding the lack
of information in the ancillae alone still holds. However, we are now interested in
the mutual information as we trace out emitter-ancilla pairs. As we did in the pre-
vious subsection, we need the reduced state pse,(t) resulting from the partial trace
of k pairs. Furthermore, since we must compute von Neumann entropies, our strat-
egy consists in finding the orthogonal pure states whose convex sum leads to the
reduced density operators; by doing so, the entropies are simply given by the Shan-
non entropies of the corresponding probabilities. To simplify the notation in what
follows, let us define |5;) = |@;)e ® |i)a, with 5; = a4, to account for the state of
a pair. Now, to determine pse,(t), we proceed in the following way. First, we no-
tice that, when summing over the states of the k ancillae |5y), if By represents an
even number of collisions, deven(Bn_k) = deven(Bn), 50 (Brltse () (Wse(t)|f) vields
A(Br)|ses (1)) (s, e(t)], where

W)Sc‘ffe Z Z ﬁn k |Bn k> (5even(gn—k)|+t> +50dd(gn—k)|_t>) .
B1=0  Bn—k=0
(3.29)

If B}, represents an odd number of collisions, the same operation yields A( Ek) ‘11155 10(t) ><1,Z)35 f,o(t)‘

instead, with

|¢85f o Z Z Bn k |Bn k> <5odd(§n—k)|+t> + 5even(gn—k)|_t>) .
£1=0 Brn_1=0
(3.30)

Since we must sum over all | B}Q, the resulting state can be written as

pse;(t) = Pp()se;e(t))(Vsepe(t)] + (1 — Pp(t)) [Yse; o(t)) (Yse;o(t)] (3.31)

From this expression, we can immediately see that the reduced state of the system
is, as in the case without emitters, ps(t) = P5(t)|++)(+¢| + (1 — P5(t)) |[—+){(—¢|. As
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for the reduced state of the environment, pg, (), we observe that

(Feltsese(t)) (Wsese(O)]+e) = (—ilbses o)) (Wses.ot) =) = Pr_p(t) e e () (e, o (b)),
(3.32)

where

e, (1)) = Z P<f . (’“)) o). (3.33)
{Br—kldeven(Bn—r)=1}

Similarly,

(—tlses o) (Wses o) =) = (Felbses o) (Vses o) He) = (1 — Pr_i(t)) [Ye,.0(6)) (Yes,0(t)];
(3.34)

where

el = 2 MI@_M (3.35)
{B‘nfkwodd(gn,k):l} n—k

Finally, using eq. (3.31), we obtain

pe;(t) = PE(t) (Pa_i(®)vhe;e(®)) (e e (B + (1 = Pr_(t)) [¥e;,0(t)) (Ve (1))
+ (1= PE0) (1= P (1)) [bes0(0)) (Ve o (0)] + Pr_ o (D)es.c (1)) (Ve o ()])
= P (0)Ves.e () (Wepe(®)] + (1= Pr_i(t)) [he; () (e 0 ()]

(3.36)
Hence, in this case, we have
Hs = —PE(t) log PE(t) — (1 — PE(t)) log (1 — PE(1)),
He, = —Py_i(t)log Py_i(t) — (1= Pr_(t)) log (1 — Py_(t)) (3.37)
Hse; = —Fp(t) log P (t) — (1 — P(t))log (1 — P(t))
From this, the mutual information takes the form
Iy = Hy(PE(t) + Ho(PE_y(t) — Hu(PE(D)): (3.39)

Comparing this result with eq. (3.27), we see that the presence of the emitters intro-
duces the term Hy,(P;_,(t)), which corresponds to the entropy of the environment,
He,.

there is a clear plateau at Iy/Hs = 1, revealing a structure of the total state of system

Figure 3.3b depicts the mutual information in this new setting. In this case,

and environment compatible with QD.

Due to the finite size effects, the plateau is only present at times in which the
reduced state of the system is highly mixed. As time progresses, the probability
that all ancillae collided with the system grows closer to one, in which case system
and environment will be in a product state and no information can be obtained
through environmental measures. This, along with our previous discussion regarding
the separability of the system and the ancillae alone, can be interpreted as further
evidence that, assuming that system and environment both start in pure states, the

emergence of objectivity requires entanglement.
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We have noticed that, after the system has recohered (due to its non-Markovianity),
quantum Darwinism features are lost, as the system effectively decouples from the
environment. This seems to feed into the observation that non-Markovianity hinders
the emergence of quantum Darwinism [66, 67, 51], motivated by the fact that informa-
tion backflow would degrade the correlations between the system and the surrounding
environment. However, in other works a connection between the two phenomena was
not found [68, 69]. In general, the interplay between non-Markovianity and quantum
Darwinism seems highly model dependent, and no general conclusion has been proven

so far.

3.2 SCM approach to transport phenomena in quantum

networks

The potential applications of stochastic collision models go way beyond the examples
proposed in section 3.1, and the exploration of models with similar features is still
in its early stage (see [70, 71, 72] for some relevant examples). To further highlight
the versatility of the model, we will use it to study transport phenomena in (open)
quantum networks. We will investigate the consequences of spatial and temporal
heterogeneity of noise on transport efficiency in a fully connected graph and in the
Fenna-Matthews-Olson complex, and show how our approach allows to meaningfully
formulate questions, and provide answers, on important open issues such as the prop-

erties of optimal noise.

3.2.1 Introduction

Despite markedly different predictions of quantum mechanics with respect to the clas-
sical description of reality, speculations on its possible role in key biological processes
date back to its founding fathers. More recently, with the formidable advances in
experimental and numerical approaches, fields like quantum biology and quantum
complex science have highlighted the existence and persistence of quantum coher-
ence even in complex macroscopic systems. Nonetheless, whether quantumness plays
a functional role in biological complexes remains to date a most fascinating open
question.

Initial investigations on the quantum measurement problem suggested that the
emergence of a classical description of reality from the underlying quantum one could
be explained in the framework of environment-induced decoherence [4]. Within this
approach, the larger the quantum system, the faster the loss of quantumness due
to the interaction with the environment. More recently, however, it has become
evident that environmental noise need not be an enemy to the preservation of quan-
tumness [73]. On the contrary, it may sustain the persistence of quantum coherence
and, as a consequence, improve the efficiency of quantum transport in complex sys-

tems [74, 75, 76, 77]. In this sense, the initial scepticism on the presence of quantum
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phenomena in macroscopic “hot and dirty” systems, due to their very short coherence
time, has been overcome [78]. Nonetheless, complex quantum systems such as, e.g.,
the extensively studied photosynthetic complexes, are undoubtedly strongly interact-
ing with complex environments, the characteristics of which are very hard to model
microscopically.

The enormous challenge of a fully quantum microscopic description of the environ-
ment of biological complexes stems both from experimental difficulties in extracting
its detailed features and from the exponential increase in the resources needed to
simulate quantum many-body systems of large size. Moreover, standard approaches
of open quantum systems theory rely on approximations, such as weak-coupling and
Markovian [1], which are generally not satisfied in quantum biology or not justified
for complex many-body quantum systems, where even the division between the open
system and its environment may be somewhat arbitrary. Because of these consid-
erations, effective models combining quantum and classical aspects of noise while
retaining strong physical insight and flexibility in the noise parameters are crucial
for advancing our understanding on the role of quantumness in biological or chemical
processes.

To demonstrate the usefulness, flexibility, and descriptive power of the SCM,
we apply it to the study of noisy transport in quantum networks, considering two
paradigmatic examples: the fully connected graph and the Fenna-Matthews-Olson
(FMO) complex [79, 80]. In the first case, we bring to light the interplay between
spatial /temporal noise heterogeneity and the presence of system-environment entan-
glement in the efficiency of transport. In the second case, we also focus on the features
of noise optimality. We discover that optimality constraints unveil the existence of
two classes of nodes. Specifically, transport efficiency is optimised when certain nodes
are subjected to strong noise, while the others to very low levels. Remarkably, these
two communities are consistent, to a high degree, with the recent discovery of two

classes of site-dependent fluctuations in the FMO complex [81].

3.2.2 The model

We use a generalized version of the SCM for N-qubit systems driven by some Hamil-
tonian H, so that each of the system qubits is subject to its own SCM. The col-
lision between an ancilla — initially in the state |v) — and a system qubit m is
modeled through the unitary dynamics generated by the local interaction Hamil-
tonian Héﬁlm = (n/2)o2 ® o' during a short period of time 7, after which the
ancilla drifts away and never interacts with the system again. We assume the in-
teraction time 7 to be much shorter than any relevant time scale in the free sys-
tem dynamics, so that collisions can be regarded as instantaneous processes result-
ing in the application of unitary transformations U,, = exp{—i(0/2)c2 @ 07"}, with
0 = 7n being the interaction strength. As already seen in section 3.1, this param-

eter controls the entanglement between the system and the ancilla. For instance,
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FIGURE 3.4: Pictorial representation of the Stochastic Colli-
sion Model. The sketch illustrates environmental ancillae colliding
with the eight sites of the FMO complex. Each ancilla collides only
once with one node of the FMO complex, while the time between two
consecutive collisions follows the Weibull Renewal Process. On the
right side we show how changing the value of £k = k; — which for
simplicity we assume here to be independent on the node i — we can
describe the cases of heterogeneous (k < 1), Poisson (k = 1), and reg-
ular (k> 1) collision time interval distribution.

for 6 = (2k + 1)m, k € Z, the interaction is non-entangling, while it can be max-
imally entangling for § = (2k + 1)7/2, k € Z. In any case, the fact that the an-
cilla does not collide again with the system deems its degrees of freedom irrelevant
after the collision event, so it can be safely “traced out”. The effect of the compo-
sition of U,, and the consequent partial trace results in a single quantum channel
O, [p(t)] = Kmp(t) K + Khp(t) K, with K, = e~#@/292 /\/2 While the system-
ancilla interaction outlined here has been designed to account for dephasing, other
interactions can result in dissipation through the same mechanism as well.

The collision time dynamics can in principle be any stochastic process of our
choice. Here, we focus on the case in which the collisions on all the system qubits
occur independently following a Weibull Renewal Process (WRP) [82]. For every
qubit 7, the probability density for the interval between two consecutive collisions on

1, t; is then given by a Weibull distribution,

(t) = (L T o (3.39)
. —_ — _ e 3 1 .
bt X\ )
in which k; and \; are the shape and scale parameters, respectively. The main mo-
tivation for this choice is that it allows us to control the intensity and the hetero-
geneity in the collision statistics locally, that is, on each qubit independently. In
particular, for a fixed value of k;, the mean intercollision time (¢;) = \I'(1 + 1/k;)
(where I' stands for the gamma function) is proportional to \;, so we can control
the spatial heterogeneity of the noise across the system simply by choosing differ-
ent scale parameters for each qubit. At the same time, we can interpret the shape

parameter as enabling the control of the temporal heterogeneity of the noise, since
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Var(t;) = A7 [['(1+2/k;) — T'(1 4 1/k;)?]. For k; < 1, the collision dynamics is het-
erogeneous, characterized by bursts of collisions separated by long intervals of inactiv-
ity. As k; increases above 1, collisions become increasingly regular, as shown in fig. 3.4.
For k; = 1, they follow a Poisson point process with rate 1/);. Therefore, in that case,
the dynamics of the system, when averaged over stochastic realizations, is described
by a the master equation in Gorini-Kossakowski-Sudarshan-Lindblad form [63, 64],
and the system therefore undergoes Markovian dynamics [83]. For a general waiting
time distribution, such process evolves as a master equation with a memory kernel
that is not trivial to solve [83, 84, 85]. In all cases, however, the dynamics can be
efficiently simulated by sampling the individual time intervals between collisions from
eq. (3.39).

In this paper, we apply the SCM to the study of transport phenomena in the
framework of Continuous Time Quantum Walks (CTQW). In CTQW, one typically
considers N qubits interacting through a Hamiltonian that preserves the number of

excitations, such as

N
H = Zwmia’; + Zgij(aia]_ + olol), (3.40)
i=1 i#j

where w; € R and o, are the site energies and ladder operators of qubit 7, respectively,
and g;; € R are the hopping strengths between nodes ¢ and j. The fact that the
hopping strengths can be set independently for every pair of qubits brings about an
interpretation of the Hamiltonian in terms of a network, in which qubits are associated
with its nodes and hopping strengths with weighted connections among them. Hence,
the dynamics of a single excitation (see Box 2) through the network — a quantum
walker — is reminiscent of classical random walks on graphs. Furthermore, like in the
case of classical random walks, the structural properties of the underlying network
generally have non-trivial effects on the propagation of the quantum walker [86].
Among the many fields in which CTQW find applications, they are widely used
in quantum biology to model the propagation of energy across light-harvesting com-
plexes [87, 75, 76, 88]. In these complexes, excitations must travel from a specific
initial node r towards a target node s, where they are finally captured. This last
part of the process can be modeled by adding a sink, an extra node attached to the
target node from which excitations decay irreversibly. Mathematically, this can be
achieved without de facto increasing the dimension of the system by phenomenolog-
ically including in the Hamiltonian the non-Hermitian term —iyo$o® , with v the
sink rate. Indeed, this term results in a leak of probability, which models the transfer
of probability to the sink (its population). In other words, the sink’s population at
any time ¢ is given by 1 — Tr [p(t)], where p(t) is the state of the system at that time,
further details can be found in Box 3. The transfer dynamics is slowed down due
to quantum Zeno effect for v > g;; [89], while in the opposite regime v < g;; the
dynamics is effectively unitary. We use a non-Hermitian Hamiltonian instead of an

irreversible decay channel because we wish to be able to compute a time evolution
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Box 2: Single-excitation subspace

The Hamiltonian of the system, eq. (3.40), preserves the number of excitations. This

means that, for any state with &k excitations |¢) = af: - -aff 0 | the vector H |iy)
is orthogonal to any state with a number of excitations different from k. As a re-
sult, the Hamiltonian can be written as a direct sum of operators, each living in
a k-excitation subspace, that is, H = @ﬁ:o H®)_ This significantly reduces the
computational complexity of the problem, as we do not need to consider the full 2V-
dimensional Hilbert space to study the dynamics of an initially localized single exci-
tation. Instead, we can restrict our attention to the N-dimensional single-excitation
subspace and its corresponding Hamiltonian H(!). It is convenient to introduce the
basis of single-excitation localized states {|z> =o'l |0y®N }, in which the matrix rep-
resentation of H(!) has elements Hi(jl) = (i| H |j) = gij(1—0i;) +w;d;;, which coincides
with the adjacency matrix of the graph.

\.

Box 3: Simulating the effect of the sink

For simulating the effect of the sink, using a non-Hermitian Hamiltonian is equivalent

\

to the use of an irreversible decay channel.

Suppose we have a general n level system undergoing free evolution as well as an
irreversible decay from state |s) towards the state |t). In the free evolution, state |t)
is decoupled by the rest of the system i.e. the Hamiltonian H does not include any
|t) term. The state of the system p undergoes the evolution described by the master
equation p = —i[H, p] + v(KpK' — J{KTK, p}) with K = |t) (s| and {,} the anti-
commutator. If we project over the system minus the state |t), the resulting reduced
density operator pg evolves according to pr = —i[H, pr| — %’y(|8> (sl pr + pr|S) (s]),
defining H=H- i%'y we see how it is possible to rewrite the previous equation as
PR = %(e—iﬁtpeiﬁft)
evolution under the non-Hermitian Hamiltonian H.

