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Abstract. To any superalgebra A is attached a numerical sequence csupn (A), n ≥ 1, called the sequence of

supercodimensions of A. In characteristic zero its asymptotics are an invariant of the superidentities satisfied
by A. It is well-known that for a PI-superalgebra such sequence is exponentially bounded and expsup(A) =

limn→∞
n
√

csupn (A) is an integer that can be explicitly computed.
Here we introduce a notion of fundamental superalgebra over a field of characteristic zero. We prove that if

A is such an algebra, then

(1) C1n
texpsup(A)n ≤ csupn (A) ≤ C2n

texpsup(A)n,

where C1 > 0, C2, t are constants and t is a half integer that can be explicitly written as a linear function of the

dimension of the even part of A and the nilpotency index of the Jacobson radical. We also give a characterization

of fundamental superalgebras through the representation theory of the symmetric group.
As a consequence we prove that if A is a finitely generated PI-superalgebra, then the inequalities in (1) still

hold and t is a half integer. It follows that limn→∞ logn
csupn (A)

expsup(A)n
exists and is a half integer.

1. Introduction

In the study of the polynomial identities satisfied by an algebra, an important role is played by finite
dimensional superalgebras. In fact from the theory of varieties developed by Kemer ([27]), it follows that
any algebra over a field of characteristic zero has the same identities as a suitable graded tensor product, called
Grassmann envelope, involving a finite dimensional superalgebra and the Grassmann algebra.

Now, the growth of the polynomial identities satisfied by an algebra A is measured through a numerical
sequence called the sequence of codimensions. On the other hand, one considers the growth of the superpolyno-
mial identities of the finite dimensional superalgebra related to A as mentioned above through the Grassmann
algebra and there seems to be a connection between the two growths.

To be more specific, let A be an algebra over a field of characteristic zero and suppose that A is a PI-algebra,
i.e., it satisfies a non-trivial polynomial identity. The sequence of codimensions of A is cn(A), n = 1, 2, . . .,
where n!− cn(A) is the dimension of the space of multilinear polynomial identities in n fixed variables satisfied
by A.

Such sequence has been extensively studied ([13], [16], [19], [28], [29]), and Regev in [32] proved that if A is a
PI-algebra, the corresponding sequence of codimensions is exponentially bounded. Moreover in [33] he proved
that if Mk(F ) is the algebra of k × k matrices over F , then the asymptotic equality cn(Mk(F )) ' Cnt(k2)n

holds, where C is an explicitly computed constant and t = − 1
2 (k2 − 1).

Later in [21] and [22] the authors proved that for any PI-algebra A, there exist constants C1 > 0, C2, t, s, d
such that

C1n
tdn ≤ cn(A) ≤ C2n

sdn,

for all n ≥ 1, and d is an integer called the exponent exp(A) of A. Moreover in [9] and [8] (see also [25]) it was
proved that in the above inequalities t = s ∈ 1

2Z and, if 1 ∈ A, then also C1 = C2.
Now, the exponent exp(A) and

t = lim
n→∞

logn
cn(A)

exp(A)n
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are two invariants of the identities of the algebra A. The exponent has an interpretation as the dimension of
a superalgebra related to the identities of A, whereas in [5] the authors computed explicitly the invariant t for
any so-called fundamental algebra.

Next we turn our attention to superalgebras. Let A = A(0) ⊕ A(1) be a superalgebra over a field F of
characteristic zero. As for the general setting, one considers the free superalgebra F 〈Y,Z〉 on countable sets
Y and Z of even and odd variables. Then one constructs the sequence of supercodimensions of A by setting
csupn (A) = dimP supn (A), n = 1, 2, . . ., where P supn (A) is the space of multilinear superpolynomials in n fixed
variables of degree 0 or 1, modulo the superidentities of A.

Now, in [20] it was shown that for any PI-algebra A, cn(A) ≤ csupn (A) ≤ 2ncn(A), holds for all n ≥ 1. On
the other hand the explicit computation of the supercodimensions has been carried out in very few examples
([15], [31], [30]) and, as in the ordinary case, the attention focused on computing their asymptotics.

