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*-GRADED CAPELLI POLYNOMIALS AND THEIR ASYMPTOTICS

F. S. BENANTI AND A. VALENTI

ABSTRACT. Let F(Y U Z,*) be the free x-superalgebra over a field F of characteris-
tic zero and let F}‘\li,Li be the TZ*2—ideal generated by the set of the x-graded Capelli
polynomials C’apgéi’*)[Y*,X], C’apﬁ{’*)[Y’,X], C’ap(LZf’*)[Z+,X]7 Cap(LZf’*>[Z’,X]
alternating on M T symmetric variables of homogeneous degree zero, on M~ skew vari-
ables of homogeneous degree zero, on L1 symmetric variables of homogeneous degree
one and on L~ skew variables of homogeneous degree one, respectively. We study the
asymptotic behavior of the sequence of x-graded codimensions of F}*\ ENEE In particular

we prove that the x-graded codimensions of the finite dimensional simple *-superalgebras
are asymptotically equal to the x-graded codimensions of I'* for some fixed natural

Ve e
numbers M+ M~—,Lt* and L—.

1. INTRODUCTION

This paper is devoted to the study of the k-superalgebras, i.e. superalgebras endowed
with a graded involution, and the asymptotic behavior of their *-graded codimensions. If
A is an algebra over a field F' of characteristic zero an effective way of measuring the
polynomial identities satisfied by A is provided by its sequence of codimensions {¢,(A)},>1
whose n-th therm is the dimension of the space of multilinear polynomials in n variables in
the corresponding relatively free algebra of countable rank. Such sequence was introduced
by Regev in [21] and, in characteristic zero, gives a quantitative measure of the identities
satisfied by a given algebra. The most important result of the sequence of codimensions
proved in [21] states that if A is a Pl-algebra, i.e. it satisfies a non trivial polynomial
identity, then {c,(A)},>1 is exponential bounded. Later, Giambruno and Zaicev ([14], [15])
answered in a positive way to a well known conjecture of Amitsur proving the existence and
the integrality of

exp(4) = lim {/c,(4)

n— oo

the exponent of A. These results, in the last years, have been extended to algebras with an
additional structure as algebras with involution ([1], [12]), superalgebras ([4]) and more gen-
erally algebras graded by a group ( [2], [8], [11], [16] ), algebras with a generalised H-action
([19]), superalgebras with graded involution ([22]) and superalgebras with superinvolution
(120]).

Let A= Aj @Ay ® A] @ AT be a *-superalgebra and let c%Zz’*)(A), n=1,2,..., beitsse-
quence of x-graded codimensions. If A is a PI-algebra it can be easily proved that the relation
between codimensions and *-graded codimensions is given by ¢, (A4) < C%ZZ’*)(A) < 4"c,(A).
Hence, as in the ordinary case, the sequence of x-graded codimensions is exponentially
bounded. Moreover, since a x-superalgebra can be viewed as an algebra with a general-
ized FG-action where G = Zy X Zy acts on it by automorphism and antiautomorphism, in
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the finite dimensional case, the existence of the x-graded exponent has been confirmed by
Gordienko in [19].

Let M+, M~, Lt and L~ be natural numbers and let’s denote by F?\/Ii,l,i the 77 -ideal
generated by the set of the x-graded Capelli polynomials Capgéi’*) Y+, X], Capgéi’*) Y-, X],
C’ap(LZf’*) [ZT, X], Cap(LZf’*) [Z~, X] alternating on M T symmetric variables of homogeneous
degree zero, on M~ skew variables of homogeneous degree zero, on L+ symmetric variables of
homogeneous degree one and on L~ skew variables of homogeneous degree one, respectively.
In this paper we find a relation among the %-graded codimensions of the finite dimensional
simple *-superalgebras and the *-graded codimensions of I'},, ;. proving their asymptotic
equality. Recall that two sequences a,,, b,, n =1,2,..., are as&mptotically equal, a,, ~ b,,
if limy, 4 o0 “: = 1. In the ordinary case (see [17]) it was proved the asymptotic equality
between the codimensions of the Capelli polynomials Capg24; and the codimensions of the
matrix algebra My (F). In [3] this result was extended to finite dimensional simple super-
algebras and in [6] the authors found similar result in the case of algebras with involution
(for a survey see [7]). The link between the asymptotic of the codimensions of the Amitsur’s
Capelli-type polynomials and the verbally prime algebras was studied in [5].

2. PRELIMINARIES

Throughout this paper, F' will be a field of characteristic zero and A an associative algebra
over F'. We say that A is a Zs-graded algebra or a superalgebra if it can be decomposed into a
direct sum of subspaces A = Ag® Ay such that AgAyg+ A1 A1 C Ag and AgAy+ A1 Ay C Ay,
The elements of Ay are called homogeneous of degree zero (even elements) and those of Ay
homogeneous of degree one (odd elements).

Recall that an involution * on an algebra A is just an antiautomorphism on A of order
at most 2. We write A" ={a € A|a* =a} and A~ = {a € A| a* = —a} for the set of
symmetric and skew symmetric elements of A respectively.

Given a superalgebra A = Ay @ A; endowed with an involution *, we say that x is
a graded involution if it preserves the homogeneous components of A, ie. if AY C A;,
i = 0,1. A superalgebra endowed with a graded involution is called *-superalgebra. It is
clear that a superalgebra A is a x-superalgebra if and only if the subspaces AT and A~ are
graded subspaces, i.e. AT = A @ AT and A~ = A; ® A]. Thus, since char F= 0, the
x-superalgebra A can be written as

A=A @Ay ® AT @ AT

where, for i = 0,1, Al = {a € A; | a* =a} and A; = {a € A; | a* = —a} denote the sets of
homogeneous symmetric and skew elements of A;, respectively. We remark that an algebra
with involution * and trivial Zs-grading is a *-superalgebra.

Let A be a #-superalgebra and let I be an ideal of A, we say that [ is a x-graded ideal of
A if it is homogeneous in the Zs-grading and invariant under . Moreover A is called simple
x-superalgebra if A% # {0} and it has no non-zero *-graded ideals.

Let X = {z1,%2,...} be a countable set of non commutative variables and F(X) the
free associative algebra on X over F. We write X = Y U Z as the disjoint union of two
countable sets of variables Y = {y1,42,...} and Z = {21, 23,.. .}, then F(X)=F(YUZ) =
(y1, 21, Y2, 22, - . .) has a natural structure of free superalgebra if we require that the variables
from Y have degree zero and the variables from Z have degree one. This algebra is said
to be the free superalgebra over F. Moreover, if we write each set as the disjoint union of
two other infinite sets of symmetric and skew elements, respectively, then we obtain the free
x-superalgebra