, this way we can describe the time evolution of pr as the free

operator, without relying on a master equation. The sink further allows us to define
a figure of merit to quantify the effectiveness of the excitation transport. We define
the performance € as the inverse of the time required for the population of the sink
to reach a certain value (which we set to 0.95). It should be noted that the fact that
the evolution is non-unitary even in the absence of noise does not prevent us from
applying the SCM to this system in any way.

The dynamics of a system subjected to a SCM can be evaluated by averaging over
all possible stochastic realizations. This may not be easy to do analytically, but can
always be numerically simulated.

We initially set t = 0, and define 7; as values sampled form the waiting time
distribution W; that is in principle different for each node i. We build a list S

containing the collision times for each node S = {r;,i € [1, N]} with N the number
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of nodes of the network. The node of the network that will receive the first collision
is simply the node ¢ such that S; = min(S). At this point the state undergoes
the following evolution p(S;) = ®;[U(S; — t)p(t)UT(S; — t)] where ®; is the channel
representing the collision of an ancilla with the node i, and U(t) is the time evolution
operator defined as U(t) = e *H! with H the Hamiltonian of the network. At this
point the value of ¢ is updated t = S; and so is the value of .S; by sampling another
value from the waiting time distribution, S; = ¢t + 7;. Now that we have an updated
list of the collision times, we find where and when the next collision is going to happen
and repeat the process. In our case the process goes on as long as the population of
the sink is inferior to the threshold value.

This scheme integrates a single realization of the dynamic in an exact way, how-
ever, it gives us the state of the system only at the time of the collisions. If the
collision times are far away from one another, then the resulting “resolution” may
not be the desired one. However, since the state undergoes only free Hamiltonian
evolution between collisions, it is always possible to interpolate exactly the state of

the system at any time between the collisions.

3.2.3 Fully connected graph

We first apply our noise model to study the energy transport in the fully connected
network, where each node is connected with all others with the same hopping strength,
gij = g, and the site energies are homogeneous (which we set to zero without loss of
generality). The fully connected network is an interesting case study, considering that
it is a system where, as we show in Box 4, the energy transfer is strongly suppressed
in the absence of noise. In a network with N nodes, only 1/(N — 1) of the population
of an initially localized excitation is able to reach the sink, most of it being trapped
in the initial node [75]. This is because a localized state in a fully connected network
is mostly composed of energy eigenstates with no spatial overlap with the sink. Such
states evolve according to a unitary dynamics and are hence effectively decoupled
from the sink.

By adding dephasing noise, which maps states decoupled from the sink into mix-
tures of decoupled and coupled states, we can break the energy confinement and let
the excitation flow through the network until it eventually reaches the sink. In fig. 3.5,
we show the performance ¢ as a function of the collision rate ¢ = 1/(t;) for different
spatial and temporal heterogeneity, as well as for different interaction strengths 6. In
particular, fig. 3.5a corresponds to spatially homogeneous noise (\; = A, Vi), while
fig. 3.5b shows the results for maximally heterogeneous spatial noise, in which colli-
sions only occur on the initial node r (in this case, { = 1/(t,)). Figure 3.5¢ shows
the effect of the interaction strength for fixed spatial and temporal heterogeneity.
Overall, the curves are characterized by a low performance for small collision rates,

which are not effective in breaking the energy confinement, as well as for high rates,
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Box 4: Noiseless dynamics in the fully connected network

Using the expression for the time-evolution operator in the absence of sink and
collisions presented in the main text, e *H" = eist (e79Nt ) (¢| + P1) =
e [(e79Nt — 1) |¢) (@] + 1], we see that the state of an excitation initially localized
at node r at time t is e *H" |p) = ¢igt [(e‘igm — 1)\/—% ) + |7’)] The population

on some node k is thus

’(k\ o—itH® |r>’2 = 0 [1 + % (cos(gNt) — 1)] + % [1 — cos(gNt)]. (3.41)
Since the term multiplying the Kronecker delta is positive for N > 4, we see that, for
large networks, the initial node has the largest population throughout the dynamics.
Let us now turn our attention to the interference-induced coherence trapping, which
results in a strong suppression of the energy transfer to the sink in this graph. The
same argument that we present here can be found in [75]. As before, we consider an
excitation initially localized on node r and the sink to be attached to node s. If we
ignore the sink for a moment, we can see that |p;) = |r) — |i),Vi ¢ {r, s}, along with
|¢), form a complete set of eigenstates of the Hamiltonian. Moreover, it is easy to
show that

1
Y =~—1 i¢{zr,5} i) + VN |6) —s) | - (3.42)
The vector ¢, o i) is an eigenstate of the Hamiltonian and has no overlap with
the target node state |s). Hence, its population is protected from the sink, while the
population on the other two terms is unprotected and can eventually flow to the sink.
Given that (;[p;) = 1+ 6, we can write > ,qr, o1 |5) = V(N —1)(N —2) |¥) with
(¥|¥) = 1. Introducing this into eq. (3.42), yields

IN —2
|ry = ol |¥) + |[unprotected) . (3.43)

The unprotected population, that is, the maximum amount of population that

can reach the sink, can be readily computed from the expression above as
(unprotected|unprotected) = (r|r) — (N — 2)/(N — 1)(¥|¥) = 1/(N — 1) (where
we have used (¥|unprotected) = 0 since (p;|¢) = 0 and (p;|s) = 0). This trapping of
coherence is due to the peculiar eigenstate structure of the Hamiltonian, which is in

turn a consequence of the high symmetry of the fully connected network.

which slow down the excitation walk due to the Zeno effect [90, 91, 92]'. Hence, we
observe an optimal collision rate (, different in each case.
The comparison between fig. 3.5a and b reveals the strong effect of spatial het-

erogeneity. While collisions on all the qubits are able to break the confinement, the

Tt should be noted that, while it is reasonable to assume the slowdown of excitation walk to be
due to the Zeno effect, a full characterisation of the phenomenon is yet to be done.
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FiGURE 3.5: Effect of noise heterogeneity and system-
environment entanglement on transport performance. In all
cases, the curves show the performance € as a function of the inverse
intercollision time ( for a fully connected network with N = 20 nodes.
In a, ancillae collide with all nodes with equal shape and scale param-
eters. In b, collisions only take place with the initial node . In both
cases, § = 7/2, and the legend indicates the shape parameter corre-
sponding to each curve. In ¢, only node r is affected by collisions, and
k, = 10. Each curve corresponds to a different interaction strength.

process is much more efficient if the collisions are localized on the initial node r only.
Moreover, numerical investigation shows that localized noise on a single node that is
not the initial one is instead a sub-optimal strategy. This behavior is a consequence
of the fact that the initial node remains the most populated one throughout the dy-
namics, which in turn implies that colliding with it is the most effective strategy to
alter the coherences that give rise to the quantum interference-induced trapping.

In addition to the spatial heterogeneity, the curves also portray the effect of tem-
poral heterogeneity in the collision statistics. Both with spatially localized and homo-
geneous collisions, large values of k; give rise to a higher but narrower performance
peak, while low k; yields lower and wider peaks, with good performances even for
very high dephasing rates. Therefore, temporal heterogeneity makes the dynamics
more resilient to the Zeno effect. Both homogeneity and heterogeneity in the collision
times can thus be regarded as resources, depending of the circumstances.

Another evident and interesting phenomenon is that, in the case of large val-
ues of k;, the performance exhibits sudden drops for some specific collision rates.
The periodicity of the corresponding collision rates suggests that they are related to
some characteristic time of the network, and their origin can indeed be easily under-
stood by looking at the unitary dynamics of the system (i.e., in the absence of noise
and sink). By introducing the single-excitation localized states {|i) = o% [0)*"},
which form a basis of the single-excitation subspace, the corresponding subspace
Hamiltonian H() (that is, with matrix elements Hzg»l) = (i| H|j)) can be written as
HO = g(N16) (6]~ 1) = g [(N = 1) |6) (¢] — Pu], where |¢) = (X, 1i)) /VN and
P, =1 —¢) (¢| is the projector on the subspace orthogonal to |¢). Consequently,
the time evolution operator reads e~ #tH" = cigt (79Nt |¢) (¢ + P1), which equals
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identity (except for an irrelevant phase factor) at times
t=——, meZ (3.44)

Therefore, in the limit of perfectly periodic collisions matching such periods, the
ancillae always collide with a localized state — the initial one — with no effect, and
the excitation remains trapped. In fig. 3.5b, however, the performance does not drop
to zero. The reason is that, while large values of k, result in nearly periodic collisions,
they are ultimately random. In other words, even when the collision rate matches
a characteristic time of the network, the actual collision times are noisy. Moreover,
the width of the drops shows that a slightly detuned collision rate can still lead to a
significant loss of performance, which suggests some robustness in this phenomenon.
It should be mentioned that, when one of the nodes is attached to a sink, the state is
not fully localized at times ¢ given by eq. (3.44). Yet, at those times, the localization
is highest, making the collisions as little effective as possible.

Finally, we also address the role of the interaction strength 6. In fig. 3.5¢c, we show
the performance vs. collision rate curves with fixed spatial and temporal heterogeneity
(collisions occur only with the initial node r with k, = 10) for different values of 6.
We can appreciate that, as the interaction strength increases, the curves are shifted
towards lower collision rates and, at the same time, the optimality peak narrows.
Interestingly, the highest performance is achieved for non-entangling qubit-ancilla
interactions, which do not cause decoherence in any single realization of the noise
dynamics. We can also see the periodic performance drops in all cases, the positions
of which do not depend on 6 whatsoever. This is consistent with our explanation of
the phenomenon in terms of the periodicity of the free network dynamics, according to
which we expect to observe it as long as the collisions take place when the population
is localized on r and the interaction with such state has no effect (which is the case

for any value of ).

3.2.4 FMO complex

We now turn our attention to the Fenna-Matthews-Olson (FMO) complex, a real
networked system widely studied in the quantum biology literature. This complex
appears in green sulfur bacteria and assists energy migration from a chlorosome super-
complex to the reaction centre [93, 78]. It can be modeled as an 8-node fully connected
network with non-homogeneous hopping strengths and non-homogeneous site ener-
gies. Using the values tabulated in Ref. [93], we can write the matrix representation

of its single-excitation subspace Hamiltonian in the computational basis as (units in
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FIGURE 3.6: Network representation of the FMO complex.

Nodes in the FMO are represented as circles, whereas the lines con-

necting them represent the hopping strengths. Every link’s width is

proportional to the logarithm of the corresponding matrix element,

log |Hi(j1) |, while the color indicates the value according to the bar on

the right. The colors of the nodes highlight their optimal noise level
from fig. 3.8: high (pale grey) or low (dark yellow).
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The site energies have been shifted so that the 3rd node, to which the sink is con-
nected, has zero energy. A network representation of the complex is depicted in
fig. 3.6. In many previous works [75, 76, 88, 94, 95] the FMO is modeled as a 7-node
network, as the eighth node has recently been discovered [93, 96, 97]. In any case,
the two networks have a highly similar topology and behavior, and all the results
presented here are valid for both of them. It is worth clarifying that the FMO is
a large biomolecule with a complex internal structure that interacts with a warm
environment. Its purpose is to transfer excitations as fast as possible to the reac-
tion center before it is lost to the environment due to dissipation. Modeling the
FMO as an 8-node network, the energy transfer as a CTQW within the network, and
the environmental interaction as pure dephasing — ignoring dissipation — all corre-
sponds to an effective model. While such models are capable of capturing the core
behavior of these systems [98, 99, 100], they are not adequate for accurate numerical
computations.

We apply the SCM to the FMO with different spatial and temporal heterogeneity,

as we did with the fully connected network. By comparing the two extremes of spatial
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FiGUure 3.7: Effect of noise heterogeneity on transport per-
formance in the FMO complex. Performance € as a function of
the inverse intercollision time ¢ in the case of a spatially homogeneous
noise and b maximally heterogeneous noise (collisions on the initial
node r = 1 only). In both cases, § = 7/2, and the legend indicates the
shape parameter corresponding to each curve. The black dashed line
shows the performance of FMO in the noiseless case. In c, it is shown
the case of spatially and temporal homogeneous collisions for different
interaction strengths.

homogeneity (collisions on all nodes) and heterogeneity (collisions only on the initial
node r = 1) in fig. 3.7, we see that, in this system, localizing the collisions on the
source node no longer is the most efficient strategy to drive the excitation to the sink.
The FMO is a disordered system that does not experience strong population trapping
in the initial node, so there is a priori no reason to expect localized dephasing to result
in a better performance in this case. On the other hand, temporal heterogeneity has
the same effect on the FMO as on the fully connected network: it leads to lower
performance at optimal noise rates while resulting in increased resilience against the
Zeno effect.

Surprisingly, we also observe drops in the performance of the process for some
collision rates in this system. In the fully connected network, this was associated
with the presence of characteristic times in the dynamics, which could be identified
given the simplicity of the system. Finding the characteristic times of the FMO from
the free dynamics would be far from trivial, but these performance drops signal their
existence in such a disordered system, and raises questions regarding the generality
of the phenomenon.

Given that the SCM is able to reveal this periodicity in the FMO dynamics, we
now consider whether the versatility of the model can be further exploited to identify
other properties of this real system. We have so far studied spatial heterogeneity
by simulating the dynamics in two extreme cases, and the temporal one by jointly
modifying the shape parameters of all nodes with non-zero collision rate. We now
address the question of what the local scale and shape parameters maximising the
performance in the FMO are. To find the optimal values of {\;, k;}, we use a genetic
optimisation algorithm [101], detailed in Box 5.

The results of the optimisation are displayed in fig. 3.8, where we show the distri-

bution of the optimal mean collision rate (;, fig. 3.8a, and of the shape parameters k;,
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Box 5: Genetic algorithms

The purpose of the genetic algorithm is to find the noise parameters that yield the

highest performance for the given network. An initial pool of candidates is created by
sampling random values (first generation). The pool is composed by a certain number
of candidates, each consisting of the set of parameters that we wish to optimise. The
performance of each component of the pool is evaluated, and the half with the best
performance is promoted to be the parents of the next generation. The values of
the parents are mixed to create an offspring, and the offspring is further subjected
to random mutations. The parents and the offspring are now the members of the
second generation, whose performance is evaluated and the process begins anew.
By including the parents in the future generation we ensure that high performing
members are never lost (the offspring do not always outperform their parents). This
way, through each generation, we improve the overall quality of the genetic pool.

In our case we used a pool of 40 individuals, 20 of which were selected to be the
parents at each iteration. Each individual corresponds to the shape and scale noise
parameters for each qubit of the networks, so the total number of chromosomes is
16 when optimising for the FMO. Each offspring individual inherits 8 chromosomes
from one parent and 8 from the other, and each parent mates twice with different
partners. The mutation usually consists in adding randomly extracted values to the
chromosomes, though we often found faster convergences by multiplying by random
values instead, or using a hybrid model. The number of generations is not fixed, but

rather the algorithm is stopped once the quality of the population reaches a plateau.

fig. 3.8b, for each node. Interestingly, we notice two clearly distinct behaviors, with
nodes being subjected to either very strong noise (very high collision rate) or virtually
no noise at all. Moreover, fig. 3.8b reveals that the noise is essentially deterministic.
This result allows us to classify the nodes in the FMO into two classes according
to their optimal SCM noise levels, and suggests a methodology for transport-based
community detection [102]. It should also be stressed that this node classification is
by no means evident from the structure of the network (see fig. 3.6).