The exponential growth of the sequence of supercodimensions was computed in [7, 1, 2, 14]. It turns out
that if A is a PI-superalgebra there exist constants C1 > 0, C2, t1, t2, d such that

(2) C1n
t1dn ≤ csupn (A) ≤ C2n

t2dn,

for all n ≥ 1, and d is an integer called the superexponent expsup(A) of A.
Next step is to ask if the polynomial factor in (2) is uniquely determined, i.e., t1 = t2, giving in this way a

second invariant of the superindenties of A after the superexponent. Moreover, can one explicitly compute such
polynomial factor for a certain class of superalgebras relating it to the structure of the algebra itself? Now, if
A is a finite dimensional simple superalgebra, in [26] it was proved that t1 = t2 = − 1

2 (dimA(0) − 1).
In this paper we are able to give a positive answer to this question for the class of fundamental superalgebras

that here we call ϕ-fundamental algebras, where ϕ is the automorphism giving the superstructure of A. A basic
property of these algebras is that any finite dimensional superalgebra has the same superidentities as a finite
direct sum of ϕ-fundamental algebras.

We are able to compute the polynomial factor of the supercodimensions of any ϕ-fundamental algebra in
terms of some fixed parameters. More precisely we prove the following: let A be a ϕ-fundamental algebra over
an algebraically closed field of characteristic zero and let A = Ā+ J be its Wedderburn-Malcev decomposition,
where Ā is a semisimple superalgebra and J is the Jacobson radical of A. Let s ≥ 0 be the least integer such
that Js+1 = 0. Then

C1n
− 1

2 (dim(Ā(0))−q)+s(dim Ā)n ≤ csupn (A) ≤ C2n
− 1

2 (dim(Ā(0))−q)+s(dim Ā)n,

for some constants C1 > 0, C2 where q is the number of simple superalgebras appearing in the decomposition
of Ā.

As a corollary, from [3] we get that if A is any finitely generated PI-superalgebra over a field of characteristic
0, then in (2) t1 = t2 ∈ 1

2Z.
Hence limn→∞ logn

csupn (A)
expsup(A)n exists and is a half integer.

The reader should be aware that the definition of ϕ-fundamental algebra given here is paired with the notion
of ∗-fundamental algebra given in [17, 18] and differs from the one given by Kemer ([27] see also [3]) or by
Procesi ([4]).

2. The general setting

Throughout this paper we shall denote by F a field of characteristic zero and by A = A(0)⊕A(1) an associative
superalgebra over F (Z2-graded algebra). Recall that the map ϕ : A→ A such that ϕ(a(0) + a(1)) = a(0)− a(1),
for a(0) ∈ A(0), a(1) ∈ A(1) is an automorphism of order ≤ 2 of A. Hence A can be viewed as an algebra with
ϕ-action.

Conversely, if A is any algebra with an automorphism ϕ of order ≤ 2, then A is a superalgebra if we define
A(0) = {a ∈ A | ϕ(a) = a} and A(1) = {a ∈ A | ϕ(a) = −a}.

Recall that the elements of A(0) and A(1) are called homogeneous of degree zero (or even elements) and
degree one (or odd elements), respectively.
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As in [17] we shall write the homogeneous elements in terms of the automorphism ϕ. Hence the free super-
algebra on a countable set will be viewed as F 〈X , ϕ〉 = F 〈x1, x

ϕ
1 , x2, x

ϕ
2 , . . .〉, the free associative algebra with

an automorphism ϕ of order ≤ 2 on the set X = {x1, x2, . . .}.
Its elements are called ϕ-polynomials (or superpolynomials) and f(x1, . . . , xn) ∈ F 〈X , ϕ〉 is a ϕ-identity (or

superidentity) of A, and we write f ≡ 0, if f(a1, . . . , an) = 0, for all a1, . . . , an ∈ A. Here we simply write
f(x1, . . . , xn) to indicate a ϕ-polynomial in which the variables x1, . . . , xn or their image by ϕ appear.