F(YUZ*) =Flyf,ur, 2521, 0)
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where y;r = y;+y; denotes a symmetric variable of even degree, y;” = y; —y; a skew variable

of even degree, 27 = z; + 2} a symmetric variable of odd degree and z; = z; — 2 a skew
variable of odd degree.
— (ot - — L+ - - :
An element f = f(y", ...,y 0, Ums 25 20 205 2y) of F(Y U Z %) is a -
graded polynomial identity for a x-superalgebra A if
+ + - -+ + = -\ _
f(“l,o» ey Oy 0y A1 gy Oy 0y @Y 15y A 150 gy ,an) =04
+ + + - - -+ + + = - -
for every ajg,...,a,0 € Ag, A1y 300 € A, @145 0,1 € AT, ay ;.. 0., € A

and we write f = 0. The set of all x-graded polynomial identities satisfied by A
Id;,(A)={f € F(YUZx) | f=0o0nA}

is an ideal of F(Y U Z, *) called the ideal of x-graded identities of A. 1t is easy to show that
Idy, (A)isa Ty, -ideal of F(YUZ, %), i.e. atwo-sided ideal invariant under all endomorphisms
of the free x-superalgebra that preserve the superstructure and commute with the graded
involution *. Now, let

Py(LZQ’*) :{wo(l)a---awo(n) | 0 € Sp, w; 6{yj’yi_vzjvzi_}vi:L'”’n}

be the space of multilinear polynomials of degree n in the variables v, yi , 217, 21 ,-- -, v,
yns z4, 20, (e, yj, Y; s z;r or z; appears in each monomial at degree 1). Since char F'=
0, it is well known that Idj (A) is completely determined by its multilinear polynomials,
then the study of Id; (A) is equivalent to that of Idy (A) N P% ) for all m > 1. As in

the ordinary case (see [21]), one defines the n-th *-graded codimension CSLZQ’*)(A) of the

x-superalgebra A as

(221*)
oZ2:%)( A) = dim Fr

F .
(Z2,%) *
Py N Idy (A)
If A is a Pl-algebra, i.e. satisfies an ordinary polynomial identity, then the sequence

{C%ZQ’*)(A)}nzl is exponentially bounded (see [13, Lemma 3.1]). If A is a finite dimensional
PI-algebra, Gordienko in [19] proved that

exps, (A) = lim {/cf™7(4)

exists and is a non-negative integer which is called the x-graded exponent of the x-superalgebra
A. Tt is often more useful to study *-superalgebras up to *-graded Pl-equivalence, then it
is convenient to use the language of varieties. Let I be a T -ideal of F(Y U Z,*) and V;,
the variety of x-superalgebras associated to I, i.e. the class of all the *-superalgebras A such
that I is contained in Idj (A). We put I = Id; (V;,). When Id; (V) = Id; (A) we say
that the variety V; is generated by the *-superalgebra A and we write V; = varj (A) and
set expy, (V7,) = expy, (A) the *-graded exponent of the variety V; , if exp; (A) exists.

Now, if f € F(Y U Z, %) we denote by (f);, the T -ideal generated by f. Also for a set
of polynomials V' C F(Y U Z, x) we write (V)7 to indicate the T, -ideal generated by V.

In PI-theory a prominent role is played by the Capelli polynomial. Let us recall that, for
any positive integer m, the m-th Capelli polynomial is the element of F'(X) defined as

Capp [T, X] = Capm (b1, ..o tm; 1, ooy Tme1) =

= Z (sgno)ts(1)Tite2)  * * Lo(m—1)Tm—1to(m)
oESH

where S,,, is the symmetric group on {1,...,m}. In particular we write
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CapZ2? [yt X], CaplZ>Y~,X], Cap?»?[Z*,X] and Cap{®>?[Z~,X]

to indicate the m-th x-graded Capelli polynomial alternating in the symmetric variables of
degree zero yi", ...,y , in the skew variables of degree zero y; ,...,y,,, in the symmetric

variables of degree one zf‘ ,...,z+ and in the skew Varlables of degree one 27, ... respec-

) m ) m’
tively (z1,...,Tm—_1 are arbitrary variables). Let Capm )[Y+7X] denote the set of 2m~!
polynomials obtained from Cap% 2:%) [Y+, X] by deleting any subset of variables xl (by eval-

uating the variables z; to 1 in all possible way). In a similar way we define C’apm )[Y X],

Cap (22’ [ZT, X] and Cap(Zz’ [Z=,X]. f M+, M~, L and L~ are natural numbers, we
denote by
Pige e = (Capy Y+, X), Capy v~ X, Capy 2 2%, X, Cap =127, X])3,
* (Z2a + (227 ) — (Zz, —+
the Ty -ideal generated by Capy+ [V, X], Capy,~ "[Y~, X], Capp+" "[Z7F, X] and
Ca LZE’*)[Z L X].

The purpose of this paper is to find a close relation among the asymptotic behavior of
the #-graded codimensions of any finite dimensional simple *-superalgebra A = A @ Ay @
AT @ A7 and the asymptotic behavior of the *-graded codimensions of F7\4i+1,Li+1’ where
M* = dimpAf, M~ = dimpA;, LT = dimpA] and L~ = dimpA;]. More precisely, we
characterize the T -ideal Id;, (A) showing that

7\4i+1,Li+1 = Id% (A @ D)»
where D is a finite dimensional *-superalgebra such that exp; (D) < exp; (A). Moreover
we obtain the asymptotic equality

(Zg,*)( Za %)

M=*+1, Li+1) ng (A).

3. BAsic RESULTS

Let A be a finite dimensional #-superalgebra over a field F' of characteristic zero. From
now on we assume that F' is algebraically closed. In fact, since F' has characteristic zero,
Id;, (A) = I1d;,(A®F L) for any extension field L of F' then also the *-graded codimensions of
A do not change upon extension of the base field. By the generalization of the Wedderburn-
Malcev Theorem (see [13, Theorem 7.3]), we can write A = A1 & --- & Ay + J, where
Aq, ..., A are simple x-superalgebras and J = J(A) is the Jacobson radical of A which is a
x-graded ideal.

We say that a subalgebra A;, @ --- ® A;, of A, where A,

irs- -+, A, are distinct simple
components, is admissible if for some permutation (l,...,Ilx) of (i1,...,ix) we have that
Ay J---JA;, # 0. Moreover, if A;, & --- @ A;, is an admissible subalgebra of A then
A=A, & - B A, +Jis called a reduced algebra.

The notion of admissible x-superalgebra is closely linked to that of x-graded exponent in
fact, in [19], Gordienko proved that exp; (A) = d where d is the maximal dimension of an

admissible subalgebra of A. It follows immediately that

Remark 1. If A is a simple *-superalgebra then expy, (A) = dimpA.
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By [10, Theorem 5.3] the Gordienko’s result on the existence of the x-graded exponent
can be actually extended to any finitely generated PI-x-superalgebra since it satisfies the
same *-graded polynomial identities of a finite-dimensional *-superalgebra.

In [17] it was showed that reduced superalgebras are building blocks of any proper variety.
Here we obtain the analogous result for varieties of x-superalgebras.

Let’s first start with the following

Lemma 1. Let A and B be x-superalgebras satisfying an ordinary polynomial identity. Then
2 (A), e (B) < P2 (A0 B) < 2 (4) + 27)(B).
If A and B are finitely generated x-superalgebras, then
expz, (A ® B) = max{expy, (A),expz, (B)}.

Proof. The proof is the same of the proof of the Lemma 1 in [17].

We have the following

Theorem 1. Let A be a finitely generated x-superalgebra satisfying an ordinary polynomial
identity. Then there exists a finite number of reduced x-superalgebras By, ..., By and a finite
dimensional x-superalgebra D such that

vary, (A) = vary, (B1 @ -+ @ B; ®© D)
with expy, (A) = expy, (B1) = - -+ = expy, (B;) and expy, (D) < expy, (A).