To conclude our SCM-based analysis of the FMO complex, we focus on the struc-
ture of the Hamiltonian. Given that it is a biological system, one would expect
eq. (3.40) to be the result of an evolutionary process driving the system towards
an optimal performance in noisy environments, such that modifying the hopping
strengths would lead to a lower performance. However, this does not seem to be the
case. In fig. 3.9, we show the distribution of transport performance of networks ob-
tained by randomly reshuffling (permuting) the hopping strengths — so that all the
networks have exactly the same weight distribution —, along with the performance
of the FMO. When subjected to homogeneous noise, as many as 40% of these random
networks outperform the original Hamiltonian. Similar results (not shown) can be

obtained by simply sampling the hopping strengths independently from a Gaussian
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FIGURE 3.8: Optimal noise for the FMO complex. Distribution
of a the mean collision rate (;, and b the shape parameters k; of
node ¢ in the last generation pool. The boxes show the first and third
quartile, the middle bar being the median. The whiskers show an inter-
quartile range of 1.5. Panel a shows that there are two classes of nodes
(highlighted with two different colors): one with weak noise (small ¢;)
(nodes 1, 3, 6 and 7), and one with strong noise (large ¢;). The optimal
shape parameters k; tend instead to be quite large, meaning that the
collisions should be essentially deterministic.

distribution with the same mean and variance. This phenomenon depends on the
noise model as well. As shown in the same figure, the fraction of networks outper-
forming the FMO is significantly reduced when subjected to the optimal noise from
fig. 3.8. These rather surprising results do not necessarily contradict the assumption
of the optimality of the FMO for excitation transfer. Although it seems relatively
easy to outperform the actual FMO when allowed to choose the hopping rates freely,
the actual physical system is subjected to constraints with which these randomized
networks may be incompatible.

Overall, our results showcase the potential of the SCM for several purposes. On
the one hand, considering an interaction with the environment in terms of collisions
with the particles conforming it is a sensible assumption in many relevant situations.
Needless to say, in these scenarios, collision events occur randomly in time. In its
more general form, the SCM can accommodate a wide class of stochastic dynamics,
for which efficient simulation techniques exist. On the other hand, the model can
be useful for the analysis of general systems in which it may not seem physically
adequate, as one can use parameter-optimisation techniques like the ones employed

here to identify unknown dynamical phenomena in complex quantum systems.

3.3 Conclusions

We have introduced the stochastic collision model, a versatile noise model in which
ancillae collide with the system qubits at random times.

We applied it to a single qubit to investigate the emergence of the classical reality
from its quantum substrate, analytically deriving not only the master equation and

the dynamical map, but also the relevant system-environment dynamical properties.
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FIGURE 3.9: Performance of the FMO upon link reshuffling.
The histograms shows the distribution of transport performance ¢ for
10* networks obtained by randomly reshuffling the links of the FMO.
The orange histogram corresponds to spatially homogeneous and tem-
poral Poissonian noise whereas, for the blue one, nodes were subjected
to the optimal noise of fig. 3.8. The vertical dashed lines indicate
the performance of the actual FMO complex under the corresponding
noise. In the case of homogeneous noise, 40% of the reshuffled graphs
are more efficient. Instead, for optimal noise, this is less common (9%).

The stochastic element introduced in the microscopic description of the collisions lends
itself to an interesting generalization in terms of a super-environment that keeps track
of the occurrence of the collisions. Due to these features, the underlying dynamics is
dominated by simple fundamental physical mechanisms allowing us to shed new light
on the role of quantum entanglement in three crucial phenomena: decoherence, non-
Markovianity as information back-flow, and quantum Darwinism. The study of this
model leads to the conclusion that system-environment entanglement is not necessary
for decoherence or information back-flow, but plays a crucial role in the emergence of
an objective reality.

By letting the collision-time dynamics be driven by a Weibull Renewal Process, the
model is conferred with the capability to regulate the temporal heterogeneity of the
noise. We have provided a thorough analysis of the effects of the noise heterogeneity
on excitation transport in quantum networks both for the fully connected graph and
the FMO light-harvesting complex. In the case of the fully connected network, the
SCM reveals that, in the time-homogeneous regime, the transport performance is very
sensitive to the periodicity of the system, a result that can be interpreted in terms
of periodic coherence-induced excitation trapping. Remarkably, we observe a similar
phenomenon in the FMO network, which suggest the existence of similar periodic
excitation trappings in this real system. We have also exploited the versatility of
our model to explore other non-trivial effects of the FMO structure on its dynamical
properties. By optimising the transport performance over the noise parameters, we
find that the best environmental conditions for this biological complex is given by

high-rate nearly periodic collisions on some of its qubits, and no noise whatsoever on
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the rest, which does not seem to be expected from the structure of the underlying
graph. Finally, we have addressed the question of whether the FMO structure is
optimal, and we have found that a mere randomization of the hopping strengths
often results in a more efficient system under homogeneous noise. Overall, our results
showcase the potential of the SCM for several purposes. The SCM can accommodate
a wide class of stochastic dynamics, and can be useful for the analysis of general
systems, as one can use parameter-optimisation techniques like the ones employed

here to identify unknown dynamical phenomena in complex quantum systems.
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Chapter 4

Redundancy and consensus

In the previous chapter, we have explored the interplay between properties of the
open system dynamics and the emergence of objectivity. In particular, by exploring
a stochastic collision model we found evidence that points to the fact that system-
environment entanglement must be established for objectivity to emerge. In that
case however, we were not interested in quantifying the degree of objectivity, but
simply assessing whether objectivity emerged or not. To this end, simply recovering
the objectivity plateau for the QMI is by itself enough to certify that a given state is
objective.

If, however, we do not simply wish for a witness of objectivity, but we also want
to be able to measure the degree of objectivity of a quantum system, we need to
find a suitable quantifier. As already mentioned in chapter 2, a reasonable measure
of the degree of objectivity of a quantum state is the number of observers that can
simultaneously agree on the properties of the system and reach a consensus, a quantity
commonly referred to as “redundancy”.

In this chapter, we show the existence of two different aspects of quantum ob-
jectivity, which we refer to as “redundancy” and “consensus”. Though often used
as synonyms in this context, we prove that they quantify different features of the
degree of objectivity of a quantum state. More specifically, while redundancy mea-
sures how much information about the system was encoded into the environment,
consensus measures how many observers can access said information. We also show
that the two main frameworks used to measure quantum objectivity, namely spec-
trum broadcast structure and quantum Darwinism, naturally emerge from these two
notions. Furthermore, by analysing explicit examples of nonlocal states, we highlight
the potentially stark difference between the degrees of redundancy and consensus. In
particular, this causes a break in the hierarchical relations, that we discussed at the
end of chapter 2, between spectrum broadcast structure and quantum Darwinism.

A rigorous and well defined distinction between redundancy and consensus, also
proves to be a valuable tool in giving an operative interpretations of mutual infor-
mation plots, and in particular the operative meaning of the averaged mutual infor-
mation, which we will discuss in the final part of this chapter. We will show that,
whenever the information encoding into the environment is not uniform, comput-

ing the non-averaged mutual information may result in misleading interpretations of
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objectivity, while the average mutual information always offers results with a clear
operative interpretation. This will also allow us to provide examples where a notice-
able distinction between redundancy and consensus can be achieved even when the
information encoding is purely local. The results presented here are based on two
recent works [103, 104].

4.1 Introduction

As we have already discussed in chapter 2, “objectivity” is usually understood in the
quantum domain as consensus between observers. More specifically, given a quantum
system & interacting with an environment £ composed of a number of constituents
&, we say that the system is objective when observers performing independent mea-
surements on different & reach a consensus about some property of the system [5].
This is only possible if, due to prior interactions between system and environment,
the relevant information was encoded with high redundancy into the environment.

The notion of “consensus” is also often found in the literature, and is usually used
as a synonym of redundancy. We will see however, how in several situations these
concepts ought to be carefully distinguished, and that redundancy is a necessary,
but not sufficient, condition to achieve consensus. In particular, we show that in
the presence of nonlocal information encoding, consensus and redundancy quantify
significantly different features. In fact, even though some information about S might
be redundantly encoded into the environment, it is possible that due to the nonlocality
of such encoding, the observers might not be able to access it, and thus the redundancy
might fail to realize into a corresponding amount of consensus. Such situations arise
naturally whenever there are inter-environmental interactions [105, 106, 52, 51, 107].
While redundancy is an intrinsic property of a state, consensus is also a function
of the particular scenario, and in particular of how the environment is distributed
between observers.

To clarify the distinction between the superficially similar notions of redundancy
and consensus, we propose a natural way to quantify them. We find that, remarkably,
this approach leads naturally to the two main quantifiers of “quantum objectivity”,
namely, spectrum broadcast structures (SBS) [44] and quantum Darwinism (QD) [42,
43]. More precisely, we find QD and SBS to quantify consensus and redundancy,
respectively.

Finally, we focus on the established hierarchy between SBS and QD: while SBS
implies QD [44, 108], the opposite is only true under the additional assumption of
vanishing discord and strong independence [55, 108]. We show that this hierarchy
does not hold in scenarios where consensus and redundancy are distinct, a notable
example being highly nonlocal states. In particular, SBS states need not satisfy the
QD condition.
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FIGURE 4.1: Nonlocal information encoding. When the informa-
tion about the system is encoded into nonlocal states, it can only be
recovered measuring suitable environmental macrofractions.

4.2 Definition of redundancy and consensus

To clarify the differences between the different aspects involved in the notion of quan-
tum objectivity, we introduce here operative definitions of “redundancy” and “consen-
sus” in quantum systems. Even though directly verifying these conditions might be
hard in practice, we will show that they naturally reduce to QD and SBS in specific
appropriate approximation regimes.

The idea of redundancy is that information about the system is encoded into
several independent environmental fractions. More precisely, we thus say that a
state p has redundancy n, and write Red(p) = n, if n is the largest integer such
that there is a partition & = @, & such that Li.(S : &) ~ S(pg) for all i =
1,...,m, where S(pg) is the von Neumann entropy of pg, and I (S : &) is the
accessible mutual information [11] between system and i-th environmental fraction
&;. The accessible information is here defined as the mutual information between
the probability distributions resulting from measuring S and &;, maximised over all
possible choices of measurements. We use the accessible, rather than the full quantum
mutual information, to ensure that correlations are actually observable from outcome
probabilities.

This notion of redundancy is however unconcerned with the practical retrievabil-
ity of the information. Even though information about a system can be encoded

into its environment with high redundancy, actually accessing this information might
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require a careful partitioning of the environment, to avoid information being hidden
in the correlations between different observers. To quantify the likelihood of actually
observing information redundantly encoded into the environment, one ought to intro-
duce the notion of consensus. While the redundancy is concerned with the maximum
number of environmental fractions encoding information about S, the notion of con-
sensus is also concerned with how hard it is to find partitions realizing a set amount
of redundancy. More precisely, we want to define the consensus of a state p as the
largest number of observers that can, with high probability, retrieve information about
the system from their measurement outcomes.

To this end, consider the probability P(p,n) of finding a partition & = Q" &

with redundancy n:
P(p,n) = Prob (Inec(S : &) ~ S(ps), i =1,...,n), (4.1)

where the probability effectively counts the number of partitions £ = Q);-; & such
that dim(&;) = dim(&;) for all 4, j — and thus such that dim(&;) = fdim(&) with
f = 1/n. While in principle one could consider partitions with uneven fractions,
we will focus on this simplest case, as it is the one usually considered in the topi-
cal literature. We can now define the “consensus” of p as the largest n such that
P(p,n) ~ 1. Thus p has a degree of consensus n iff, for any partition of the form
& = Qi &, each & is maximally correlated with S, and the correlation is fully
accessible!. P(p,n) quantifies the probability that an observer is able, measuring
a fraction of the environment of size 1/n, to infer sufficient information about the
system. In computing it, we assume that all the possible environmental fractions are
sampled by the observers with equal probability. This is the simplest assumption
one can make without going into the details of specific physical models. In specific
scenarios, certain environmental fractions may be sampled with a higher probability
than others (for example fractions with higher spatial connectivity), thus resulting
in a different P(p,n) that the one we would obtain assuming equiprobable fractions.
However, even in this case our definition of consensus remains unchanged, as it does
not depend on how P(p,n) is computed.

In conclusion, redundancy is the maximum number of observers that could, in
principle, infer information about the system. Consensus is instead the guaranteed
number of observers that can infer information about the system with a random
partition of the environment. Assuming a one-shot partition of the environment, the
number of observers being able to retrieve information about the system will likely
be higher than consensus, but lower than redundancy. Redundancy and consensus

therefore capture two different, nonequivalent aspects of the objectivity of a system.

Tt is possible to make the definitions of consensus and redundancy more mathematically rigorous
by interpreting the equations I...(S : &) ~ S(ps) and P(p,n) ~ 1 as standing for lacc(S : &) >
S(ps) — e and P(p,n) > 1 — 4, respectively, for suitable choices of thresholds e and 4.
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4.3 Relations with known measures of objectivity

This formalization of the notions of redundancy and consensus makes it clear that
they quantify distinct features of the emergence of quantum objectivity. In particu-
lar, it is possible to have high redundancy and low consensus, in situations where the
redundant information encoding cannot be easily accessed by the observers without
taking great care in how the environmental fractions are distributed. Furthermore,
we will show here that the two main quantifiers of quantum objectivity used in the lit-
erature, SBS and QD, directly correspond to redundancy and consensus, respectively.
For improved clarity, we will propose again some of the definitions first discussed in
chapter 2, to better compare them with the recently introduced notions of redundancy
and consensus.

An SBS state is one that admits a decomposition of the form
N .
psps = »_pilifi| © Q) RI, (4.2)
i j=1

for some collection of states Rf — referred to in this context as macrofractions [44] —
such that RZ Rg, = 5“-/(Rg )2 for all j. Such a decomposition is defined with respect to
a specific partition £ = ®§V:1 &}, of the environment, Rg € &;, and the conditions on
R! ensure that different states of the system can be recovered from measurements in
each £;. SBS states are thus always objective, provided observers are able to measure
environmental fractions compatibly with the partitioning corresponding to the SBS
structure. It follows that the redundancy of such a pgpg is precisely IV, the largest
number of macrofractions that allow to write the state as an SBS.

QD defines “objectivity” via the quantum mutual information (QMI) between
system & and an environment fraction &5 of size fdim(€), where f € (0,1) [42, 43].
For non-uniform environments, this QMI will depend on the choice of environmental
fraction. In such instances, it is therefore warranted to consider the average QMI,
defined as I(S : &) = (I(S: &f)), where the average is taken with respect to all
environmental fractions £ [53, 58, 9, 60]. A state is then said to be objective according
to QD if there is f € (0, 1) such that

I(S: &) =~ S(ps). (4.3)

If f satisfies eq. (4.3), then there are at least 1/f observers that can simultaneously
agree on some property of the system. We can then quantify QD-objectivity as 1/ f
for the smallest such f. One further possible issue arising in the context of QD is
the presence of quantum discord [33, 109] in these QMI. Namely, in some scenarios
computing I(S : &) might falsely overestimate the actual accessible correlations
between system and environment, which are the correlations that can be observed
via some suitable choice of measurement basis on the environmental fractions. These

arguably are, for the purpose of objectivity, the correlations one is actually interested
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FIGURE 4.2: How measuring different qubits affects the QMI.
In each figure, the three rows correspond to the three |GHZ§£C )>
macrofractions in the state |V), r, with degree of nonlocality k = 4
and redundancy N = 3. The disks corresponds to the physical environ-
mental qubits. In each scenario, depending on which subset of qubits
is being measured, we get a different corresponding QMI. The dashed
lines highlight qubits that are being measured, and the red crosses
mark ones that have been traced out. Measuring qubits which are nei-
ther encircled nor crossed out does not affect the QMI. Measuring a full
row (top left) or a full column (top right) we get I(S : E¢) = S(ps),
while measuring both a full row and a full column (bottom left),
I(S : &) = 2S(ps). If neither are true (bottom right), there is no
correlation between system and the measured environmental fraction,
corresponding to I(S: &) = 0.

in, and therefore the use of accessible mutual informations might more accurately
quantify the sought-after objectivity of states [55, 59].