Let Id2(A) = {f ∈ F 〈X , ϕ〉 | f ≡ 0 on A} the set of ϕ-identities of A. Clearly Id2(A) is a T2-ideal of F 〈X , ϕ〉,
i.e., an ideal invariant by endomorphisms of the free algebra commuting with the ϕ-action. It is well known
that in characteristic zero Id2(A) is completely determined by its multilinear polynomials and we denote by

P supn = spanF {wσ(1) · · ·wσ(n)| σ ∈ Sn, wi = xi or wi = xϕi , 1 ≤ i ≤ n}

the space of multilinear ϕ-polynomials of degree n in x1, . . . , xn.
We act with the symmetric group Sn on the left on P supn : if σ ∈ Sn and f = f(x1, . . . , xn) ∈ P supn , then

σf = f(xσ(1), . . . , xσ(n)). The outcome is that

P supn (A) =
P supn

P supn ∩ Id2(A)

has a structure of Sn-module and its dimension csupn (A) is called the nth supercodimension of A.
Recall that in [2, 14] the authors proved that for any associative superalgebra A satisfying an ordinary

identity, there exist constants C1 > 0, C2, t1, t2, d such that

(3) C1n
t1dn ≤ csupn (A) ≤ C2n

t2dn,

for all n ≥ 1, and d = expsup(A) = limn→∞
n
√
csupn (A) is an integer called the superexponent of A.

Now the character χsupn (A) of P supn (A), is called the nth supercocharacter of A, and by complete reducibility,
we can write

(4) χsupn (A) =
∑
λ`n

mλχλ,

where χλ is the irreducible Sn-character associated to the partition λ and mλ ≥ 0 is the corresponding multi-
plicity.

We recall that a ϕ-polynomial f(x1, . . . , xn, Y ) linear in the variables x1, . . . , xn (and in some other set of
variables Y ) is alternating in x1, . . . , xn if f vanishes whenever we identify any two of these variables. This is
equivalent to say that the polynomial changes sign whenever we exchange any two of these variables (here we
exchange the indices of the two variables).

We also recall that any irreducible left Sn-module M ⊆ P supn with character χλ can be generated as an
Sn-module by an element of the form eTλf, for some f ∈ M and some Young tableau Tλ of shape λ. Here
eTλ = R+

Tλ
C−Tλ is an essential idempotent, where R+

Tλ
=
∑
σ∈RTλ

σ, C−Tλ =
∑
τ∈CTλ

(signτ)τ, and RTλ and CTλ

are the row and column stabilizers of Tλ, respectively. Notice that the ϕ-polynomial fTλ = C−Tλ(eTλf) generates
also M, as an Sn-module, and it is alternating in each set of variables indexed by the columns of Tλ.

Now assume that A is a finite dimensional superalgebra over an algebraically closed field F of characteristic
zero.

By the Wedderburn-Malcev theorem [24, Theorem 3.4.4] for superalgebras we can write

A = Ā⊕ J

where Ā is a semisimple subalgebra of A, J = J(A) is the Jacobson radical and both Ā and J are stable under
the ϕ-action. Moreover

(5) Ā = A1 ⊕ · · · ⊕Aq,

where A1, . . . , Aq are simple superalgebras.
Recall that a finite dimensional simple superalgebra over an algebraically closed field is isomorphic to one of

the following:
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1. A = Mk,l(F ) = {
(
P Q
R S

)
, k ≥ l ≥ 0,where P,Q,R, S are k×k, k× l, l×k, l× l matrices, respectively}

and ϕ(

(
P Q
R S

)
) =

(
P −Q
−R S

)
;

2. A = Mn(F )⊕Mn(F ) where ϕ is the automorphism such that ϕ(a, b) = (b, a).

Hence in (5) we shall assume that Ai ≡Mdi(F )⊕Mdi(F ) or Ai ≡Mki,li(F ).
If we denote by ei the unit element of Ai, then 1Ā =

∑q
i=1 ei is the unit element of Ā. In case A has a unit

element 1 = 1Ā, we have the decomposition

A = ⊕qi,k=1eiAek = (⊕qi=1eiAiei)⊕ (⊕qi,k=1eiJek).

If A has not a unit element, we consider the algebra A′ = F ⊕A obtained from A by adjoining 1 and we extend
ϕ to A′ by defining ϕ(α+a) = α+ϕ(a). Then we define e0 = 1A′ −

∑q
i=1 ei ∈ A′, where 1A′ is the unit element

of A′, and we have the decomposition

A′ = F ⊕ (⊕qi=1eiAiei)⊕ (⊕qi,k=0eiJek).