Proof. The proof follows closely the proof given in [3, Theorem 3]. Since A is a finitely
generated x-superalgebra, by [10], there exists a finite dimensional #-superalgebra B such
that Idy_(A) = Idy_(B). Therefore we may assume that A = A7 @ Ay @ AT ® AT is a
finite dimensional x-superalgebra over F' satisfying an ordinary polynomial identity. Also,
by [13, Theorem 7.3] we can write

A=A41@--- DA+ J

where Ay, ... Ag are simple x-superalgebras and J = J(A) is the Jacobson radical of A which
is a x-graded ideal. Let exp, (A) = d. Then there exist distinct simple x-superalgebras
A, ... A, such that

AJIJJAJk#O and dlmF(AhEBEBAJk):d

Let I'y,..., Ty be all possible subset of {1,...,s} such that, if T'; = {ji,...,jx} then
dimp(Aj, @ --- @ Aj,) = d and AgyJ---JAs,) # 0 for some permutation o € Sy.
For any such I';, j = 1,...,t, then we put B; = A;, & --- ® A, + J. It follows, by the
characterization of the x-graded exponent, that

Jis- Jk

expz, (B1) = -+ = expg, (By) = d = expy, (A).
Let D = D1 @ --- @ Dy, where Dy,...,D, are all *-graded subalgebras of A of the type
Ay @ @A, +J,with1l <i; <+ <ip <sand dimp(4;; ®--- D A4;,) < d. Then,
by the previous lemma, we have that exp; (D) < expy, (A4). Now, we want to prove that
expy (B1 @ @ By © D) = expy, (A). The inclusion

vary, (B1 @ --- @ B; © D) C vary, (A)
follows since D, B; € vary, (A), Vi=1,...,t.

Let’s consider a multilinear polynomial f = f(yi, ...,y 41, Ums zf, ceey z;‘, 21 s 25)

+ —
1> q
such that f ¢ Id; (A). We shall prove that f & Id; (B1®---@ B;® D). Since f & Id;_(A)
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it o F + + o= - - oF + + - —
there exist aj g, ...,a, 0 € Ay, a1 gy, 0 € Ay, af 5.0, € AT and agq,...,a,4 €
A7 such that
+ + o= -+ + o= -
FlaT gy 380 0,01 053 Q05 Q1 15+ e 3Oy 1507 13-+, 0g 1) # 0.

From the linearity of f we can assume that ai‘o, ai_,o,a;"'l, a;; € AyU---UAgUJ. Since
A;A; =0 for i # j, from the property of the x-graded exponent we have

= + - .t + 0 - @A,
1.0 3 Oy 0y Q105+ s Q05 BF 13-+ -3 Ay 1507 15---,051 € Ajy D~ DAj +J

for some A;,,..., A;, such that dimp(A4;, &--- P Aj,) <d . Thus f is not an identity for
one of the algebras By, ..., By, D. Hence f ¢ Id; (B1 ©---® By © D). In conclusion

vary, (A) C vary, (B1 @ -+ @ B; ®© D)

and the proof is complete.

An application of Theorem 1 is given in terms of x-graded codimensions.

Corollary 1. Let A be a finitely generated Pl-x-superalgebra. Then there exists a finite
number of reduced *-superalgebras By, ..., B; such that

C;ZQ,*)(A) ~ C;ZQ’*)(Bl @0 By)
Proof. By Theorem 1 there is a finite number of reduced *-superalgebras By, ..., B; and a
finite dimensional *-superalgebra D such that

vary, (A) = vary, (B1 ®--- ® B; ® D)
with exp;_(A) = expy, (B1) = -+ = exp;,_(B;) and exp; (D) < expy, (A4). By Lemma 1,
2By @@ B) <c>*)(By@--- @B, ®D) <) (B, @@ By) + X (D).

Recalling that expy, (D) < expy, (B1) = expy, (B1 @ - -+ @ B;) we have that

@A) = P (By & - © By)
and the proof of the corollary is complete.

The following results give us a characterization of the varieties of x-superalgebras satis-
fying a Capelli identity. Let’s start with the following lemma

Lemma 2. Let M+, M~, Lt and L™ be natural numbers. If A is a *-superalgebra satisfying

the x-graded Capelli polynomials Capg\%[i’*)[Y+7X], Cap%i’*)[Y’,X}, Cap(LZf’*)[Z+,X] and
Za %)

Cap(L, [Z, X], then A satisfies the Capelli identity Capy(x1,...,Tk;T1,...,Tk—1), where
k=M*"+M-+L"+ L.

Proof. Let k = M+ + M~ 4+ Lt + L™, then we obtain immediately the thesis if we observe
that

Oapk(l'l,...,Ik;ﬂ_jl,...,fk_l):
+ o + - + .- + 4 -
Yy, Ty z; +z Y. t+y zp + 2z, _ _
Capi( L 3 L4 5 <. 5 L. 5 k;xl,...,xk,l)

is a linear combinations of x-graded Capelli polynomials alternating or in m™ > M sym-
metric variables of zero degree, or in m~ > M~ skew variables of zero degree, or in [T > L+
symmetric variables of one degree or in [~ > L~ skew variables of one degree.

Theorem 2. Let V; be a variety of x-superalgebras. If V;  satisfies the Capelli identity of
some rank, then V; = vary (A), for some finitely generated *-superalgebra A.
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Proof. The proof follows very closely the proof given in [18, Theorem 11.4.3] for superal-
gebras.

Lemma 3. LetU = vary, (I',+ 1 p+,q) with MY, M~, Lt and L™ natural numbers. Then
expy, (U) < M + L, where M = M+ + M~ and L =L* + L~.

Proof. Let A= Af @ Ay ® A] @ A be a generating *-superalgebra of U. By Lemma 2 it
follows that A satisfies a Capelli identity then, from Theorem 2, we can assume that A is a
finitely generated #-superalgebra. Moreover by [10, Theorem 5.3], we may consider A as a
finite dimensional *-superalgebra. Since any polynomial alternating on M + 1 symmetric
variables of degree zero vanishes in A (see [18, Proposition 1.5.5]), we get that dimp A7 <
M. Similarly we get that dimp Ay £ M~, dimp Al+ < LT and dimp A7 < L7. Then
expy (A) < dimp A =dimp (A @ Ag @ AT ® A7) <MY+ M~ + LT+ L™ =M+ L and
the lemma is proved.

4. THE *-SUPERALGEBRA UTy, (A1,...,An)

In this section we recall the construction of the *-superalgebra UT7, (4y1,...,A,,) given
in section 3 of [9] and we investigate the link between the degrees of the x-graded Capelli
polynomials and the #-graded identities of this *-superalgebra.