We can now observe that QD-objectivity precisely corresponds to the degree of
consensus previously introduced. In fact, if P(p,n) ~ 1, then any macrofractioning of
the environment of the form & = Q);"; & gives Inc(S : &) =~ S(ps), and therefore the
average accessible mutual information also satisfies loec(S : f) =~ S(pg) with 1/f = n.
Vice versa, if faCC(S : &) ~ S(ps), then each & gives Iooo(S : &) ~ S(ps) —note
that S(ps) is an upper bound for I.(S : £)— and thus P(p,n) ~ 1. A concise

memorandum of the definitions of consensus and redundancy is given in Box 1.

4.4 States highlighting the difference between consensus

and redundancy

A notable class of states highlighting the differences between redundancy and con-

sensus are highly nonlocal states. Nonlocal states are understood here as those in
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which some information about the system can only be recovered by means of non-
local measurements on several environmental constituents, as pictorially represented
in fig. 4.1. While it is usually the case that a single element does not hold enough
information about the system, we define nonlocality in terms of fragility of such infor-
mation encodings with respect to loss of pieces of the environment, and show that it is
tightly related with the departures between redundancy and consensus. We focus in
particular on the extreme cases, where losing even a single environmental constituent
results in a severe degradation of the correlations.

We focus here on many-qubit states for simplicity. To have both high redundancy
and maximal nonlocality of the information encoding, we require the state of the sys-
tem to be maximally correlated with a number of maximally nonlocal environmental

states of the form
1
V2

While these two states are fully distinguishable when all £ qubits are measured, they

|GHZ)) = —=(|0)%F & [1)%) € (C?)=h. (4.4)

become completely indistinguishable if even only a single qubit is lost, as
tr(GHZP)) = tr;(GHZW), Vi =1,.., k. (4.5)

The integer k governs the degree of nonlocality of the states. Note that GHZ-like
states are characterized by not being determined by their reduced density matrices.
More explicitly, this means that for any pair of orthogonal states |, |¢) € (C?)®*
such that tr;(|)Xv|) = tri(|¢)¢|) for all 4, [¢p) and |¢) are local unitary equivalent to
icHZP) [110, 111].

We thus consider system-environmental states |¥), y € (C2)Nh+1

of the form
1
Wy = 7500 © IGHZP)®N 4 11) @ |GHZ®) &), (4.6)

These states have degree of redundancy N. If furthermore £ = 1, the information
encoding is local, and we also have a degree of consensus N. In fact, in this case,
there is only one possible macrofractioning of the environment — which is composed
of Nk = N qubits — into N constituents, so that P(p, N) = 1.

However, as soon as k > 1, the two aspects of objectivity diverge. In such in-
stances, the QMI depends on the way in which the kNN environmental qubits are
partitioned between observers. We recognize in particular two conditions that are
sufficient to determine the QMI I(S : &;) corresponding to a given environmental
fraction &;. The first condition is whether at least one full GHZ state is fully con-
tained in &;. The second condition is whether at least one qubit from each GHZ state
is in &;. If neither condition is satisfied I(S : &;) = 0; if either condition is satisfied
I(S : &) = S(ps); finally, if both conditions are satisfied, then I(S : &) = 2S(pg).
The corresponding four possible scenarios are pictorially represented in fig. 4.2. We
refer to section 4.6 for the full derivation of these quantities, where we also show

that performing the same calculations for the accessible mutual information gives
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FIGURE 4.3: Average accessible mutual information for differ-

ent values of redundancy. Notice how high redundancy does not

always result in the typical objectivity plateau of quantum Darwin-

ism. In particular, redundancy values of 40, 160 and 1280 correspond

to consensus values of 1, 2 and 4, respectively. In all cases the degree
of nonlocality is k = 4.

Licc (S : &) = S(ps) in all cases except when neither condition is satisfied. With
these results, computing average QMI and accessible mutual information reduces to
a combinatorial problem, which we also detail in section 4.6.

In fig. 4.3 we give the values of Ine(S : Es) as a function of f for different
values of N, for kK = 4. As clear from these results, a large degree of redundancy
does not guarantee an equal amount of consensus. Therefore, it could be possible
that, on average, observers will not measure any intact macrofraction, and will be
unable to recover information about the system, rendering the redundant information
inaccessible. In particular, redundancy values of 40, 160 and 1280 correspond to
consensus values of 1, 2 and 4. This choice of states thus highlights how nonlocal
information encoding results in non-equivalence between redundancy and consensus.
We also see that the consensus increases with the size of the environment, which is a
consequence of the fact that for large IV the probability of selecting at least k£ < N
qubits belonging to the same macrofraction tends to unity. In the macroscopic limit,
the system exhibits objectivity even in the worst-case scenario of maximally nonlocal
information encoding. As discussed previously, it is possible to recover information
about the system by measuring a single element from each |GHZ) — that is, reading
each element of a column in fig. 4.2. However, in the macroscopic limit of N > k,
the probability of picking such partition goes to zero.

We have shown that maximally nonlocal information encoding is only possible
for states that are local unitary equivalent to the GHZ state. Nonetheless, many
entangled states also feature a high degree of nonlocality. One such standard example

of three-qubit nonlocal states are W states [112]. These can be seen as an intermediate
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FIGURE 4.4: Averaged QMI encoding the information in GHZ
states and W states. While the overall effects of nonlocal infor-
mation encoding remain unaltered, encoding information in W states
always results in higher consensus compared to GHZ states. In each
figure, the degree of nonlocality is & = 3, while the redundancy is
N = 8 N = 32, and N = 128, respectively. GHZ states result in
consensus values of 1, 2 and 3 respectively, while W states result in
consensus values of 2, 3 and 6 respectively.

case bewteen maximally local and maximally nonlocal information encoding. We then

consider system-environment states of the form
1 k)\@N k)\@N
5100 @ WY 4 1) @ W)@, (4.7)

with \Wj(ck)) a pair of W-like orthogonal many-qubit states. In the case of k = 3,

these read

)y = i(\om) +(010) + |100)),
ToVs (4.8)

\f(|001> + w3 |010) + w?|100)),

with wg = €27/3. These definitions are straightforwardly generalized to general k.

w®) =

In this case, the mutual information between system and environmental fraction
does not reduce to the four possible cases as with the GHZ state structure, as now
it becomes relevant how many qubits are selected from each macrofraction. In any
case, it is still possible to reduce the QMI calculation to a combinatorial, albeit more
complex, problem. Again, the full calculation can be found in section 4.6.

While the individual qubits still carry no information about the system, a par-
tially surviving ]Wik)> state is slightly distinguishable from the |W£k)> counterpart,
meaning that an observer may be able to determine the state of the system without
having access to a full macrofraction. For this reason we expect it to be easier to
achieve state objectivity in this case compared to the maximally nonlocal one.

This is confirmed by fig. 4.4, where we compare the average QMI between W-
state and GHZ-state encodings for a nonlocality degree of k = 3. We can see that
the W-state encoding always results in a higher QMI compared with the GHZ case.
In particular, redundancy values of 8, 32 and 128 correspond to consensus values of
2, 3 and 6 for W-states and 1, 2 and 3 for GHZ-states. In any case, even though a
W-state encoding allows to reach state objectivity with a smaller environmental size,

the qualitative behaviour and relative implications are the same as with the GHZ
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Box 1: Definitions of redundancy and consensus

Redundancy— how many times information about the system is encoded into the

environment. It is the maximum number of fractions into which we can divide the
environment, such that every fraction is highly correlated with the system. Therefore,
it is the highest n such that & = Q- & and I(S : &) ~ S(ps) Vi.

Consensus— how many observers can simultaneously access information about the
system. It is the maximum number of fractions into which we can randomly divide
the environment, being confident that each fraction will be highly correlated with
the system. We define P(p,n) as the probability that, given a random environmental
partition & = @' &, then I(S : &) ~ S(ps) Vi. Consensus is then the highest n
such that P(p,n) ~ 1
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FI1GURE 4.5: Averaged QMI encoding the information in GHZ
states and W states. While the overall effects of nonlocal infor-
mation encoding remain unaltered, encoding information in W states
always results in higher consensus compared to GHZ states. In each
figure, the degree of nonlocality is £ = 3, while the redundancy is
N = 8,N = 32, and N = 128, respectively. GHZ states result in
consensus values of 1, 2 and 3 respectively, while W states result in
consensus values of 2, 3 and 6 respectively.

case.

4.4.1 Reading the environment in more bases

The classical mutual information is usually computed by maximising the Holevo x
with respect to the measurements performed on the system. In the context of quan-
tum objectivity, it is often the case that the Holevo y is always maximised by mea-
suring the system in the same basis, and this in turn is sufficient to define it as the
pointer basis of the system. However, we will show here that this is not always the
case, as for the states in eq. (4.6), the Holevo x is not always maximised by measuring
the system in the same basis.

If instead of computing the maximised Holevo x, we choose to compute the Holevo
x with respect to one specific measurement basis, we are able to recover how much
information the environmental fractions hold about that basis. The detailed calcula-
tion is left at the end of the chapter, but we summarise the results here. Considering

once again the four possible scenarios represented in fig. 4.2, x(S : &;) computed with



4.5. The importance of using the average mutual information 57

respect to the {|0), |1)} basis is S(ps) if at least one full GHZ state is fully contained
in & (top left and bottom left of fig. 4.2). Instead, x(S : &;) computed with respect
to the {|+), |—)} basis is S(ps) if at least one qubit from each GHZ state is in &;
(top right and bottom left of fig. 4.2). The environment then holds redundant
information about the system simultaneously in two different bases. It should be
noted however, that only one basis can be measured at any given time: if a specific &;
fraction holds information about the system in one basis, the rest of the environment
will hold no information about the system in the other basis. This is because it is
impossible for one environmental fraction to satisfy the condition represented in top
left of fig. 4.2 and for another, distinct fraction to safisfy the condition represented
in top right of fig. 4.2.

Figure 4.5 shows a comparison between x(S : £) computed with respect to the
{l0), |1)} and the {|4), |—)} bases, as well as the maximised x(S : £¢), as a function
of f. All plots are for a redundancy value of N = 80, while the degree of nonlocality
is, from left to right, £k = 2, k = 8, and k = 32. We can see how, as the degree
of nonlocality increases, the environment “knows” more about the {|+), |—)} basis
compared to the computational one, and it even takes over as the one containing the
most information for N = 80 and k = 32 (rightmost plot of fig. 4.5).

4.5 The importance of using the average mutual infor-

mation

As we have already mentioned in chapter 2, I(S : &) is the mutual information
between the system and a specific fraction £y, and for any value of f there are of
course multiple possible environmental fractions &; of the same size. Objectivity is
often assessed by plotting I(S : £¢) as a function of f, making a choice of £ for each
value of f, which intrinsically implies choosing a sequence of environmental fractions
of increasing size. When the degree of correlations between the system and the various
environmental constituents is not homogeneous, the value of I(S : &) as a function
of f will depend on the specific chosen sequence of environmental fractions. It is
therefore warranted to use the averaged QMI, defined as I(S : &) = (I(S : Er))e;s
where the mean is taken with respect to all environmental fractions of the same size
fdimé&.

In many studied scenarios [54, 113, 114, 115, 116, 117, 118], the state p is assumed
to be the result of a unitary dynamics in which different environmental fractions only
directly interact with the system, so that the overall state is driven by a Hamiltonian
of the form Hy = ), A® ® B%  with the different B acting identically to their
respective subsystems. In such cases, the QMI I(S : £;) depends only on the size of
&y, rather than the specific group of environmental constituents considered, therefore,
performing the average is unneeded, and the average QMI is identical to the QMI with
respect to any chosen sequence. However, this condition does not hold in other cases

of interest, where the system is correlated asymmetrically with the environmental
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FIGURE 4.6: Averaged mutual information as a function of
the fraction size. The environment consists of some qubits perfectly
correlated with the system, and others entirely uncorrelated (“junk”
qubits). We compare the case in which there are 50 correlated qubits,
where we can see a clear signature of objectivity, with the case in which
there are only 5 correlated qubits, where objectivity does not emerge.
In both cases, for every correlated qubit there are 20 “junk” qubits.
The value of redundancy is precisely the number of correlated qubits.

fractions [53, 58, 9, 60, 105, 51, 52]. We will show how, in such cases, not using the

averaged QMI could prove to be misleading for the task of witnessing objectivity.

4.5.1 Uneven degree of correlations

We first show an example that illustrates some possible issues that arise when com-
puting the QMI in cases with asymmetric information encoding, and how these issues
do not arise when using the averaged QMI. Suppose we wish to measure the degree

of objectivity of the following state

1

V2

there are m environmental qubits that are perfectly correlated with the system, but

W) (10)s @ [0)°™ +[1)s ® ™) @ [) 7™, (4.9)

there are also N — m environmental qubits that are entirely uncorrelated, so that
the total number of environmental qubits is N. Measuring even just one of the m
correlated qubits is sufficient to recover the required information about the system,
that is, information about the system is encoded redundantly into m different qubits.

Let us now proceed to compute the averaged QMI of the state in eq. (4.9). If we
randomly extract ¢ qubits from the environment, the number of possible extractions
where all the selected qubits are uncorrelated with the system is (N _.m), whereas
the overall number of possible extractions is (JZ ) The probability that, with a ran-

dom extraction, all selected qubits are uncorrelated with the system is therefore
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(N ;m) (]y )_1, in which case the QMI between the selected qubits and the system is
zero. The probability for the complementary event, that at least one of the selected
qubits is correlated with the system, is therefore 1 — (N ;m) (]y )71, in which case the
QMI is S(ps). There is also the probability that, provided i > m, all the correlated
qubits haven been selected, which we obtain by preemptively selecting the correlated
qubits and then randomly extracting the ¢ — m remaining ones, the probability is
therefore (127:;:) (]27 )_1, in which case the QMI is 25(ps). Notice that, if this second
condition is met, the first one surely is, so that the two events are not independent.
Given that selecting ¢ environmental qubits correspond to selecting a fraction of size
fN =i, we can explicitly write the average mutual information between system and

a fraction &;.

N—m N—m
(rn") + (me)> S(ps), (4.10)

N
()
The plots of eq. (4.10) as a function of f are shown in fig. 4.6 for the case where
N = 1000 and m = 50 as well as for N = 100 and m = 5, so that in both cases

only one in twenty qubits is actually correlated with the system. We can see how

I(S: &) = (1—

in the first case I(S : £§) ~ S(ps) even for small values of f, which is represented
by the QMI plot exhibiting the typical plateau of objective states. In the second
case however, said plateau is not present, and the state is therefore not objective. In
general, from eq. (4.10) it can be seen that, given a value of f, the corresponding value
of QMI depends mostly on m, and only marginally on N. Regardless the amount of
“junk” qubits, objectivity emerges provided that the number of correlated qubits is
sufficiently large.