The relation between the supercodimensions of A and A′ is csupn (A) ≤ csupn (A′).
We choose a basis of the finite dimensional superalgebra A = Ā+ J as the union of a basis of J and a basis

of Ā, which is the union of bases of the simple components.

Now, since Ai = Mki,li(F ) or Ai = Mdi(F )⊕Mdi(F ), we can decompose ei =
∑di
j=1 e

(i)
j,j , where di = ki + li

or ei =
∑di
j=1(e

(i)
j,j , 0) +

∑di
j=1(0, e

(i)
j,j), where the e

(i)
j,j ’s are the matrix units of Mdi(F ). By abuse of notation, in

case Ai = Mdi(F )⊕Mdi(F ), e
(i)
j,j will denote also (e

(i)
j,j , 0) or (0, e

(i)
j,j). Hence we can write the elements of A as

a linear combination of elements of the spaces

e
(i)
j,jAie

(i)
k,k, e

(i)
j,jJe

(l)
m,m, 1 ≤ j, k ≤ di, 1 ≤ m ≤ dl, 1 ≤ i, l ≤ q

and, when A does not have a unit element, we have to add the spaces

e
(0)
1,1Je

(i)
k,k, e

(i)
j,jJe

(0)
1,1, e

(0)
1,1Je

(0)
1,1,

where e
(0)
1,1 = e0.

Definition 2.1. Let f be a ϕ-polynomial. A substitution of all the variables of f with elements of one of the

spaces e
(i)
j,jAie

(i)
k,k, e

(i)
j,jJe

(l)
k,k is called an elementary substitution.

3. The Kemer index of a superalgebra

Let

Capn(X,Y ) = Capn(x1, . . . , xn, y1, . . . , yn+1) =
∑
σ∈Sn

(sgnσ)y1xσ(1)y2xσ(2) · · · ynxσ(n)yn+1

be the nth Capelli polynomial, where Sn is the symmetric group, which is alternating in the variables x1, . . . , xn.
It is well known that Capd2(X,Y ) is not an identity of d× d matrices over F (see for instance [24, Proposition
1.7.1]). Hence Capd2(X,Y ) is not a ϕ-identity of A, where either A = Md(F ) ⊕Md(F ) or A = Mk,l(F ), with
d = k + l. Moreover, any element eh,k of A can be obtained as an evaluation of Capd2(X,Y ), where in case
A = Md(F )⊕Md(F ), eh,k denotes (eh,k, 0) or (0, eh,k).

The following proposition holds.

Proposition 3.1. Let A be a simple superalgebra. For every µ ≥ 1 there exists a multilinear ϕ-polynomial

(6) f(X1, . . . , Xµ, Y ) /∈ Id2(A)

alternating on each of the disjoint sets X1, . . . , Xµ, where |X1| = · · · = |Xµ| = dimA and |Y | <∞.
Such a polynomial has the property that it can take any value of the type ei,i, 1 ≤ i ≤ d, when evaluated in A.
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Proof. For every µ ≥ 1, define

Capµ,n(X1, . . . , Xµ, Y ) :=

µ∏
i=1

Capn(Xi, Yi),

where Xi = {xi,1, . . . , xi,n}, Yi = {yi,1, . . . , yi,n+1}, i = 1, . . . , µ, are distinct sets of variables and Y = ∪Yi. It
is clear that if A = Mk,l(F ), Capµ,d2 , with d = k + l, is the required polynomial. Hence we may assume that
A = Md(F )⊕Md(F ).

Given X = {x1, . . . , x2n} and Y = {y1, . . . , y2n+2} define

Capn(X,Y, ϕ) := Capn(x1, . . . , xn, y1, . . . , yn+1)Capn(xϕn+1, . . . , x
ϕ
2n, y

ϕ
n+2, . . . , y

ϕ
2n+2).