If F is an algebraically closed field of characteristic zero, then, up to graded isomorphisms,
the only finite dimensional simple #-superalgebras are the following (see [13, Theorem 7.6])

(1) (]\4'}%1,0)7 with h > 1 > 0, h 7& 0;
(2) (Mp; @ Mp", exc), with h > 1> 0, h # 0, and induced grading;
(3) (M, 4+ cM,,*), with involution given by (a + ¢b)* = a® — ¢b®;
(4) (M, + cM,,1), with involution given by (a + cb)" = a® + cb®;
(5) (My, + cM,) ® (M, + cM,)°P, exc), with grading (M,, & M2P, (M, & M2P));
where ¢ = t,s denotes the transpose or symplectic involution and exc is the exchange
involution. Remember that the symplectic involution can occur only when h = I. Moreover
M), = My(F) is the superalgebra of h x h matrices over F' with trivial grading, M ; =
My, (F) is the superalgebra with grading (( a0 ) , ( 0 Fi2 , where Fiq,

0 Fy Fy 0

Fyo, Foy, Fos are h X h, h x I, I x h and [ x [ matrices respectively, h > 1 > 0, h # 0 and
M,, + cM,, = M, (F & cF) denotes the simple superalgebra with grading (M, (F), cM,(F)),
where ¢ = 1.

Let (A1,...,A,;) be a m-tuple of finite dimensional simple *-superalgebras. For every
k=1,...,m, the size of Ay is given by

s { hi + 1 if A = My, 4, or A = My, 1, @ M;:p
k =

kol
2n, if A, =M, +cM,, or Ay = (M,, +cM,,)® (M,, + cM,, )P
and, set g = 0, let n, = Elesi and Bl = {nx—1+1,...,nr}. Moreover, we denote by v,
the orthogonal involution defined on the matrix algebra M, by sending each a € M, into
the element a”™ € M, obtained reflecting a along its secondary diagonal. In particular for
any matrix unit e; ; of M,,, 67] = €m—jt1,m—itl-
Then, we have a monomorphism of *-algebra
m
JANE: @Ak — (Mgnm,"ygnm)
k=1
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defined by

where the elements @, and b; are defined as follows:

o if ¢; € (Mp1;0), then a; = ¢; and b; = (c8)Tntt; -
o if ¢; = (a;,b;) € (Mp,; & M, exc), then a@; = a; and b; = b]"*;

1
eif ¢; = a;+cb; € (M +cM,,*), then a; = ( Z’ Zl > and b; = ((‘124-)"/% where ( 5 z >

.
eif c; = a;+cb; € (M, +cM,, 1), then a; = ( ai b ) and b; = (a, )’2» where ( ; z )

bi a;
_ ( ° yo )
yo ° )

o if ¢; = (a; + cbj,u; + cv;) € (M, + cMy,) ® (M, + ¢M,)°P, exc), then a; = ( ai b >

b; a;
Yon
_ W s
and bl = ‘ ¢ .
Ui U

Let denote by D C (May,,,V2y,,) the *-algebra image of @~ A; by A and set

0 Vig -+ Vip
0 Vm—lm
V= 0 C M
a 0 me—l le - 2m
0 Vyu
0

where, for 1 <i,j <m, i # j, Vij = My, xs; = M, xs;(F') is the algebra of s; x s; matrices
of F. Let define
UT*(Ay,...,Ap) =D&V C My, .

It is easy to see that UT* (A1, ..., A,,) is a subalgebra with involution of (Ma,,, (F'), Yan,. )
whose Jacobson radical coincides with V.
Now, for any m-tuple § = (g1,...,9m) € Z5*, we consider the map

) ar (i — Me—1) + gk 1 <i <
::11,...,2 — 7 — . .
ag :{1,...,2nm} 2, { ap(2nm — i+ 1 —mk—1) + g M+ 1 <10 < 2ny,.

where k € {1,...,m} is the (unique) integer such that ¢ € Bly and ay’s are maps so defined:
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if Ay ~ MhJ or Ay ~ Mh,l D MhJ, then

0 1<i<h;
1 h+1<i<h+l

<if Ap =~ M, + c¢M,, or Ay ~ (M, + cM,,) ® (M,, + cM,,), then

0 1<i<n;
1 n+1<i<2n.

ak:{l,...,h—i—l}—)Z% Ozk(i):{

ak:{l,...,2n}—>Z2, Oék(i):{

The map «y induces an elementary grading on UT*(A;,..., A,,) with respect to which
Yon., is a graded involution. We shall use the symbol

Ung’g(Al, P 7Am)

to indicate the x-superalgebra defined by the m-tuple g. We observe that the k-th simple
component of the maximal semisimple *-graded subalgebra of this *-superalgebra is isomor-
phic to Ax. When convenient, any such #-superalgebra is simply denoted by

UTE, (Ar, ..., Am).

In the next lemma we establish the link between the degrees of the x-graded Capelli
polynomials and the *-graded polynomial identities of U ng’g(Al,...,Am). For all i =
1,...,m, we write

Ai=Afg@ A @ AT, @ A7
Let (dT); = dimFAi[O and (df); = dimFA;fl, if we set di := " (dF); and df :=
S (dY)i, then we have the following

Lemma 4. Let g = (g1,...,9m) be a fized element of Z3' and A = UTy, -(A1,..., Am),
with A; finite dimensional simple *-superalgebra. Let 0 < m < m denote the number of the
finite dimensional simple x-superalgebras with trivial grading.

L Ifm =0, Capl2 MY+, X, Capl® VY=, X], Cap\2 "2+, X] and Cap{* ™2~ X]
are in Id; (A) if and only if ¢© > dj +m, ¢ > dy +m, k™ > df + m and
k= >dy +m;

2. If 0 < m < m, let m be the number of blocks of consecutive x-superalgebras with triv-
ial grading that appear in (Aq, ..., Ap). Then C’ap((ﬁz’*) Y+, X], C’apng’*)[Y_,X],

Capfczf’*)[Z*, X] and CapéZ,Q’*)[Z*,X] are in Idj, (A) if and only if ¢+ > df +(m—
m)+(m—1)+re, ¢ > dy +(m—m)+(m—1)+re, kT > df +(m—m)+(m—1)+r
and k= > dy + (m —m) + (m — 1) + r1, where ro, r1 are two non negative integers
depending on the grading g, with rq + 11 = m — m.

Proof. We will prove the statement only for C’apfﬁz’*)[Y*,X ] the x-graded Capelli poly-
nomial alternating on ¢+ symmetric variables of degree zero since on the other cases the
proofs are similar.

1. Let m = 0. To prove the necessary condition of the statement for the symmetric

variables of degree zero it is sufficient to prove that Capng’*) [Y'*, X] is not in Idj_(A) when

t=d -1
q" =dy +m—1.