By choosing a required threshold value for the QMI, it is possible to compute the
minimum size fodim & for the environmental fractions, such that each observer can
independently infer information about the system by measuring a single fraction. The
number of resulting environmental fractions -the consensus-, quantified as 1/ fy, would
then be strictly less than the redundancy m. We therefore have another example
where consensus and redundancy are not equivalent.

In general, whenever there are hindrances to the information recovering from the
observers’ part, consensus will be less than redundancy. Said hindrances may arise
when the information encoding is not symmetrical or not local, precisely the cases
where it is deemed to use the average mutual information. In the scenario presented
here, since only some environmental constituents are correlated with the system, it
is not unlikely that observers measuring certain environmental fractions will only
measure “junk” qubits. To minimise the probability of this event occurring, we have
to increase the size of the environmental fractions, ending up with a value of consensus
that is strictly less than the redundancy. In the case under study here, by choosing a
threshold value of 0.995(ps), we obtain a consensus value of 11 when the redundancy
is 50, and 1 (no objectivity) when the redundancy is 5.

If, on the other hand, we do not perform the average, to compute the QMI plot
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FIGURE 4.7: Different plots for the mutual information as a
function of the fraction size. All plots refer to the same system-
environment state, where however no average was performed. In case
A every fraction of size fN contains only correlated qubits, in case B
every fraction of size fN contains only “junk” qubits, and in case C
every fraction contains at least one correlated qubit, but at least one
of the correlated qubits is always left out of each fraction. Not per-
forming the average results in outcomes that are contradicting among
themselves and misleading compared to the physical scenario. Since
the ratio between correlated and “junk” is the same, the presented
plots are the same whether the total number of environmental qubits
is N =100 or N = 1000.
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we have to choose a specific environmental fraction of size fIN, for each value of f.
Usually, each fraction of a larger size fully contains the fractions of smaller size. The
scaling of the QMI as a function of f will thus depend on the chosen sequence of
environmental fractions of increasing size. If we try to quantify objectivity by using
the non-averaged QMI, then we may end up with contradicting results, as a matter
of fact, we present in fig. 4.7 three extreme examples of such cases.

In case A, every fraction of size fN contains only correlated qubits, unless fN >
m, in which case the fractions contain all the correlated qubits and some of the
“‘junk” qubits. In case B, every fraction of size fIN contains only “junk” qubits, unless
fN > N —m, in which case the fractions contain all the “junk” qubits and some of the
correlated qubits. In case C, every fraction contains at least one correlated qubit, but
at least one of the correlated qubits is always left out of each fraction (unless of course
the whole environment is taken into account). Notice how the mutual information
plots for these three specific cases are identical whether the environment is made by
m = 5 or m = 50 correlated qubits, this is because the ratio between the correlated
qubits and the “junk” qubits is the same. The fact that the plots shown in fig. 4.7 are
the same both for a case where quantum objectivity emerges (m = 50), and one where
quantum objectivity does not emerge (m = 5), already shows how non-averaged QMI
plots are unable to distinguish between two very different outcomes.

In cases A and B the typical plateau of objective states is not present, but while in
case A the QMI is consistently higher than one, in case B it is consistently lower than
one. While both cases seem to suggest that there is a disproportion between the degree
of correlations of the various environmental fractions, they do not allow to reach a
conclusion on whether objectivity is present or not. Regardless, it is interesting to
notice that, in both cases, the QMI exhibits a very small plateau, whose width is
exactly m/N. This suggests that, even for non-averaged QMI, a minimum plateau
that is at least as large as the redundancy must be present. Case C is somewhat
more tricky, as there is a clear objectivity plateau, but given that the QMI is S(ps)
even for a fraction of one qubit, the natural interpretation would be that the overall
redundancy is N, while only m qubits are actually correlated with the system. Aside
from grossly overestimating the degree of redundancy, case C would suggest that
objectivity emerges both when m = 5 and when m = 50, which we know to be false
from fig. 4.6.

The scenario proposed here arises whenever, aside from the environment that
acquired information about the system, extra environmental elements are taken into
account, whose correlations with the system are negligible. For objective states in the
macroscopic limit, it is reasonable to assume that several uncorrelated environmental
fractions enter the picture. One would assume that these extra fractions should not
modify the degree of objectivity, and indeed in our model, regardless of how many
“junk” qubits are present, objectivity always emerges provided that redundancy is
sufficiently large. Indeed, a similar conclusion was also obtained in a recent work [119].

However, even in this simple example, not using the average QMI results in grossly
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misleading results.

4.5.2 Asymmetric quantum mutual information

We have seen with a simple example how failing to compute the averaged QMI may
results in false positives or false negatives witnesses of objectivity, as well as mis-
quantifying the degrees of redundancy and consensus. Let us focus now on cases
where the non-averaged quantum mutual information between system and a small
environmental fraction &; is larger than S(pg), that is I(S : &) > S(ps) for f < 1.
This is analogous to the scenario represented in fig. 4.7, case A, and is only possible
if the information encoding is asymmetrical 2, and some environmental constituents
are more correlated with the system than others. Assuming that £ = £ ® Ef and
dim(€y) < dim(&), we have

I(S: &) = S(ps) + A, (4.11)

the two fractions £y and Ef can, of course, have their own internal structure, what
is relevant for our discussion is that the fraction &£ corresponds to a small portion
of the environment. Provided that the system-environment state pse is pure, we can
compute the QMI between the system and the rest of the environment: I(S : 57) =
S(ps) + S(pg?) - S(pggy). Since pse is pure, we can write I(S : &) = S(ps) +
S(pse;) — S(pe;), moreover, from eq. (4.11) we have that S(pg,) = S(pse;) + A.
Combining all this we have that

I(S: &) = S(ps) — A. (4.12)

Measuring the whole 87 environmental fraction, i.e. the majority of the environment,
still does not allow to recover enough information about the system.

While there is a consistently growing interest in measuring objectivity using ac-
cessible quantities [44, 55|, rightfully motivated by the fact that the QMI contains
discordant [33] quantities that do not translate in information recoverable by the ob-
servers, it is interesting to notice how the QMI contains relevant information even
in the context of quantum objectivity, in particular, witnessing quantum correlations
with one environmental fraction puts a bound on the accessible information with all
other fractions.

The fact that the QMI between system and most of the environment is smaller
than S(pg) does not allow, in itself, to conclude that pse exhibits quantum objectivity
or not. Interpreting objectivity as consensus, information about the system could be
present in £y with a high degree of redundancy, so that an observer measuring a ran-
dom fraction of the environment will (on average) be able to infer information about

the system, as was the case in fig. 4.6. However, it could also be that information

2We recall that, if the information encoding is symmetrical, or the average is performed, the QMI
plot has the property of being anti-symmetric with respect to f = %, therefore I(S : £5,) > S(ps) is
possible only for fo > %
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about the system has been encoded only once in a small portion of the environment,
in which case quantum objectivity would not be present.

Witnessing values of I(S : £¢) > S(ps) signals that the system is mostly corre-
lated with only a part of the environment, and that the use of the averaged QMI is
needed. Using the accessible information instead of the QMI (which would in general
be desirable as a more precise measure of objectivity [55]) could bizarrely prove even
more misleading in this case, since the accessible information is never higher than
S(ps), this phenomenon would be more difficult to uncover. This analysis provides
further evidence for the fact that the non-averaged QMI can be a misleading quan-
tifier for quantum objectivity. Notwithstanding, it also shows us that the QMI with
respect to a specific environmental fraction provides interesting information about
accessible quantities, bounding the possible correlations with respect to the rest of
the environment. This further shows how a quantum system cannot be correlated
with QMI higher than one simultaneously with more than one element, therefore, ob-
jectivity requires that the QMI between the system and the environmental fractions
is exactly S(ps). The existence of even a partial objectivity plateau is then a crucial
feature of objective states. Since, as previously noted, the width of the objectivity
plateau is at least the value of redundancy, the lack of a QMI plateau is sufficient to

infer a complete lack of redundancy, and thus of objectivity.

4.5.3 Random degrees of correlations

We have provided an example to show the importance of using the averaged QMI
to witness objectivity. The proposed example, however explanatory, was nonetheless
related to a very specific scenario. To further highlight the importance of averaging
the QMI to witness objectivity, we will consider here more general scenarios with ran-
dom degrees of correlation between system and environmental fractions. We expect
that the results presented so far, namely the non equivalence between redundancy
and consensus, as well as the potentially misleading results from failing to perform
the average, would hold even in this case.

In the proposed example, instead of considering qubits that are either perfectly
correlated of totally uncorrelated with the system, each qubit interacts with the
system with an imperfect CNOT (iCNOT) gate: if the system qubit is in the |0)g
state, the gate acts as an identity on the environmental qubit, if the system is in
the [1)g state, the gate coherently flips the state of the qubit imperfectly, with an
associated probability p. In matrix form, the iCNOT reads

0 0
0 0
vi=p b
VP —vi-p

i ONOT = , (4.13)

oS O O
SO O = O
i)
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FIGURE 4.8: Mutual information plots for random degrees of
correlation. The environment consists of N = 100 qubits, and each
qubit has a random level of correlations with the system. (a) The
correlations for each qubit follow a flat distribution, against a degree
of redundancy of Red = 15, the average mutual information gives a
degree of consensus of Cons = 11. We also show the possible results
of non averaged mutual information, which would suggest degrees of
consensus of 2 and 50 respectively. (b) The correlations follow an ex-
ponential distribution, the degree of redundancy is Red = 12, while
the degree of consensus of Cons = 9. Non averaged mutual informa-
tion, suggest degrees of consensus of 2 and 50 respectively.

with p € (1,0). This type of system-environment interaction is standard when study-
ing objective states resulting from collision models [113, 115]. The element of novelty
here is that, for each qubit the value of p is randomly extracted from a probability
distribution.

If the initial state is [+)]0)®", after each environmental qubit has interacted

with the system, the state becomes

N
0510V + 15 @ &) (VI=pil0) + vBi 1) (4.14)

i=1
with each p; value a random number. Assuming that the observers restrict themselves
to measuring the environmental qubits and the system in the computational basis, we

can compute the redundancy and the mutual information of the state in eq. (4.14).

The mutual information between the system and a set of fIN environmental qubits
is computed as follows. Upon performing projective measurements on the system and

the environmental qubits, there are three possible measurement outcomes.

e The system is in the |0)¢ state and the environmental qubits are in the |0)*™

state, with probability %

e The system is in the |1)¢ state and the environmental qubits are in the |0)*™
state, with probability
145
P; = 5H(l —Di)- (4.15)

i
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e The system is in the |1)¢ state and the environmental qubits are in any state
that is not |0)*™, with probability (1 — Py).

From these three possible outcomes, we can compute the marginal probability dis-
tribution for the system and for the environmental fraction, and recover the mutual

information
1 1 1
Toce(S - 5f) = 3 1n(2) + Py ln(Pf) — (2 + Pf) ln<2 + Pf) (4.16)

The average mutual information between the system and m environmental qubits
is obtained by extracting m values of p; from a chosen probability distribution, and
computing the resulting mutual information. The value is averaged over 10* extrac-
tions. The maximised (minimised) mutual information is obtained by extracting N
values of p; and computing the mutual information with the m highest (lowest) val-
ues, again averaging over 10* extractions. The threshold value of 0.99S5(ps) is used
to compute the resulting values of consensus.

Just like in the previous example, also in this case it would be desirable to compare
the degree of consensus with the degree of redundancy. Given the simple structure
of the state in eq. (4.9), computing its redundancy was straightforward. However,
in more general cases, computing the redundancy from its definition is a far from
trivial task, as it requires to find the largest n such that there is an environmental
partition & = Q);, & that allows to cast the state in SBS form. This would be
computationally demanding in most scenarios.

Here we compute redundancy by simply creating environmental fractions, whose
mutual information with the system is at least 0.995(ps), also in this case averaging
over 10* extractions. Admittedly, this is a rather crude method to compute the
redundancy, and it likely results in an underestimation, as no optimisation procedure
is involved. However, the redundancy thus computed, even if underestimated, still
results higher than consensus, thus proving our initial expectations.

In fig. 4.8 we show a comparison between the average accessible information, and
the maximised, as well as minimised accessible information. Both results are for an
environment composed by N = 100 qubits. In fig. 4.8 (a) the degrees of correlation
between the environmental qubits and the system are given by a flat probability
distribution, the redundancy is Red = 15, and consensus is Cons = 11. The non-
averaged mutual information plots would instead lead to grossly overestimating or
underestimating the degree of objectivity. Similar results are obtained in fig. 4.8 (b),
where the degrees of correlation between environmental qubits and system are given
by an exponential distribution, the redundancy is Red = 12 while consensus is Cons =
9. We can see how even in this more realistic scenarios, not performing the average can
lead to misleading results. Furthermore, this case offers yet another example where

we can appreciate the numerical difference between consensus and redundancy.
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4.6 Average mutual information for nonlocal encodings

Here we show how to obtain the average mutual information between system S
and environmental fraction £;, when the global system-environment state is the one
in eq. (4.6) (information encoded in GHZ-like states) and eq. (4.7) (information en-
coded in W-like states). In both cases, we will first have to compute all possible values
of I(S : &), which depend on the environmental constituents making up £¢. We will
then make combinatorial considerations to compute the probability associated with
each I(S : &) value, thus computing the averaged mutual information. The obtained

results correspond to the ones shown in fig. 4.3 and fig. 4.4.

4.6.1 Mutual information for GHZ encodings

Here we consider all possible states resulting from tracing out environmental com-
ponents from the global state, when information about the system is encoded in
GHZ-like states, and compute the QMI between the system and the resulting envi-
ronmental fraction. We are interested in computing the accessible information, but
we will see how, in this specific case, we can easily recover the accessible information

by computing the QMI first. The global state is the same as in eq. (4.6)

b)) = \}5 (\0) o | F)*N + )@ }l>®N> : (4.17)

where H:> = %(|0)®k:|: 11)®%) are the same as in eq. (4.4), the GHZ states into which
the information is encoded.
Depending on which qubits are traced out from the global state, four different

scenarios may arise, which we will analyse individually.

First case

So long as we trace out entire GHZ states, so that only fN remain (f € [0,1]), the

resulting state is the following:
1 T\ /7 |®FN ~\ /= |®fN
psew =5 (1001 [ 1) (FI 1 (e |7) (), (4.18)
whose entropy is 1 bit. If we trace out the system as well we obtain the following

pew = 3 (1) G + [0 (Z°), (4.19)

whose entropy is also 1. Hence the mutual information is I(S : 8}0)) =1
Let’s consider the case in which we trace out only some qubits from a GHZ state.

We can rewrite eq. (4.18) as follows

posn = 5 (1001 1) (FHT o | 1) (H+ I o |2 (< e |2 (7).
(4.20)
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and after tracing out m ancillae from the same group (with m < k) we obtain

1 S\ /7 ®FN-1 ~\ /~|®fN-1 k—m k—m
pseo = 7 (10001 @ 1) (HZN Ty af o [2) (<127 )@(j0) 017 + 1) (1),
(4.21)
This is the tensor product of two states of entropy 1, meaning it itself has entropy 2.

Similarly after tracing out the system we have

IR AP D EE T o (0 0+ P, (422)

pg;O) = 4
also of entropy 2. The procedure can be generalized: so long as we trace individual
qubits from a complete GHZ state, we increase the entropy of 85}0) and 5}0) by one.
The mutual information is (S : 8}0)) = 1 as long as there is still an intact GHZ state

remaining.