Notice that Capd2(X,Y, ϕ) 6∈ Id2(A), and any value of the type ei,i ∈ A can be obtained by evaluation.
Now let AltX be the operator of alternation on the set X. Then

G2n(X,Y, ϕ) = AltXCapn(X,Y, ϕ)

is a multilinear ϕ-polynomial alternating in X = {x1, . . . , x2n}.
For every µ ≥ 1, let Xi = {xi,1, . . . , xi,2n}, Yi = {yi,1, . . . , yi,2n+2}, i = 1, . . . , µ, be distinct sets of variables.

Then if Y = ∪Yi, the polynomial

Gµ,2n(X1, . . . , Xµ, Y, ϕ) :=

µ∏
i=1

G2n(Xi, Yi, ϕ)

is the required one. �

From now on A will be a finite dimensional superalgebra over an algebraically closed field F of characteristic
zero. We write A = Ā ⊕ J, where Ā = A1 ⊕ · · · ⊕ Aq with A1, . . . , Aq simple superalgebras and s ≥ 0 is the
smallest integer such that Js+1 = 0. Recall that A is reduced if up to a rearrangement of the simple components
we have that A1JA2J · · · JAq 6= 0

Let f(X1, . . . , Xr, Y ) be a multilinear ϕ-polynomial in disjoint sets of variables X1, . . . , Xr, Y . Then f is said
to be r-fold t-alternating if f is alternating on each set Xi and |Xi| = t, 1 ≤ i ≤ r.

Lemma 3.1. Let A = Ā+J be a finite dimensional reduced superalgebra with dim Ā = dim(A1⊕ · · ·⊕Aq) = t.
Then, for any µ ≥ 1, there exists a multilinear ϕ-polynomial

f(X1, . . . , Xµ, Z1, . . . , Zq−1, Y ) 6∈ Id2(A)

with |Xj | = t, 1 ≤ j ≤ µ, |Zi| = t + 1, 1 ≤ i ≤ q − 1 such that f is µ-fold t-alternating and (q − 1)-fold
(t+ 1)-alternating.

Proof. We assume as we may that A1JA2J · · · JAq 6= 0. Now let µ ≥ 1 and for every 1 ≤ i ≤ q, let
fi(X1,i, . . . , Xµ+q−1,i, Yi) /∈ Id2(Ai) be the multilinear ϕ-polynomial constructed in Proposition 3.1. Hence
fi is alternating on the disjoint sets X1,i, . . . , Xµ+q−1,i, with |X1,i| = · · · = |Xµ+q−1,i| = dimAi. Also such
ϕ-polynomial has the property that it can take any value of the type eji.ji ∈ Ai.

Let f = f1z1f2z2 · · · zq−1fq, where z1, . . . , zq−1 are new variables, and define

f̃ = AltX,Zf

where AltX,Z is the operator of alternation on each set

Xj = Xj,1 ∪ · · · ∪Xj,q, q ≤ j ≤ µ+ q − 1

and on each set

Zj = Xj,1 ∪ · · · ∪Xj,q ∪ {zj}, 1 ≤ j ≤ q − 1.

Since dimA1 + · · ·+ dimAq = t, f̃ is (q − 1)-fold (t+ 1)-alternating, and µ-fold t-alternating.

Now it is not hard to prove (see for instance [18, Lemma 1]) that f̃ is not a ϕ-identity of A and the proof is
complete. �

Next we define the Kemer ϕ-index of the superalgebra A. Let Γ = Id2(A).
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Definition 3.1. Let β(Γ) be the greatest integer t such that for every µ ≥ 1, there exists a multilinear ϕ-
polynomial f(X1, . . . , Xµ, Y ) 6∈ Γ alternating in the µ sets Xi with |Xi| = t. Also, let γ(Γ) be the greatest
integer s for which there exists for all µ ≥ 1, a multilinear ϕ-polynomial f(X1, . . . , Xµ, Z1, . . . , Zs, Y ) 6∈ Γ
alternating in the µ sets Xi with |Xi| = β(Γ) and in the s sets Zj with |Zj | = β(Γ)+1. IndϕK(Γ) = (β(Γ), γ(Γ))
is called the Kemer ϕ-index of Γ.