We start considering separately the components A; of A. In each x-superalgebra A; we
can take (dg); symmetric elements of homogeneous degree zero

Si = {Sai,lﬂ'» cees Saiﬂel}
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fori=1,...,m, where oy =0 and a;; = Zj‘:o(da_)j and a set of elements of A;
Ui ={aa;_1+is-»0a;+i-2}
such that
Lo %
Capgd[?),) (sai71+i7 ) Sai+i71; aai,1+ia .. 7aai+i72) =
Cri,s; if (Mh i )
(er;,5:,0) if (M1, ® M,*, , exc);
€ri,s; if (M, + cMsy,, *) or (My, +cMy,,1);
((er,.5;,0),(0,0)) if (Mp, +cMy,) ® (M, + cM,,)°P, exc),

where ¢ = t, s denotes the transpose or symplectic involution, exc is the exchange involution,
(a+cb)* = a® — cb® and (a + cb)T = a® + cb®.
For any 1 < i < m, if ¢; is the *-embedding of A; in A, then let
Si = {Bai_rtis s Bagri-1}
and
Ui =A{aa, i Ga,4i-2}
denote the images of .S; and U; by ¢;, respectively.
Let observe that in A we can consider appropriate symmetric elements of homogeneous
degree zero in Jg
gaqz-i-i = €h,k + Bz,k
and elementary matrices of A

Goi+i-1 = €5k and Gq,+4i = Ck,rit1

such that
(Z27*) = = — - — —
Cap(dJr) (soz1 1+is oy Sa+i—15 Qo g+ - -+ aai+i—2)aa,;+i—1Sa,;+iaa,;+i
0
Lo ,* _ _ _ _
Capgd§)¢)+1 (sa¢+(i+1)7 sy Saypr i Qo+ (i41)s - - s aai+1+(i—1)) # 0.
From now on, we will put Capggi’)*) = Capggi’)*) (gai—1+i) sy Sayti=1 Qay g4y dari—i—?)'
0 )i 0 )i
It follows that
Cap( > )(517 B gozm+(mfl); ala o adaer(me)) =
Za, _ Lg% Zig % _ _ _ Zig
Capédi) )aalsm+1aa1+10ap§d§)2) ~~~~~ C Pgdéﬁ,l“am—lSam—1+1“am—1+1cap(di>i # 0.

Conversely, let g™ > d(J{ +m. We observe that any monomial of elements of A containing
at least m elements of JO+ must be zero. Then we claim that any multilinear polynomial
f=7rly,-.. s Yagd i L15 T2 - .) alternating on d:{ -+ m symmetric variables of degree zero

must vanish in A. In fact, by multilinearity, we can consider only substitutions ¢ : yf — 54,
x; — a; such that 5; € D U JJ for 1 <i < df +m.

However, since dim FD(')|r = d(')" , if we substitute at least dar + 1 variables in elements of D(')|r
the polynomial vanishes. On the other hands, if we substitute at least m elements of J0 ,

we also get that f vanishes in A. The outcome of this is that A satisfies Cap(ZQ’*) Y+, X]
and so C’ap((ff’*)[Y*,X], with ¢t > df +m.
2. First let assume that m = m. We recall that
UT*(A1,..., Ap) =D&V C Moy,
where D C (Ma,,,,,V2y,,) the x-algebra image of @, A; by A and
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0 Vig -+ Vip
0 Vm—lm
V= 0 C M.
N 0 me—l le - 2m
0 Vyu
0

Notice that, for a fixed § = (g1,...,9m) € Z3, if g; = g;, 1 < i, < m, then the
elements of the blocks V; ; are homogeneous of degree zero, otherwise, if g; # g;, they are
homogeneous of degree one. Suppose that in § = (g1, - . ., gm ) there are p > 1 different string
of zero and one, i.e.

g = (g17 s Gty Gty 1y oo Gty Aty - - - 7gt1+~~+tp71+17 < 7gt1+~~+tp)a
where t1 +--- +1, =m,

g1 = """ = Gt
gt14+1 = =" = Gty +ta
Jtrt-ttp1+1 = = Gttty

and
Gtrtetty F Gtrettitls
Vi=1,...,p— L
As in the previous case we can find in A symmetric elements of degree zero

Si = {50y 4is- s Baiti—1sSai+i}
and generic elements
Ui ={8a; 1+ir- - Gasti—2, Gas+i—1, Ga;+i }
such that, Vi=1,...p,
(Z2,*) (5 ~ 5 _ .= _ = _ _
Capg, (Sat-i_1+(ti,1+1)v s Sap +(E-1) Yoy, +(Eoat1)r 7%gi+(ti—2)) =

(227*)

C’ap(zz’*) a ;i 8 7 a 7 Cap
+ ag, ,+ntti-1og, gy tEi-1+) Y, gy +H(Ei-1+1) (dg—)fi_ﬁr?

(dg ){i_1+1

............ Cap(Zz’*) = b’i # O’

(dg)s,
where tg =ty =0, t; = > i=otj and ¢; = (A )i g+ 4+ (d])g + (8 = 1).
Furthermore we can find in A elementary matrices Ey, ..., Ep_1, such that

Lo ,* * * * *
Can) | = Conffe ) EyCap(Z2) By - Cap(Z) By CpfZe) =
b1E1b2E2 cee bp_lEp_lbp 75 0.
This implies that, for ro = m — p,

Capl”) [V, X] ¢ Ids, (4).
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Moreover, let’s observe that any monomial of elements of A containing at least rqg +1 =
(m — p) + 1 elements of Jy must be zero. Then, similarly to the previous case, we obtain

that A satisfies C’apgz*)oﬂ[Y"’, X].
0 ™

If 0 < m < m, let m be the number of blocks of consecutive x-superalgebras with trivial
grading that appear in (Ay, ..., A,,). By considering separately the blocks of consecutive *-
superalgebras with trivial and non-trivial grading and by using arguments similar to those of

the proof of case 1, it easily follows that Capff’*) Y+, X], Capézf’*) Y-, X], Capl(czf’*) [Z7, X]
and Cap\™>™[Z~, X] are in Idj (A) if and only if ¢* > df + (m — m) + (m — 1) + 7o,
¢ >dy +(m—m)+ (m—1)+ry, k' >df + (m —m)+ (M —1) +7r and k= >
dy + (m —m)+ (m — 1) 4+ r1, where g, r; are two non negative integers depending on the
grading g, with ro +r1 = m — m.

5. ASYMPTOTICS FOR *-GRADED CAPELLI IDENTITIES

In this section we shall study U = vary, (I'} = 1Lt +1) and we shall find a close relation
among the asymptotics of ¢, (I'y+ | 7+, ) and ¢}, (A), where A is a finite dimensional simple
x-superalgebra. Let

R=A¢J
where A is a finite dimensional simple *-superalgebra and J = J(R) is its Jacobson radical.
From now on we put M* = dimpAoT and LE = dimpA;*.

Lemma 5. exp; (U) = Mt+M-+Lt"+L =M+L= expz, (4).

Proof. By the definition of minimal variety (see Definition 2.1 in [9]) the *-graded exponent
of U is equal to the *-graded exponent of some minimal variety of x-superalgebras lying in
U. Moreover, by the classification of minimal varieties of PI-*-superalgebras of finite basic
rank given in [9, Theorem 2.2], we have

expy, (U) = max{expy, (UT7,(A1,...,An)) |UT7, (A1, ..., Am) €U}
Then, by Lemma 4,
expy, (U) = expy, (UT;,(A)) = M + L.
Since, by Lemma 3, exp;, (U) < M + L then the proof is completed.

Let’s continue with some technical lemmas that hold for any finite dimensional simple
x-superalgebra A.

Lemma 6. The Jacobson radical J can be decomposed into the direct sum of four A-
bimodules
J = Joo D Jo1 © J10 ® J11

where, for p,q € {0,1}, Jpq is a left faithful module or a 0-left module according to p =1,
or p = 0, respectively. Similarly, Jpq is a Tight faithful module or a 0-right module according
to g =1 or g =0, respectively. Moreover, for p,q,%,1 € {0,1}, JpqJq C Jpi, JpgJit = 0 for
q 7 i and there exists a finite dimensional nilpotent *-superalgebra N such that N commutes
with A and J11 2 AQp N (isomorphism of A-bimodules and of x-superalgebras).