Second case

The previous results correspond to the case were at least one GHZ state is entirely
traced out, and that at least one GHZ state remained intact. Let’s now consider the
case where we trace out a single qubit from the global (pure) state. The initial state
is:

pe =P (108 |1 oD +Ine |5 o)D), @)

where we have used P(|¢)) as a shorthand for [¢)(¢)|. We will make use of this
notation throughout the current section. By tracing out a single environmental qubit

we obtain

s =P (1000 |17+ 1) | )Y s [0) (01! (1.21)
+%P (’0> N H_>®N71 e ‘;>®N71) ® [1) (1251

this is a state on entropy 1. If we trace out the system as well we obtain

pen = IR EET 1D Y ] @ [ 0+ ekt], 42s)

that is instead of entropy 2, meaning that the mutual information is I(S : 5}1)) =2
even if the global state is not pure. We write the generic state in the case where n

qubits, pertaining to different GHZ groups, have been traced out

1 1 n
1 ~\®N— . ~\®N—
pssth =5 D0 P(yo>®}+> " (T @) ")@\a» (@il
! a1=0 an=0 1=0
(4.26)
Since all the terms in the sum are orthogonal with one another, we have a statistical

mixture of 2" states, all with equal probability, so that the entropy of this state is n.
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By tracing out the system we obtain

n

p5}1>—2n1+1[|5r><5r\®N"+|— Y (2PN "} z:: Z:: V|,  (4.27)

=0

that instead has entropy n 4 1. This means that even as we trace out environmental
qubits, as long as me make sure that no GHZ state is traced out entirely, the mutual

information between system and environment is (S : 5](01)) =2

Third case

We can also consider the scenario when qubits are traced out from all GHZ states

but no GHZ state is traced out entirely, in this case the resulting state is

N

1 1
p&gj(f) = iN Z_: Z_: ( Zal ’1>> ® ’CLZ‘> <a,“ , (4.28)

1=0

of entropy N, and when tracing out the system we obtain

1 1 1 N
/05(2) T 9N Z Z ® (ail (4.29)
1=0 n=0 1=0

Also of entropy N, meaning that in this case the mutual information is (S : 5}2)) =1

Fourth case

There is only one scenario we have yet not considered, the case in which at least
one qubit has been traced out from each GHZ state, and at least one GHZ state
has been traced out entirely. in this case system and environment are in a tensor

product, meaning that there are no correlations and that the mutual information is

1(8:€7) =0

pse = gt (00101 + 1 (1) ® (10 O + [y )™ (430

For simplicity, we have considered the case where the global state is in an equal
weight superposition between |0) ® H—>®N and |1) ® ‘l>®N. All the calculations
remain correct even for different superposition weights, as long as the resulting mutual
information is not measured in bits, but in units of the system entropy.

Here we have computed the quantum mutual information. If one is interested
in the accessible mutual information, it is worth noting how, whenever the quantum
mutual information between system and environment is 1, the corresponding states
are classical-classical, meaning that the accessible information is also 1. This also
implies that when the quantum mutual information is 2, the accessible information

is 1.
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4.6.2 Holevo y

Here we compute the Holevo x between the system and the various environmental
fractions. The Holevo y is computed with respect to measuring the system in a given
basis {|j)}, as

X{15)} ZPU Pl3)) ZP\J (p5) (4.31)

with pj;y the environmental state after the system has been measured in the |j)
state, and py;) the respective probability. We will call pj;) the conditioned states
and Z| ) Pl Pl the unconditioned state. Computing the Holevo x is then nothing
more than comparing the entropies of the conditioned states with the entropy of the
unconditioned state. We wish to compute the Holevo x with respect to two different
system measurement bases: the computational basis {|0),|1)} and the {|+),|—)}
basis that we will call “alternative”.

Here we go through the four possible cases depicted in fig. 4.5, and for each we

compute the Holevo x in both bases for an environmental fraction &;.

1. At least one full GHZ state is fully contained in &;.

Computational base: the conditioned states are pure, and the uncondi-

tioned state has entropy 1, xy = 1.

Alternative base: the conditioned states have the form 1/2 H—>®n+1 /2 ‘l>®n
so they have entropy 1. The unconditioned state has entropy 1 so that x = 0.

2. At least one qubit from each GHZ state is in &;.

Computational basis: the conditioned states ha the following form

1 1 N
Yoo ®’ai> (il (4.32)

o
=
|
<)
e
3
|
<)
-
I
o

which happens to be the same form of the unconditioned state, meaning that

the Holevo x is 0.

Alternate basis: the unconditioned states are

oy

1=0 an=

Zal
d+(=D=") ® |a;) (a;] (4.33)

=0

S
o

for |[+) and

1)@
) ) ® |a;) (a;] (4.34)

=0

1 1
a1=0 n=0
for |=). These are states of entropy N-1 (2V~!distinguishable states), the un-

conditioned state has entropy N, so the Holevo x is 1.

3. At least one full GHZ state and one qubit from each GHZ state are in &. We

will consider the simplest case, but it is easy to generalise.
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Computational base: the conditioned sttaes are |+) <—T—‘®N_1®[|O> (0]®F 14

1) (1)®*71] and |=) <:‘®N71 ® [10) (0]F~1 4 |1) (1|®*71], clearly of entropy 1

and the unconditioned state has entropy 2, so the Holevo x is 1.

Alternative base: the conditioned states are

|+ > +\—> T (P T @ Jo) (0 F

+H|+) — [ SYEVEEN T - (2P @ 1) (1P (4.35)
for |+) and
(A B S | [ R G - VX (i (4.36)
+H5r>®N_1 HYENEEN T (2P e 1) (! '

for |—). these are states of entropy 1, so even in this base the Holevo y is 1.

4. None of the above.

Since the mutual information between system and environment is 0, the

Holevo x in any basis will be 0 as well.

4.6.3 Combinatorial computation for GHZ encodings

Following the considerations in the previous section, we can see that, given a specific
environmental fraction &, there are two conditions that define the mutual information

I(S: &).
e Condition A: & contains at least one complete GHZ state
e Condition B: & contains at least one qubit from each GHZ state

If only one of the two conditions is satisfied, then I(S : &) = S(ps). If both
conditions are satisfied then I(S : £f) = 25(ps). If neither condition is satisfied, then
I(S : &) = 0. The probabilities associated with the two conditions are independent
from one another, and can thus be computed separately.

We will think of the environment as being made of boxes, each box can contain at
most k£ qubits, and the total number of boxes is IN. We randomly fill the boxes with
m qubits, where m is the size of the environmental fraction. Condition A corresponds
to the case where at least one box is completely full. Condition B correspond to the
case where no box is empty. The issue now is understanding the probabilities of the
boxes being empty or full when we randomly fill them with qubits.

We wish to know how many configurations correspond to having at least one box
full, N4. We assume that we entirely fill one box beforehand, and distribute the
remaining qubits in the remaining free slots. The number of possible combinations

iS (Nk)—k‘

m k) but we must also take into account that the initial choice of the full

box was arbitrary, so that the total number of combinations is N (N K kk) However,

this corresponds to an over-counting, because we are counting multiple times the
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cases where more than one box is completely filled. We correct this over-counting
by subtracting all the possible combinations where two boxes are completely filled
beforehand, keeping in mind that this also corresponds to an over-counting of the
number of events with more than two boxes completely filled, and so on. The total

number of configurations that fulfill condition A results in a sum of alternating sign,

that reads N
N\ (Nk — 7k
Na=Y :(—1)1+J( > < - _]?k ) (4.37)

i=1 J

Nk
m

The total number of possible configurations is simply N = ( ), so that the proba-
bility that condition A is fulfilled is pa = %.

Instead of computing the number of configurations where none of the boxes are
empty, Np, it’s easier to compute the number of configurations where there is at least
an empty box, N7, by following a similar reasoning to the previous case: we keep an
entire box empty, and then distribute the qubits in the remaining boxes, also in this

case we need to take care of the resulting over-counting, leading to

Ny = i(—nlﬂ (JJV> <NkW_L J k) (4.38)

Jj=1

Since we are interested in the number of configurations where none of the boxes are
empty, we have that Ng = N — N7, and the probability that condition B is fulfilled
is pp = %.
Based on these results we can finally compute the averaged mutual information
between the system S and an environmental fraction £; as I(S : £¢) = (pa+p5)S(ps).
If we want to compute the averaged accessible information Io..(S : £f), we should
take into account that when both conditions A and B are satisfied, the accessible

information is only luco(S : ) = S(ps). therefore
Luce(S : €7) = (pa + pB — PAPB)S(ps) (4.39)

4.6.4 Mutual information for W encodings

Here we consider all possible states resulting from tracing out environmental compo-
nents from the global state, when information about the system is encoded in W-like
states, and compute the QMI between the system and the resulting environmental
fraction. In the case of W encodings, it is not trivial to compute the accessible in-
formation, we will therefore compute the QMI, using it as an upper bound for the
accessible information.

For simplicity, we will focus on the case of nonlocality degree k = 3. The global

state (eq. (4.7) in the main text) is

W) = p]0) @ w4 /T—p[1) @ [w™)EV. (4.40)
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Where |wT) = %(
are the states in eq. (4.8), with w = e
}(N)>N =10) ® |w+)®N and 1>N =) ®|w)

As with the GHZ-like encoding, depending on which qubits are traced out, we

1001) + [010) + [100)) and |w™) =
27ri/3.

75(1001) + ws [010) + w3 [100))

We will use a compact notation with
QN

will compute the resulting QMI for four different cases.

First case

We will first consider the case where at least one W state has been fully traced out.
In this case, if two qubits are traced out from a W states, the last one will be in a
product state with everything else, and will not influence the QMI because it will
cause the same increase of entropy for both pse, and pg,. When we trace out a qubit
from a W state, we create a mixture between two pure state. More specifically, if we
trace out the i-th qubit tr;{|w® Y w*|} = pgi) = 1/k|0)0|®** + kL |w§t><wzlL , with
100|®*~! and ‘wfxwﬂ orthogonal to one another.

When we trace out one W state from the global state, but at least one W state

remains intact, the states are the following:

~ ~ i ®m ~ ~ 3 ®m
psew = 2|00, @ P (=) [IXT], @ e (4.41)
n 7 ®@m _ _on i ®Xm
pew = Yt |*" @ pP" + (1= p) [w Y™ |*" @ p9 (4.42)

It is actually not needed to compute the entropies of the states above. The two states
clearly have the same entropy, so the mutual information is I(S : 5}0)) = S(ps).
Second case

If at least one group is traced out entirely, and all other groups have been traced out

partially, the states are the following:

Psegn = PIONOl @ " + (1= p) [1{1] @ o, (4.43)
peq = pp " (1= p)p (4.44)

We can explicitly rewrite eq. (4.43) in the following way
—p 0)0] ® [1/K0X0IF 1 + (k — 1)/k |w Y| ]

b =P 10X0|© [L/k 1040/~ + (k = 1)k ] Y )
4.45

k— -8

(1= p) (1] @ [1/KJOXOI® 1+ (e = 1)/ [y Yoo ]
all the terms in the above states are pure and orthogonal to one another, so the
resulting entropy is only due to classical mixing. The entropy of this state results from
the probability vector (p,1—p)®(1/k, (k—1)/k)®™, whose entropy is straightforward

to compute.
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In the case of eq. (4.44) we end up having states of the form p |w;r ><wl+ ’®m +(1—
p) |w; Xw; ‘®m, the eigenvalues of such states are A = (14+/1+4p(1 — p)(f — 1))/2
with f = | <wﬂ®m |w; >®m |2, in the case of p = 1/2 they reduce to A = (14 /f)/2.

The entropy for the state in eq. (4.44) is thus

S, 2/3°1+ 22050139 ()6 Kot [0 o Ko
7=0

(4.46)
where S[(1/3,2/3)®"] is the entropy of the probability vector (1/3,2/3)®™. The QMI
is thus

m

rs ") =7 = Yo4/91 ooy (7 ) st ool 10 o o

7=0
(4.47)

Notice how it is necessary to know the number of W states from which only one qubit

has been traced out.

Third case

Let’s now focus on the alternate scenario, where we never entirely trace out a W-

group. We start once again from the global state eq. (4.40), assuming p = %

1 . o . _
5[‘O>N—1 W) + 1)y [0 )0 yy Cw™ [+ (T (w0 |l (4.48)
After tracing out one qubit we obtain the following state:

3P (10)cs Do) @100 4+ 2P (100 i) + Dy i) . (409)
so we have a statistical mix of pure distinguishable states. So long as we trace out at
most one qubit from each W-group, the procedure can be easily generalised and we
end up with a sum of pure distinguishable states where (1/3, 2/3)®™ is the resulting
probability vector from which we can compute the entropies. To be precise, relative
phases may come up depending on which qubit is traced out. As we keep tracing
out qubits, these phases may build up, making the exact writing of the states non
trivial. However, these relative phases are of no consequence for us as we are always
left with distinguishable states (notice that in the previous cases such phases did not
exist, since we always had at least one fully traced-out W state). This is no longer
true when we trace out more than one qubit from each W-group, as in this case such
relative phases influence the entropy of the resulting states.

To illustrate this, we start from the initial state

W) = ‘6>N + ‘1>N’ (4.50)
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after tracing out one qubit we have (from now on, we will use P (|¢))) as a compact
notation for [¢)1|)

P (10) 100+ 6 11 10)) + 2P (0) o Jusf) + Dy [0)) - (451)

#Y is the relative phase of the i-th qubit of the |w™) state, the superscript 0 indicates
that it refers to the first W state we are tracing out. To be precise, [ %, {, gb%] =

1, ei%”, e_i%”]. If we trace out another qubit from another W state we have

P (ya>fN 100) + 6% |T) |oo>) + gp <|6>fN \Ow;> +6? 1),y \Ow;>) +

P (100, [70) + 6} 1), [w70)) + gp (10) 1 [ ) + 11 s ).
(4.52)

Nejj ViNe) B

See how this procedure always keeps the resulting states distinguishable, so that the
entropy of the resulting state is only due to the relative probabilities. Now we trace

another qubit from one of the surviving pairs, resulting in
1 ~ ~ 1 ~ -
P (10) 100) + 626} 1) 1, 100)) + 5P (10) 5 100) + 60} 1) ., 100))
1 ~ - 2
+5P (10}, 101) + 6163 {1>fN 01)) + =P (10) [ 0) + 6} [T}, w77 0)) (4.53)

2P (10) 1 i 0) + 0} >)+ P (10), [ 1) + 6l |1 1 i 1))

In this case some of the resultmg projectors are not distinguishable from one another

anymore, resulting in mixed states. The coherence factor of the resulting mixed
projector will be %(qﬁ} + d)},), whose absolute value is % V7 # 4. By tracing out a
qubit from the other W state we have

)

1
N 101)) + 5P (yo ) 1 100) +¢0¢J\1>fN|00>)
N|00 )) +%P(O>fN|01 + 000 1) 101)) (454)
1
0)+3

b1 10)

1
P (0), [00) +¢>0<z>111>fN|00>)+§ (10) . 100) + 606,
P \o>fN|01 + ¢ |1)

(
(
(\ o 100) + 600}
(

+

+
)

O = QO = QO] = O] = O] =

o)

_|_

P (|0 fN|10 + ¢ ¢1|1>fN\1
(10) 5 11) + 60} 1) 111))

Once again some projectors are not distinguishable from one another, resulting in

_|_

mixed states. The coherence factor of the resulting projectors is either %(cj)} + gbjl-,) or
i (¢O + ¢0 )(Gf’]l + (;SJI-,). In general the absolute value of the resulting coherence factor
will be 21,
qubits have been traced out. Interestingly enough, the entropy of such states is the
same one of the states of the form 1P (‘w+>®l) 1P (‘ >®l>.