We also say that (β(Γ), γ(Γ)) = (β(A), γ(A)) = IndϕK(A) is the Kemer ϕ-index of A.
As an example we consider A = Md(F ) ⊕Md(F ). For every µ ≥ 1 the polynomial Gµ,2d2 is alternating in

the µ sets Xi with |Xi| = 2d2 and is not a ϕ-identity of A. Moreover since dimA = 2d2 any ϕ-polynomial
alternating in 2d2 + 1 elements is a ϕ-identity of A. Hence β(A) = 2d2 and γ(A) = 0. Notice that in case
A = Mk,l(F ), k + l = d, IndϕK(A) = (d2, 0). In fact Capµ,d2 6∈ Id2(A) and it has the prescribed properties.

We remark that by the definition of γ(Γ) there exists a smallest integer µ0 such that every multilinear ϕ-
polynomial f(X1, . . . , Xµ, Z1, . . . , Zγ(Γ)+1, Y ), alternating in µ ≥ µ0 sets Xi with β(Γ) elements and in γ(Γ) + 1
sets Zj with β(Γ) + 1 elements lies in Γ.

Definition 3.2. A multilinear ϕ-polynomial f(X1, . . . , Xµ, Z1, . . . , Zγ(Γ), Y ) 6∈ Γ which is alternating in µ > µ0

sets Xi with |Xi| = β(Γ) and in γ(Γ) sets Zi with |Zi| = β(Γ) + 1 is called a Kemer ϕ-polynomial related to Γ.

Definition 3.3. The (t, s)-index of A is Indt,s(A) = (dim Ā, sA) where sA ≥ 0 is the smallest integer such that
JsA+1 = 0.

Notice that this is the same as the (t, s)-index of A with trivial grading. Also if A is a finite dimensional
superalgebra, then IndϕK(A) ≤ Indt,s(A) in the left lexicographic order.

Recall (see [7]) that for a finite dimensional superalgebra A, the superexponent expsup(A) is the largest
dimension of a semisimple sub-superalgebra of Ā, say, A1 ⊕ · · · ⊕An, such that

A1JA2J · · · JAn 6= 0.

The connection between the superexponent and the Kemer ϕ-index is given in the following.

Remark 3.1. If A = Ā+ J is a finite dimensional superalgebra and IndϕK(A) = (β, γ), then β = expsup(A).

Proof. Let expsup(A) = dimA1⊕· · ·⊕An with A1JA2J · · · JAn 6= 0. Then the superalgebraB = A1⊕· · ·⊕An+J
is reduced and by Lemma 3.1 for every µ ≥ 1 there exists a multilinear ϕ-polynomial f 6∈ Id2(B) which is µ-fold
t-alternating, where t = dim(A1 ⊕ · · · ⊕ An) = expsup(A). Since f 6∈ Id2(A), then for the first Kemer ϕ-index
we have that β ≥ expsup(A).

Next let Jk = 0 and let g be a multilinear ϕ-polynomial k-fold (expsup(A) + 1)-alternating.
Suppose that there is a non-zero evaluation ψ of g in A.
If we evaluate all variables of g in Ā, ψ(g) 6= 0 implies that all variables must be evaluated in one simple

component, say Ai. Since g is alternating on expsup(A)+1 > dimAi variables we get ψ(g) = 0, a contradiction.
It follows that some variables of g must be evaluated in J .

Suppose now that we evaluate all variables of an alternating set Xu in Ā, say in Ai1 , . . . , Ais . But then
0 6= ψ(g) ∈ B = Ai1 + · · · + Ais + J and, by definition of superexponent, dim(Ai1 + · · · + Ais) ≤ expsup(A).
Since |Xu| = expsup(A) + 1, we get that ψ(g) = 0, a contradiction.

It follows that at least one variable of each alternating set must be evaluated under ψ in J . Since there are
k alternating sets, we get that ψ(g) ∈ Jk = 0.

Since for any l ≥ k, any multilinear ϕ-polynomial l-fold (expsup(A) + 1)-alternating is a ϕ-identity of A, it
follows that β = expsup(A). �

4. Asymptotics for finite dimensional superalgebras

We start by recalling that two functions f(x), g(x) of a real variable are asymptotically equal and we write

f(x) ' g(x) if limx→∞
f(x)
g(x) = 1.