Proof. Tt follows from Lemma 2 in [17] and Lemmas 1,6 in [5].

Notice that Jyo and Jy; are stable under the involution whereas Jg; = Jo.

Lemma 7. If F?\/IiJrl,LiJrl C Id;, (R), then Jio = Jo1 = (0).
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Proof. By Lemma 4 we have that A does not satisfy Cap(ZQ’*)[YJr X]. Then there exist

elements a1 7...,aMJr € Ayt and by,...,by+_q € A such that
Lo ,%
Capgwi (af s Gaib, b)) =
61,h+l lfA: MhJ,O),(}:t,s;

(
€1,h+1 ifA = (Mh,l D Mﬁﬁ, exc);
e1n if A= (M, +cM,,*)orA = (M, + cM,,1);
€1 iftA=((M,+cM,)® (M, + cM,)?, exc)

where the e; ;’s are the usual matrix units and &; ; = (e; j,e;,). We write Jig = (Jio)o ®
(J10)1 and J01 = (JOI)O@(JOI)L Let do S (J01)07 then ds (S (JIO)O and d0+d6 (J01®J10)0+
Since D1+ © Id;, (R) it follows that there exists by/+ € A such that

(Z2,%)
O_ C pMi_,_l( +7"'7a$[+ad0+d8;b1a"'7bM+717bM+> =

el,thldEk) + doel’}H,l ifA= (Mh,l; <>), o =1,s;

€1,ht1dy £ doérpyy ifA= (Mh,l S¥ M;iﬁ, exc);

e1,ndd £ doe1n if A= (M, +cM,,*x)or A= (M, +cMp,1);
é1,nds £ doérn itA=((M,+cM,)® (M, + cM,)?, exc).

If A= (Mhyl,O), then el,h+ld8 + d0€11h+l =0 and, SO, 61’h+ld3 = :Fd()el,thl € (J()l)(
(J10)0 = (O) Hence d() = 0, for all do S <J01)0~ Thus (J()l)() = (O) and (JIO)O = (
Similarly for the other finite dimensional simple -superalgebras we obtain that (Jo1)o
(J10)o = (0). Analogously it easy to show that (Jo1)1 = (J10)1 = (0) and the lemma is
proved.

n
)-

Lemma 8. Let J;3 &£ A®p N, as in Lemma 6. If e+ C Id;, (R), then N is
commutative.

Proof. Let N be the finite dimensional nilpotent *-superalgebra of Lemma 6. Write N =
Ny ® Ny @ Ni" @ Ny, where Ny, Ny, Ni" and Ni denote the subspaces of symmetric and
skew symmetric elements of N of homogeneous degree 0 and 1 respectively.

We shall prove that N is commutative when A = (M}, ;,©), with ¢ =t or s. Similar calcu-
lations for the other finite dimensional simple *-superalgebras lead to the same conclusion.

Let’s start by proving that NOi commutes with Nii,z' =0,1. Let ef,.. eMJr be a basis
of A0+ with
er _ { €1,2 + €21 lfA = (MhJ,t) 5
e12+eptont1 A= (Mpp,s)

and let a9 = a1 = ez 1, ag,...,apy+_1 € A such that aoefale;~~aM+,1el\+/I+ = €2 hti
and aoe:(l)al---aMJr,le:(Mﬂ = 0 for any 0 € Spr+, 0 # id. Let dy € NOi and 63_ =
(e1,2 £ef5)d1, with o =t or s. Since N commutes with A we obtain that ed € R If we
put ap = apds = es 1d2, with dy € Ni:t, i =20,1, then

zZ _
0= C’apgwiil(ear, ef, ... el a0, ar, ... ay+_1) = [di,da)er nyi
and so [dy,ds] = 0 for all dy € Ni,dy € NE, i =0, 1.
Let’s now prove that Ni° commutes with Ni&. Let e, ..., el be a basis of Ag", with

€+ _ 61’1 lfA = (Mh’l,t) ;
! e11 +ensihr1 A= (Mpyp,s)
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and let ag = ep41,1, a1,a2,...,ap+_1 € A such that agefal e aM+,1ej\'/I+ = epy1,1 (if 0 =s
then h =1) and aoe;‘(l)al . --aM+_1e:(M+) =0 for any o € Sy+, 0 # id.

Let (e1py1 £ ef’hﬂ) € AljE and dy,ds € NljE such that, for ¢ = 1,2, cz'»" = (e1p+1 = ef’hﬂ)di.
Since N commutes with A then cj‘ S Ra', i=1,2. If apy = e1,1 then

_ (Z2y%) ( + _+ + .= —
O*CGPMJr_i_Q(Cl,617"'7e]V[a627a0aa1a"'aaM+flaaM)*[d17d2]611h+l

(h =1 for o = s) and so [dy,dy] = 0, for all di,dy € N and we are done.

Now we are able to prove the main result.

Theorem 3. For suitable natural numbers M+, M~, L*, L™ there exists a finite dimen-
sional simple *-superalgebra A such that

U= Var22 (P}k\/fi+1,Li+1) = Var% (Ae D),

where D is a finite dimensional *-superalgebra such that expy, (D) < M+ L, with M =
M*T™+ M~ and L = LT + L~. In particular

) If ME = RED D g 1E = Rl with h > 1> 0, then A= (Mg, t);

) If M* = h? and L* = h(h F 1), with h > 0, then A = (Mp, 1, s);

) If M* = h? +12 and L* = 2hl, with h > 1> 0, then A = (My,; & MY, exc);

)

Mt =rF =" - = pF = 20 yith o > 0, then A = (M, + ¢My,, %),

W N =

=~

where (a + cb)* = a' + cbt;

5) If M+ = 1= = 20D - = [F = "D yith > 0, then A = (M, + cM,, %),
where (a + ¢b)* = a® £ cb®;

6) If M* = L* = n?, withn > 0, then A = ((M,, + cM,,) ® (M,, + cM,,)°P, exc).

Proof. By Lemma 5 we have that exp; () = M+ L. Let B be a generating *-superalgebra
of U. From Theorem 2 and by [10], since any finitely generated *-superalgebra satisfies the
same *-graded polynomial identities of a finite-dimensional *-superalgebra, we can assume
that B is finite dimensional. Thus, by Theorem 1, there exists a finite number of reduced

x-superalgebras By, ..., By and a finite dimensional *-superalgebra D such that
U = vary, (B) = vary,(B1 @ - © B, ® D). (1)
Moreover
expz, (B1) = -+ = expz, (By) = expz, (U) = M + L
and

expz, (D) < expz, (U) = M + L.