To sum things up, whenever we have a state where we have not traced out

where [ is the number of |0) states corresponding to W states were two

more than one qubit per pair, then the probability vector of the resulting state is
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(1/3,2/3)®™. All the states are pure and distinguishable, so the entropy is only
the entropy resulting from the probability. If we further trace out qubits from the
surviving W states, we end up with a probability vector of the form (2/3,1/3)%% @
(1/3,2/3)®m=% where k is the number of W states from which we have traced out
two qubits, and m — k is the number of W states from which we have traced out only
one qubit. So actually, while the individual probabilities have changed, the entropy
of the probability vector remains the same. However, now the states are still distin-
guishable but not necessarily pure. The mixed states are mixtures with a coherence

factor of % with 0 <[ < k. The entropy of the state Pge(2) is thus
i

s =5|(53) 5 () G (70
S () s () 3o (),

We will refer to the second term of eq. (4.55) as H. When we trace out the system as

(4.55)

well, all the relative phases are lost, and we end up once again with a collection of pure
distinguishable states with a resulting probability vector of (p,1—p) ® (1/3, 2/3)®™,
this leads to a mutual information of I(S : 5}2)) =2S(ps) — H.

Fourth case

In the fourth and final case, at least one ancilla has been traced out from all groups,
but no group has been entirely traced out. The state structure of the resulting state
is exactly the same as in the previous scenario, so that the entropy is also the same.
Instead, when tracing out the system as well the state structure is the same one
as eq. (4.44). Combining our previous results, the mutual information in this case is
I(S: 5}3)) = S(ps)+ H' — H, where we need to keep track of the number of surviving

pairs as well as the number of surviving singlets.

4.6.5 Combinatorial computation for W encodings

In the case of the W states, the combinatorial calculation is now more complicated
compared to the GHZ encoding. Using the parallelism introduced earlier, it is no
longer sufficient to know the probabilities for the boxes to be empty or full, but we
also need to know the probabilities for a certain number of boxes to have exactly one
qubit or two qubits, as this now influences the corresponding mutual information.
We can think of the combinatorial calculation in this way: once we fix the number
of qubits of the environmental fraction m, we can go through all the possible integer
partitions of that specific number (for example, two integer partitions of 5 are 1122
and 1°), these partitions correspond to the possible ways in which we can distribute
the qubits in different boxes. Some partitions however are not compatible with the

physical problem at hand: for example, we cannot have integers larger than k, and



76 Chapter 4. Redundancy and consensus

the total number of integers making up our partitions cannot be larger than N. We
may also wish to impose extra conditions: for example, if we wish that no W state
is fully selected, we can impose that no integers in the partitions should be larger
than k — 1, and if we wish that no W state is entirely traced out, we can impose that
the total number of integers in the partition is exactly N. If a partition i is 1/12%2...
the number of possible combinations is given by the polynomial ( 2

10,81,02...
consider the degeneracy resulting from shuffling the qubits inside a box, we have that

), if we also

for every integer partition i of m, the number of possible configurations is

M= (=0 (5 (4.56)
20,11,%2 - .. J

with an associated probability p; = J\Wfl

4.7 Conclusions

In this chapter, we have shown that objectivity in quantum systems can be quantified
as redundancy or consensus, two different notions of which we have given operative
definitions. We further showed that these two notions can be quantified by means
of SBS and QD, respectively. While redundancy and consensus often reduce to the
same quantity, they can be very different, in particular in highly nonlocal scenarios,
such as when the information is encoded in GHZ or W states. Our results highlight
the role of nonlocality in the emergence of objectivity, and show that in general
nonlocally encoded information tends to hinder the emergence of consensus. This
is due to the fact that, even if redundancy is high, it will be difficult for observers
to extract relevant information about the system. On the other hand, based on
probabilistic considerations, the hindering effects of nonlocality is compensated by
large environments, which suggests that, in the limit of macroscopic environments,
high values of consensus are reached even with nonlocal information encoding.

Furthermore, we discussed how the difference between redundancy and consensus
breaks the previously established relations between SBS and QD, since there are
wide classes of states where being SBS does not necessarily imply QD. We note
however, that said relation could be reestablished, provided that some extra care is
taken whenever redundancy and consensus do not coincide: if a state is SBS for (on
average) all environmental macrofractionings of a certain minimum size, then SBS
would imply QD even in the nonlocal scenario. Our framework allows for a clearer
interpretation of results obtained using quantifiers such as SBS and QD.

Having established operative definitions for both redundancy and consensus, as
well as their non-equivalence, we used them as tools to shed further light on some fea-
tures of objective states. More specifically, we discussed the need to use the averaged
mutual information for measures of quantum objectivity, as well as the possible im-
plications resulting from failing to do so. Aside from the already discussed example of

nonlocal states, we have seen that performing the average is fundamental even when
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the information about the system is locally encoded. This also resulted in further
evidence of the potentially stark difference between redundancy and consensus, even
with locally encoded information.

We first provided an example with a clear physical interpretation, and showed the
possible results of using the non-averaged mutual information, that would result in
inaccurate measures of the degree of objectivity. The average mutual information,
on the other hand, always has a clear operative meaning. We then analysed a more
generic model, and obtained similar results even in a more complex scenario. Aside
from advocating for the use of the averaged mutual information, this work offers inter-
pretational tools for the analysis of (averaged and non-averaged) mutual information
plots that can help navigate results for similar scenarios in future works. Overall, the
results presented in this chapter pave the way for a more thorough understanding of
the different aspects of quantum objectivity, and thus the emergence of classicality

from the quantum world.
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Chapter 5

Witnessing objectivity on a

quantum computer

Quantum objectivity has been studied extensively from a theoretical point of view,
several models and case studies have been made, and some of its features are now well
understood. It still generally lack, however, a proper phenomenological characteri-
zation, which makes experimental investigations of quantum objectivity particularly
needed.

So far, quantum objectivity has been experimentally studied in some pioneering
works. More precisely, in [6] the authors use two-photon four-qubit photonic cluster
states to simulate an environment of three qubits. In [7] they use a six-photons
photonic quantum simulator to simulate an environment of five qubits. In [8] they use
diamond NV centers to simulate an environment of five qubits, the state preparation
and readout are done optically. In all these works, the system is composed by a single
qubit.

Experimental investigations of QD requires a high level of control of the system
as well as the environment, as well as the ability to preserve the purity of the to-
tal system-environment state. This strongly limits our ability to generate objective
states in a lab. For these reasons, exploring alternative or complementary approaches
to objectivity measures is highly needed. Here we propose the first realization of
objective states on a superconducting quantum computer. More details can be found
in our publication [9].

From the very beginning of their conception, quantum computers were thought
as simulators for physical quantum systems [120, 121], considering that the very
structure of the quantum theory makes simulations of quantum systems using classical
resources particularly challenging.

In recent years, the development of Noisy Intermediate-Scale Quantum (NISQ)
devices reached a level that makes their usage as quantum simulators possible. This
has been shown in several topics including chemistry [122, 123] and quantum machine
learning [124]. With the fast technological advancement it is reasonable to assume
that NISQ devices will soon enable quantum simulations currently unattainable with
classical resources alone. Our purpose is to investigate their potential to simulate

quantum dynamics leading to the emergence of objectivity in the context of QD.
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FIGURE 5.1: Topology of the ibmg casablanca quantum com-

puter. Each blue circle represents a qubit, the fact that two qubits

are connected by a line means that it is possible to apply two-qubit

gates between them. The symbols ranging from gy to gg are the labels
by which the qubits are referred to.

For this purpose we simulate the SCM discussed in section 3.1. The model is
particularly rich because it can exhibit QD and non-Markovianity, and the infor-
mation encoding is strictly nonlocal. Being an exactly solvable model makes it an
ideal use-case to benchmark the possibility to realise objective states in a quantum

computer.

5.1 Simulation on a NISQ device

We study the case where the system, a single qubit, interacts with an environment
made of ancillae, each a qubit, according to a SCM. Each ancilla is initially in the |0)
state and collides with the system at a random moment in time, such that at any time
t there is the probability p = 1 — e~ for the ancilla to have already collided with
the system. In all simulations we set A = 1, there is thus a unique correspondence
between the physical time ¢ and the probability p, we will use this to control the value
of the physical time by changing the collision probability.

Given the 02 ® oS form of the interaction Hamiltonian, the SCM is a model of
pure dephasing in the computational basis. Because of this, the most interesting
scenario is the one where the system is initially in an equal weight superposition of
the pointer basis (the computational one). We will thus focus on the case where the
initial state of the system is |[+)g = %(|O>S +11)g).

We will only consider the case of a finite environment, given that the quantum

computer has a finite number of qubits.
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FIGURE 5.2: (a) Visual representation of the process: S represents the
system, A the ancillae and & the emitters, the black lines represent
the interaction between the different qubits. (b) Circuit representing
the gate decomposition of the process: each line represents one of
the qubits of the quantum computer. The ancilla-emitter states are
prepared with a rotation along the Y axis followed by a CNOT and a
local NOT gate. The interaction between the system and each ancilla is
a 7Z gate on the ancilla controlled by the state of the system. The circuit
uses several SWAP gates (represented by two or three consecutive
CNOTS) in order to transfer the states of the qubits in the appropriate
positions. At the end of the circuit, ql is the system qubit; q2, q3 and
g5 are the ancilla qubits; q0, q4 and g6 are the emitter qubits

The studied model is stochastic in nature, thus it cannot be straightforwardly
simulated in a quantum computer, which only simulates unitary dynamics. This issue
can be overcome by performing a purification of the global state. By introducing an
appropriate super-environment as the cause behind the random collision times, one
obtains a system-environment-superenvironment model whose resulting dynamics are,
overall, unitary.

All the experiments presented here are performed using ibmq_casablanca, which
is one of the IBM Quantum Falcon Processors with 7 qubits, schematically represented

in fig. 5.1

5.2 Purification

The constituents of the super-environment take the name of the emitters of the ancil-
lae. Each ancilla is in an entangled state with its emitter, in a superposition between
being un-emitted and being emitted. The weight of the superposition reflects the
probability of the ancilla being emitted (and having collided) at any given time. We
assume that each ancilla is emitted in the |0) 4 state, and once emitted it immediately
collides with the system. For a single emitter-ancilla pair, the global state would then

be the following:

VT D)1 10) | 4)5 +

(5.1)
iv/p(t)(cos0/210)¢ 0) 4 [+)s —isin0/2[0)¢ [1) 4 |=)s ),
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FIGURE 5.3: coherence factor for the system as a function of
time. Results obtained in the case of three ancillae and three emit-
ters, each represented by an individual qubit. The coherence factor is
obtained by performing state tomography at each time step. In this
model the non-monotonic behaviour of the coherence factor implies a
non-monotonic behaviour of the trace distance between two initially
distinguishable states, and can therefore be seen as a signature of non-
Markovianity.

with p(t) = 1 — e . The vectors |0) and |1), represent the ground and excited
states of the emitter, respectively. Each ancilla thus requires the use of two qubits
in the simulation: one for the ancilla itself and one for its emitter. We will focus
on studying the case of non-entangling collisions, as it represents one of the most
interesting scenarios described by the model. Moreover, the non-entangling scenario
is the only one that can be simulated without system-ancilla unitaries controlled by
the emitter, three-qubit gates that would make the simulation too noisy. We are thus
able to simulate a stochastic collision model with three ancillae and three emitters,
whose resulting circuit is shown in fig. 5.2.

At the start of the simulations all qubits are in the |0) state. It is then necessary
to prepare the states of ancillae, emitters and system before letting them interact.
The state of each ancilla-emitter pair is prepared by applying a R,(2«) gate on
the emitter followed by a CNOT gate on the ancilla controlled by the state of the
emitter and finally a NOT gate on the emitter, this results in states of the form
VI=p[1)c10) 4+ /P[0)¢|1) 4. The NOT gate corresponds to the o, operator. The
CNOT(C,T) is a two-qubit gate that requires a control C and a target T, it acts as a
NOT gate on the target if the state of the control is |1), identity if it is |0), so it takes
the form of [0X0|]°®17 +[1X1|°®c7. The gate Ry(2a) = e7"u/2 i5 a rotation around
the Y axis of the Bloch sphere. The angle « is the parameter through which we can
control the physical time and is given by a = arccos (e*At/ 2), so that the probability
amplitude for the state in which the ancilla has not been emitted is v'1 — e=*. The
state of the system is prepared using a Hadamard gate, resulting in a |+)g state.
The interaction between system and environment is a Z gate applied on the ancilla
controlled by the state of the system, and has the form [0)0[° ® 14 + |1)(1]% @ oA.
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FIGURE 5.4: Averaged mutual information between system
and environmental fraction as a function of the size of the
environmental fraction, for an environment of three ancilla-
emitter pairs. The dotted lines represent experimental values, while
the continuous lines represent the theoretical expectations. The error
bars are the standard error of the mean of the mutual information.
Notice how the experimental values are consistently lower than the
theoretical expectations: this is due to the decoherence the quantum
computer is subject to, which erodes the mutual information between
its components. In the blue line the environment is partitioned into
ancilla-emitter pairs, in the orange line the emitters are traced out
and only the ancillae are taken into account, in the green line the
environemnt is partitioned into the individual environmental qubits.
The structure of the partitioning of the environment plays an impor-
tant role in the emergence of QD.

In the ibmg_casablanca quantum computer, it is not possible for all qubits to
interact with one another and the list of possible two-qubit interactions defines the
topology of the quantum computer, shown in fig. 5.1. To implement all the desired
two-qubit gates it is thus necessary to use SWAP gates, in order to transfer the states
of the qubits in the appropriate positions. The choice of qubit ¢l as the system
qubit is motivated as being the one that allowed us, given the specific topology of
the ibmq_casablanca quantum computer, to minimise the overall number of SWAP
gates.

The SWAP gate between two generic qubits ql and g2 is usually obtained by
applying three consecutive CNOT gates of the type CNOT(ql, q2) — CNOT(q2,
ql) — CNOT(ql, q2). However, if the state of one of the two qubits is |0), one of
the CNOTs is superfluous (an easy way to visualize this is to have the first CNOT
controlled by the |0) qubit, which simply results in the identity gate). This helps in
reducing the overall number of gates used in the circuit.

Since the SCM with a finite number of ancillae corresponds to a non-Markovian
pure dephasing model, the system undergoes decoherence and recoherence, we show
this by running the circuit for different values of the parameter «, corresponding to
different values of the physical time. For each run of the circuit we perform state

tomography of the system qubit, in order to experimentally recover the coherence
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FIGURE 5.5: Comparison of system-environment correlations
between a one-qubit and a two-qubit environment. In this
histogram we represent statistical correlations (classical mutual infor-
mation) between measurement outcomes of the system and a one-qubit
environment (orange), and between measurements of the system and
a two-qubit environment (blue). Values are always averaged between
all combinations of one-qubit and two-qubit environmental fractions.
Measurements are performed in all possible combination of the Pauli
basis. Notice how one single qubit holds no correlations with the sys-
tem: it is necessary to consider at least two qubits simultaneously to
witness some correlations with the system.

factor of the system as a function of time, shown in fig. 5.3. Since this is a pure
dephasing model, non-monotonicity of the coherence factor implies non-monotonicity
in the trace distance between any pair of distinguishable states, and it can thus be
seen as a genuine signature of non-Markovianity.