Let’s now analyze the structure of a finite dimensional reduced *-superalgebra R such

that expy (R) = M + L = expy, (U) and I'ys ) ;o) € Idj, (R). We have that
R=Ri & &Ry +J, (2)

where R; are simple x-graded subalgebras of R, J = J(R) is the Jacobson radical of R and
RyJ---JR,, # 0. By [9, Theorem 4.3] there exists a *-superalgebra R isomorphic to the -

superalgebra UTy, -(Ri,. .., Ry,), for some g = (g1, ..., gm) € Z3', such that Id(R) C Id(R)
and

expz, (R) = expyz, (R) = expyz, (UTZ*%g(Rl, .oy Rm)).
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It follows that

M + L = exps, (R) = exps, (R) =
expy, (UTy, (R1, ..., Ry)) = dimpRy + - + dimp Ry, = df +dy +df +dy
where dii =dimp(R1 & - & Rm)i), for i =0,1.
Let 0 < m < m denote the number of the x-superalgebras R; with trivial grading appear-
ing in (2). We want to prove that m = 0.
Let’s suppose m > 0. By Lemma 4, R does not satisfy the x-graded Capelli polynomials

(Z2,%) + (Za,%) _
Capd;+(m_m)+(m_l)+ro[y ’XL Capd()_+(m—ﬁz)+(7%—1)+ro[y 7X]5

(Z2,%) + (Z2,%) _
Ca iy o mys oty 12 XL CapLZL 1y 20 XD,

where 7o, 71 are two non negative integers dependent on the grading g with rqg + r; =

m — m. However R satisfies Cap(Z2’*) Y+, X], Cap(ZQ’*) Y-, X], Cap(ZQ’*)[Z"’,X] and

M++1 M—+1 Lt++1
Cap* 7|2, X], then

df 4+ (m—m)+ (m—1)+ro+dy +(m—m)+ (m—1) +ro+
df +(m—m)+ (m—1)+r +d; + (m—m)+ (m—1)+r <M+ L.

Since df +dy +df +d; = M + L we obtain that 4(m —m) +4(m — 1) +2(rg +71) =0
and so 2(m — 1) +m — m = 0 and this implies that m > 2. If m = 2 then we easily obtain
a contradiction. Thus m =m =m = 1.

Hence R = Ry & J where Ry ~ (My,(F),t) or Ry ~ (Map, (F),s) or Ry ~ (My,(F) &
My, (F)°P, exc) with hy > 0.

Now, let’s analyze all possible cases as M and L vary.

1. Let M* = MEED 4 WED 4q 1% = pl, with h > 1 > 0.
If R ~ (M, (F),t) + J then exp} (R) = hi. Since exp} (R) = M + L = (h+1)* we

obtain that hy = h +[. By hypotesis, R satisfies Cap%i’j_)l [Y*+; X] but, since Idj (R) C

Id3, (UT;, 5(Ry...., Ry)), R does not satisfy Cap!->*)[y*+; X]. Hence, for h > | > 0, we
0
have
2 2
Mt 41— h(h+ 1) +Z(l+1) Lo PP +(h+1)+2 -
2 2 2
h? +12 4+ (h+1)+2hl _ (D441 hi(ha+1) gt
2 2 2

and this is impossible.
If R ~ (M, (F),s) + J then exp} (R) = 4hi. Since exp; (R) = M + L = (h +1)?
we have that 2h; = h + . Moreover R satisfies Capﬁi’?l [Y~; X] but does not satisfy
C’ap((izf’*)[Y_; X] and so we get a contradiction since

0

h(h—1) 1(1—1) :h2+12—(h+l)+2<

M +1= 1
M 5 T2 ¢ 2
>+ 12+ (h+1)+2 2 4h2 +2
+ +(2+)+ hl:(h+l);(h+l): hl—; h1=2h§+h1=d5.

Finally, let R ~ (M, (F) ® My, (F)°P,exc) + J, with hy > 0. Then (h+1)? = M + L =
expy, (R) = 2h7, a contradiction.
2. Let M* = h? and L* = h(h ¥ 1), with h > 0.
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If R~ (M, (F),t)+J then, as in the previous case, we obtain that 2h = hy. By hypothesis

R satisfies Capgéi’:)l [Y*; X] but it does not satisfy Cap((izf’*) [Y*; X], thus we have
0

h
M++1:h2+1=(?1)2+1:—+1§

a contradiction.

If R ~ (Map, (F),s)+J then h = h;. Since R satisfies C’apg\?_’:)l [Y~; X] but does not satisfy
(221*)

e [Y~; X] we get the contradiction M~ +1=h?+1=h}+1<2h?+h; =d,.
Finally, if R ~ (M, (F) & My, (F)°P,exc) + J with hy > 0, then we have 4h? = 2h?, a
contradiction.

3. Let M* = h? 4+ 1% and L* = 2hl, with h > 1 > 0.

If R~ (Mp,(F),t) + J then we get the contradiction 2(h +1)* = M + L = expj_(R) = hj.
The same occurs if R o~ (Map, (F),s) + J.

Now, let R ~ (My, (F) @& My, (F)°P,exc) + J, with hy > 0. Then 2(h +1)> = M + L =
expy, (R) = 2h% and so hy = h+ . Since dj = h} we get that MT +1 =h*>+12+1 <
h? +1%2 + 2hl = (h+1)? = h? = dJ and this is impossible.

4.,5. We consider the case MT = LT = % and M~ =L~ = @ The proof of the
other cases is very similar.

If R~ (My,(F),t)+ J then 2n* = M + L = expj_(R) = hi, and if R ~ (M, (F),s) + J
then 2n? = M + L = expj_(R) = 4h}, a contradiction.

Let R o~ (Mp, (F) @ My, (F)°P, exc)+J, with hy > 0. Then 2n? = M + L = exp}, (R) = 2h}

so h1 = n. Since R satisfies Capg\%ﬁ’j_)l [Y~; X] but it does not satisfy Cap;Z,Q’*)[Y*; X] we
0

have again a contradiction indeed M~ + 1 = % +1<nn—-1)+1<n? =h3=d;.
6. Let M* = LT = n?, with n > 0.

If R~ (M, (F) & My, (F)°P, exc) +J then 4n* = M 4 L = expj,_(R) = 2h{ a contradiction.
If R~ (My,(F),t) + J then 4n®> = M + L = exp}, (R) = h} and so hy = 2n. R satisfies

Cap%i’:)l [Y+; X] but does not satisfy Cang [Y+; X] then we obtain a contradiction in fact

Cap

M++1:n2+1:%§+1§§+%:w:d;
Finally, let R ~ (Myp, (F), s)+J. Hence 4n* = M+L = exp},_(R) = 4h3 and son = hy. Also

in this case we get the contradiction M~ +1=n?+1<2n?+1 < 2n?+n=2h3+h =d, .

So we obtained that m = 0.

Let R=R1 & @ Ry +J, where R; are simple x-superalgebras with non trivial grading.
Let’s prove that m = 1. By Lemma 4, R does not satisfy the x-graded Capelli polynomials

Lg% Ty % _ Zo Tk 7
Cap;§2+131—1[y+’X]’ Cap((ia':_;l_l[y , X1, Cap;T2+7L_1[Z+7X] and Capil;2+7)n_1[z , X] but
satisfies Cap(ﬁi’i)l Y+, X], CCLP%Z_’:)l Y-, X], Cap(Lfoi [Z*, X] and Cap(LZf’ﬁ [Z~, X] thus

di+m—-1<M*t dy+m—-1< M-, df +m—1<L*andd] + m—1< L~. Hence we
have that

df +(m—1)+dy +(m—1)+df +(m—-1)+d] +(m—-1) < MT+M " +LT+L" = M+L.