In order to witness QD, we obtain the global state by performing a full-state
diluted maximum-likelihood tomographic reconstruction [125], explained in Box 1.
We recover the state at the physical time ¢ = t,,x at which, according to the theory,
the system should be in a maximally mixed state, and there should be objectivity
according to QD.

From the global state it is possible to compute the QMI between the system & and
a fraction of the environment £ using the formula Z(S : &) = S(S)+5(E¢) —S(SE5).
We stress again that in order to witness objectivity we must evaluate the averaged
mutual information Z (S : &), obtained by averaging over all environmental fractions
of the same size. We show in fig. 5.4 Z(S : £ +) as a function of the environmental size
f-

The objectivity of the resulting state according to QD strongly depends on whether
we treat each environmental qubit as independent, or if we consider each ancilla and
its emitter together as indivisible environmental constituents. When the individual
qubits are taken as the environmental fractions, the mutual information does not
exhibit a plateau and objectivity does not seem to emerge. When, however, the en-
vironment is partitioned into ancilla-emitter pairs, the resulting mutual information

plot is much closer to the one of an objective state. It thus seems to be necessary,
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Box 1: Diluted maximum-likelihood tomography

Here we briefly outline the method used to perform the tomographic reconstruction of
the global state, the used algorithm can be found in [125]. Tomography is performed
by means of a POVM II, using the measurement outcomes to reconstruct the original
state.

If N is the total number of measurements, and f; is the number of times a particular
measurement outcome II; occurred, the logarithm of the likelihood of a particular set
of outcomes {f;} for the state p is given by log L(p) = >, filog p; with p; = tr(IL;p).
We can increase the likelihood of a state by iteratively applying the operator R

(k1) _ R(p(k))p(k)R(p(k))

tr (R(p®)p® R(p®)))’ (5:2)

p

where R is defined as R(p) = % > I%Hi‘ This is justified by the fact that, if pg
is a state that maximises the likelihood, then py = R(po)poR(po). To ensure better
convergence, a diluted version of R is used, by mixing it with the identity opera-
tor: R = %. We start fror~n the maximally mixed state p® = 1 (|0)X0] + |1)1]),
iteratively applying the map R until the log-likelihood reaches convergence.

for this model, to add an extra degree of information (the partitioning structure)
to witness objectivity. Finally, by tracing out the emitters we recover the mutual
information between the system and only the ancillae, where as expected the mutual
information is zero unless all three ancillae are simultaneously taken into account.

Having the global state also allows us to address the following point: The non-
Markovian features are present even in the absence of pairwise entanglement between
the system and the environmental qubits. This is manifest not only by concurrence
being zero (not shown), but also by the complete absence in statistical correlations
in the measurement outcomes of the system and one environmental qubit in all the
tomographic measuring bases. It is necessary to take into account at least two en-
vironmental qubits at the same time in order to witness any statistical correlations,
as shown in fig. 5.5, where we show the classical mutual information between mea-
surement outcomes of the system and one (two) environmental qubit(s) for all to-
mographic measurement settings. We can therefore conclude that none of the six
environmental qubits has any information of the system when taken individually. It
is only when taking account of them together that information about the system
manifests, which means that for this model information about the system is encoded
in a strictly nonlocal way.

The situation is analogous to the one considered in section 4.4, where we noticed
how high levels of redundancy may compensate for the detrimental effects of nonlo-
cality in the emergence of objectivity. In the specific case considered here however,
the number of emitter-ancilla pairs is not enough to compensate for the effects of

nonlocality, meaning that QD does not merge unless we consider the emitter-ancilla
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FIGURE 5.6: (a) Visual representation of the process in the condensed
scenario: S represents the system, AE the condensed ancilla-emitter
pairs, the black lines represent the interaction between the different
qubits. (b) Circuit representing the gate decomposition of the process
in the condensed scenario: each line represents one of the qubits of the
quantum computer. The states of the ancilla-emitter pairs are pre-
pared with a rotation along the Y axis. The interaction between the
system and each ancilla-emitter pair is a Z gate on the pair controlled
by the state of the system. The circuit uses several SWAP gates (rep-
resented by two consecutive CNOTS) in order to transfer the states of
the qubits in the appropriate positions. Throughout the circuit, g3 is
the system qubit, all others are the ancilla-emitter pairs.

pairs as indivisible entities.

While it may seem highly artificial that it is necessary to consider the emitters
and the ancillae together in order to witness QD, this is strongly dependant on the
physical scenario one has in mind. A physical system may be intrinsically partitioned
with this structure, allowing a completely ignorant observer to witness objectivity.
The opposite may be true as well: if the ancillae are photons emitted by some atoms,
it may be physically impossible to measure the ancillae and the emitters together,
let alone with the appropriate partition, so that witnessing objectivity would be

impossible.

5.3 Condensation protocol

When collisions are non-entangling, § = 7 and cos (6/2) = 0, from eq. (5.1) we can
see how the states assumed by the emitter-ancilla pair are spanned by [1)¢ |0) 4, and
|0)¢ 1) 4. Any physical system that can live in superpositions of only two states is
effectively a qubit, so it is possible to encode the information represented by the pair
into a single qubit, remapping the previous states into the new |0), and |1), states.
We will call this the condensed scenario.

This operation offers a great computational advantage, considering that quantum
computers are still strongly limited in the number of qubits available and, more
importantly, are more susceptible to decoherence the more qubits are used in the

same circuit. What was previously a series of one and two qubit gates necessary
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FIGURE 5.7: Coherence factor of the system as a function
of time. Results obtained in the case of six ancilla-emitter pairs,
with each pair represented by a single qubit. The coherence factor is
obtained by performing state tomography at each time step. In this
model the non-monotonic behaviour of the coherence factor implies a
non-monotonic behaviour of the trace distance between two initially
distinguishable states, and can therefore be seen as a signature of non-
Markovianity.
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FIGURE 5.8: Averaged mutual information between system
and environmental fraction as a function of the size of the
environmental fraction, for an environment of six ancilla-
emitter pairs. The dotted lines represent the experimental values,
while the continuous lines represent the theoretical expectations. No-
tice how the experimental values are consistently lower than the theo-
retical expectations, this is due to the intrinsic decoherence the quan-
tum computer is subject to, which erodes the mutual information be-
tween its components. The three different plots correspond to three
different physical times: t = tax for which the Darwinistic features
should be very sharp, a time ¢ = f¢joge close to tmax, and a time in
the ”recoherence regime” t = t..., for which the global state should
have lost its Darwinistic features. The exact values are t,.x = In2,
telose = In % and trec = In6.
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FIGURE 5.9: Classical mutual information between the sys-
tem and an ancilla-emitter pair recovered for all possible
local measurement bases. Results are obtained from the ana-
lytical solution of the model. ¢ and & define a measurement ba-
sis according to |0') = cos(¢/2)[0) + e®sin(¢/2)|1) and [1/) =
sin(¢/2) |0) — €% cos(¢/2) |1). The peaks correspond to measuring the
ancilla-emitter pair in the {|4), |—)} base. The physical times are,
from left to right, t = tmax, t = 2tmax, t = 3tmax, t = 4tmax, with
tmax = In2. The further we are from ¢, the less is the obtainable
CMIL

to prepare the state of an ancilla-emitter pair is now just a single qubit gate in
the condensed scenario. More specifically, the state of each ancilla-emitter pair is
prepared using a R,(2c) gate, where the angle o has the same meaning as in the
previous case. The interaction between system and environment is once again a Z
gate applied on the condensed pair controlled by the state of the system. In this case
the number of SWAP gates is minimised by choosing qubit ¢3 as the system. The
circuit corresponding to the model is shown in fig. 5.6.

This way, using the same quantum computer we are able to simulate six environ-
mental emitter-ancilla pairs.

We once again run the circuit for different values of the parameter a corresponding
to different values of the physical time and perform state tomography of the system
qubit for each run of the circuit. Figure 5.7 shows the coherence factor of the system
as a function of time, and also in this case there is a clear non-Markovian behaviour.

We recover the global state though tomographic reconstruction for three different
values of the physical time. In fig. 5.8 we show the averaged mutual information
(S & +) as a function of the environmental size f for different values of the physical
times. The chosen times are: t = tyax for which the Darwinistic features should be
very sharp, a time t = tgge close to tmax, and a time in the “recoherence regime”
t = trec, for which a significant amount of information has already flown back to
the system and the global state should have lost its Darwinistic features. The exact
values are tmax = In2, teese = In 12—3 and trec = In6.

We can clearly see the presence of a “objectivity” plateau, even if lower than the
theoretical expectations. Nonetheless, one of the key features of quantum Darwinism
(redundancy) is reproduced, which allows us to say that, while the emergence of QD
is less manifest compared to the theoretical expectations, there is a state structure

clearly reminiscent of QD.
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FiGURE 5.10: Classical mutual information between the sys-
tem and an ancilla-emitter pair recovered for all possible
local measurement bases. Results are obtained from the to-
mographically reconstructed states. ¢ and & define a measurement
base according to |0') = cos(¢/2)]0) + e sin(¢/2)|1) and [1') =
sin(¢/2) |0) — €% cos(¢/2) |1). The peaks correspond to measuring the
ancilla-emitter pair in the {|+), |—)} base. The leftmost figure corre-
sponds to t = tax, the central to ¢ = t.0se and the one on the right
is for t = trec. Values are tyax = In2, teose = In 1—23 and t.oc = In6.

While quantum Darwinism is concerned with the necessary conditions to achieve
system objectivity, it is worth asking how much information can actually be inferred
on the system by observers making measurements of the environment.

As we are interested in assessing the information accessible through possible mea-
surements on the environment, we evaluate the classical mutual information (CMI)
between the system and the environment. Measurements on the system are always
performed in the pointer basis, which happens to be the computational one for this
particular model. We aim at finding the environmental measurement basis maximis-
ing the CMI between the system and one ancilla-emitter pair. The measurement basis
maximising the CMI between the system and two or more ancilla-emitter pairs may
also be different, but here we want to maximise what an observer can infer from just
one pair. We will also restrict ourselves to the case of projective measurements.

In fig. 5.9 we show the CMI between system and one ancilla-emitter pair for all
possible one qubit measurement bases, calculated using the analytical solution of
the model. On the horizontal and vertical axis there are two angles ¢ and £ that
uniquely define a single qubit basis defined as |0') = cos(¢/2) |0) + % sin(4/2) |1) and
1) = sin(/2)[0) — ¥ cos(9/2) [1).

In fig. 5.10 we show the same quantity by using the experimental states recon-
structed using tomography. Both figures show that the classical mutual information
is maximised by measuring the environmental qubits in the {|+), |-)} basis.

Finally, by imposing that all ancilla-emitter pair are measured in the same {|+), |—)}

basis, we compute the CMI between the system and an environmental fraction as a
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FIGURE 5.11: Comparison between quantum mutual informa-
tion, classical mutual information and Holevo bound for the
three tomographically reconstructed states. While the three
quantities have the same values for ., there are discrepancies for
the other physical times, in particular, CMI is consistently lower than
the Holevo bound, which is in turn consistently lower than the QMI.
The leftmost figure corresponds to ¢ = tyax, the central to ¢ = tciose
and the one on the right is for ¢ = t,.. Values are tp.x = In2,
telose = I %3 and tyec = In6.

function of the environmental size. We show in fig. 5.11 a comparison between the
QMI, the Holevo x and the maximised CMI. The Holevo x is computed by projecting
the system in the computational basis, so that it acts as an upper bound of the CMI.
We can see that, when ¢ =t and t = tjoge, the CMI can be used as a signature of
objectivity. It is also interesting to notice that while the Holevo y and the maximised
CMI are almost the same at t = tyax and ¢ = tepse, they are instead numerically
different at ¢ = ¢, meaning that when the state is far from being objective, it is not
possible to saturate the bound of the Holevo x through local projective measurements

alone.

5.5 Conclusions

In this chapter we have witnessed objectivity in the framework of quantum Darwin-
ism, for a stochastic collision model, using a quantum computer as the experimental
platform; which paves the way for future applications of quantum computers to foun-
dational problems such as the definition of objectivity and the quantum-to-classical
transition.

Our results show that, with the appropriate simulation techniques, current NISQ
devices are capable of reproducing states with objective features. The quantum com-
puter is subject to uncontrolled decoherence due to its own surrounding environment
(with an irreversible loss of quantum information) that, along with the crosstalk
between qubits hinders the emergence of objectivity. Nonetheless it is reasonable to
assume, given the rapid technological advance of the field, that it will soon be possible
to produce with high fidelity states that cannot be currently modeled with classical
resources alone. However, it is important to point out that the results presented here
require to perform the full tomographic reconstruction of the global state. Regardless

of the level of technological advancements, full tomography is an expensive task that
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scales exponentially with the size of the system, and represent the biggest bottle-
neck in terms of experimental realization of large objective states. This motivates
the search for appropriate and efficient witnesses of objectivity, an interesting future

direction in the field of quantum objectivity.
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Outlook

In this work we have discussed several aspects concerning the objective features of
quantum states. We started by introducing the main frameworks used in the context
of quantum objectivity, namely quantum Darwinism and spectrum broadcast struc-
ture. These frameworks are now well established, but many open questions still re-
main in the context of quantum objectivity. Indeed, much of the research undertaken
in this context makes use of assumptions that effectively correspond to considering
ideal scenarios, and several effects that could potentially hinder the emergence of
objectivity are often overlooked.

We believe that one of the most promising directions in the field of quantum
objectivity is to study cases where non-ideal scenarios are taken into account, or
where some of the assumptions that are usually made in this context are relaxed.
This would allow to appreciate subtleties that do not arise in simpler cases. As a
matter of fact, we have seen that the distinction between redundancy and consensus
emerges when nonlocal or asymmetric information encodings are taken into account.

Studying the conditions for objectivity to emerge is considered as a promising
strategy to tackle the quantum-to-classical transition, usually intended as the tran-
sition from a purely quantum system, to a fully classical one. In this sense, the
quantum-to-classical transition can be seen as dynamical process. Measures of quan-
tum objectivity however are only concerned with the properties of a given state, with
little concern over the underlying process through which that state was generated.
This allows to consider quantum objectivity and the quantum-to-classical transition
as two separate, if connected, research topics, and opens the possibility for novel re-
search directions. In particular, this would allow to explore the distinction between a
measurement process and one that generates objective states, since it is possible for
a system -initially in a pure state- to become objective while no information about
the initial state is encoded into the environment.

On the other hand, studying which dynamics generate objective states is a more
popular but still relevant research area. In particular, not much is known regarding
the connections between properties of the open system dynamics and the objectivity
of the resulting states. This further justifies the need to explore the phenomenology
of the processes though which systems become objective. Our characterisation of the
objective features emerging form stochastic collision models, that allowed us to show
the connection -under appropriate assumptions- between entanglement production
and objectivity, goes precisely in this direction.

Characterising the phenomenology of quantum objectivity would also benefit from
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experimental investigation of objective states, with our work on simulating objective
states on superconducting quantum processors giving promising results towards the
usefulness of such platforms for these tasks. Regardless, experimental witnesses of
objectivity still face many challenges, whose solutions constitute interesting future

research directions.
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