Since dj + dy +dy +dy = M + L we obtain that 4(m — 1) = 0 and so m = 1.

It follows that R = Ry & J where R is a simple -superalgebra with non trivial grading.
Now let’s analyze the cases corresponding to the different values of M and L.

1. Let M* = MED 4 WD g 1% — i, with h > 1 > 0.
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If R~ (Mp, 1, (F),s)+J then (h+1)* = M + L = expj_(R) = 4h? so we have 2h; = h+1.

By hypothesis R satisfies C’apLZii[Z ~; X] but does not satisfy Capfiz_z’*)[Z+;X], where
1

dy = hi(h1 +1). Since h +1 = 2h; and h > 1 > 0 we have that h? > hl and so

L +1=hl+1<h?+1<hy(hy+1)=d]

a contradiction.

If R~ (Mp,1,(F)® Mp, 1, (F)°P,exc) + J, with hy > 13 > 0, then (h+1)? = M + L =
expy, (R) = 2(h1 + 11)* and so we have again a contradiction.

If R ~ (M,(F + cF) *) + J7 where (a + ¢b)* = a® + ¢b® and ¢ = t, s, then we obtain the
contradiction (h +1)? = 2n2.

If R ~ (M, (F—i—cF)@M(F+cF)Op7exc)+Jwithn>0, then (h+1)2 =M+ L =
expy, (R) = 4n* and so 2n = h+1. As before we can easily obtain a contradiction. It follows
that R ~ (Mh’l(F)ﬂf) + J.

2. Let now M* = h? and L* = h(h F 1), with A > 0.

If R ~ (Mp,,(F),t) 4+ J, then, since M + L = expj_(R), we have 4h* = (hy + 1)?
and so hy + I3 = 2h%. By hypothesis R satisfies C’apgi’i)l [YT; X] but does not satisfy
Cap (Z2, *)[Y“‘ X] where df = }”(h21+1) + 11(l12+1)_ Since hy +1; = 2h and hy > ;1 > 0 we

have h > hyl; and so it follows that

!
Mt +1=hr*+1<h2h+1)—hly = (hy + 1 +1) = hyly =

hl(hl + 1) n ll(ll + 1)

=d+
2 2 0

a contradiction.

If R~ (Mp,1,(F)® Mp, , (F)P,exc) + J, with hy > 13 > 0, or R ~ (M, (F + cF), ) + J
where (a 4 ¢b)* = a® £ ¢b® and ¢ = ¢, s then easily we get a contradiction.

If R~ (M, (F 4 cF)® M, (F +cF), exc)+ J with n > 0, then 4h* = M + L = exp;_(R) =

4n? and so n = h. R satisfies C’apLZZi:i [Z7; X] but R does not satisfy C’apfizf’*)[Z‘*‘;X],
1

where d; = n? and we obtain the following contradiction L= +1=h(h—1)=h?-h—-1<

h? =n? =dj . So, in this case, R ~ (M, 1(F),s) + J.

3. Let M* = h*+1? and L* = 2hl, with h > 1 > 0.

If R~ (Mp, 1, (F),t)+J, R~ (Mhl,hl( ),8)+J or R~ (M, (F+cF)®M,(F+cF)°P, exc)+

J easily we get a contradiction.

If R~ ( (F + cF),*) + J where (a 4 ¢b)* = a® £ ¢b® and ¢ = t,s then we have that
2(h+1)* = 2n? and so h+1 = n. Let consider the case when R ~ (M, (F + cF), x) + J with

(a+cb)* = a' — cb', the other cases are very similar. Since R satisfies Cap(LZf’:i[Z_; X] but
R does not satisfy C’ap((izf’*) [Z7T; X] we obtain

(h+1+1)(h+1) (n+1)n
2 2
a contradiction. It follows that R ~ (M (F) @ Mp, 1, (F)°P,exc) + J.

4.,5. Let consider the case MT = LT = w and M~ =L~ = M. The proof of the
other cases is very similar. As before let R ~ (M,,(F + cF) ® M, (F + cF)°P exc)+ J, then

2n? = 2(hy +11)? and so n = hy + I; with h; > I3 > 0. R satisfies Cap%’i’:)l[Y ; X] but

L™ +1=2hl+1<
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does not satisfy Cap;Z,Q’*)[Y*; X] then
0

n(n—1 n?2-n+2 n?-1 hy+11)% -1

%+1: 2+ < :(1+21) <h?+12=dj
a contradiction. In all other cases we obtain a contradiction except when R ~ (M, (F +
cF),*) + J and (a+ cb)* = a® + cb'.
6. Let M* = L* = n?, with n > 0.
If R~ (Mp, 1, (F)®Mp, 1, (F)°P, exc)+J or R >~ (M, (F+cF),*)+J with (a+cb)* = a®£cb®
and ¢ = t, s, then easily we get a contradiction.
If R ~ (My, ;,(F),t)+ J, then hy +1; = 2n and with analogous reasoning to that of case 2
we obtain a contradiction.
So let assume that R =~ (M, »,(F),s) + J, then 4n? = 4h? and so h; = n. Because

R satisfies C’ap(LZf’:i [Z7; X] but it does not satisfy Cap;Z,Z’*)[Z_;X] we obtain L™ + 1 =
1

n? +1<n(n+1) = hy(hy +1) = d; and this is impossible. It follows that R ~ (M, (F +
cF) @ M, (F + cF)°P,exc) + J.

Thus we have proved that R ~ A+ J where A is a simple x-superalgebra with non trivial
grading. Then, from Lemmas 6, 7, 8 we obtain that

R = (A+J11)€BJ00 = (A@Nﬁ)@Joo
where N is the algebra obtained from N by adjoining a unit element. Since N* is commu-
tative, it follows that A + Ji; and A satisfy the same *-graded identities. Thus vary, (R) =
vary, (A @ Joo) with Joo finite dimensional nilpotent *-superalgebra. Hence, from the de-
composition (1), we get

U = vars, (Dyys oy s 1) = vars, (A ® D),
where D is a finite dimensional *-superalgebra with exp; (D) < M + L and the theorem is
proved.

From Corollary 1 we easily obtain the following

Corollary 2. 1) If M* = @ + @ and L* = hi, with h > 1> 0, then
C%Z"”*)(F}kwi+1,Li+1) ~ P2 ((My(F),1));
2) If M* = h? and L* = h(h F 1), with h > 0, then
CSLZN)( %i+1,Li+1) = C%ZQ’*)((Mh,h(F)a 5));
3) If M* = h? + 12 and L* = 2hl, with h > 1 > 0, then
AP Ty pe ) = e (M (F) © My (F), exc));
4) If M+ = LF ="t - = 1 F = 2D ith > 0, then
AP (Digegr pe 1) = 6727 (Mo (F o+ cF), %))

where (a + cb)* = a® + cbt;
5) If M+ = L* =)y = 1F = 28D ith > 0, then

C%ZQ’*)(F*MiH,LiH) = Cglzz’*)((Mn(F + cF), ),
where (a + ¢b)* = a® £ cb®;
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6) If M* = LT = n?, with n > 0, then
AP (e g pe 1) = 72 (M (F + cF) @ M, (F + cF)% exc).

n
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