We recall the following result proved in [26]
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Theorem 4.1. If A = A(0) ⊕A(1) is a finite dimensional simple superalgebra over an algebraically closed field
F of characteristic zero then

csupn (A) ' Cn− 1
2 (dimA(0)−1)(dimA)n,

for some constant C.

We can also prove the following result on the asymptotics of product of supercodimensions.

Lemma 4.1. Let Ā = A1⊕· · ·⊕Aq be a finite dimensional semisimple superalgebra over an algebraically closed
field of characteristic zero, where the Ai’s are simple superalgebras. Then∑

m1+···+mq=m

(
m

m1, . . . ,mq

)
csupm1

(A1) · · · csupmq (Aq) ' Cm−
1
2 (dim Ā(0)−q)(dim Ā)m,

where C is a constant.

Proof. The proof consists in an application of a result of Beckner and Regev in [6]. They proved that if
(p1, . . . , pq) ∈ Qq is such that

∑
i pi = 1 and F (x1, . . . , xq) is a continuous function homogeneous of degree r

with 0 < F (p1, . . . , pq) <∞, then

(7)
∑

m1+···+mq=m

(
m

m1, . . . ,mq

)
pm1

1 · · · pmqq F (m1, . . . ,mq) ' mrF (p1, . . . , pq).

Now, set pj =
dj
d , 1 ≤ j ≤ q, where dj = dimAj and d = dim Ā =

∑q
j=1 dj , and consider the polynomial

function

F (x1, . . . , xq) =

q∏
j=1

x
− 1

2 (dimA
(0)
j −1)

j

which is of degree − 1
2

∑q
j=1(dimA

(0)
j − 1) = − 1

2 (dim Ā(0) − q).
Then by applying the formula (7) we get

(8)
∑

m1+···+mq=m

(
m

m1, . . . ,mq

) q∏
j=1

(
dj
d

)mj
q∏
j=1

m
− 1

2 (dimA
(0)
j −1)

j ' Cm− 1
2 (dim Ā(0)−q),

where C = F (d1d , . . . ,
dq
d ) is a constant. Thus recalling that by Theorem 4.1, csupmj (Aj) ' Cjm

− 1
2 (dimA

(0)
j −1)

j (dimAj)
mj ,∑

m1+···+mq=m

(
m

m1, . . . ,mq

)
csupm1

(A1) · · · csupmq (Aq)

' C1

∑
m1+···+mq=m

(
m

m1, . . . ,mq

) q∏
j=1

m
− 1

2 (dimA
(0)
j −1)

j (dimAj)
mj

' C2m
− 1

2 (dim Ā(0)−q)(dim Ā)m.

�

From now on A = Ā + J will be a superalgebra over an algebraically closed field F of characteristic zero.
Let Ā = A1⊕ · · · ⊕Aq, Js 6= 0, Js+1 = 0 and the Ai’s are simple superalgebras with Ai ≡Mdi(F )⊕Mdi(F ) or
Ai ≡Mki,li(F ), 1 ≤ i ≤ q. In the following we shall denote the algebra Mki,li(F ) with Mdi(F ) if ki + li = di.

Fix a basis of A which is the union of the standard bases {a(l)
1 , . . . , a

(l)
ml} of the simple superalgebras Al,

1 ≤ l ≤ q. If Al = Mdl(F ) = Mkl,ll(F ), then we take a basis consisting of the matrix units e
(l)
i,j , and if

Al = Mdl(F )⊕Mdl(F ), we take the elements (e
(l)
i,j , 0) and (0, e

(l)
i,j).

Let also {w1, . . . , wp} be a basis of J. If 1 ∈ A, wt ∈ e(i)
j,jJe

(l)
k,k, for some 1 ≤ j ≤ di, 1 ≤ k ≤ dl, 1 ≤ i, l ≤ q,

where in case Ai = Mdi(F )⊕Mdi(F ), e
(i)
j,l stands for (e

(i)
j,l , 0) or (0, e

(i)
l,j ). When A does not have a unit element,

wt can belong also to the spaces e
(0)
1,1Je

(l)
k,k, e

(i)
j,jJe

(0)
1,1, e

(0)
1,1Je

(0)
1,1, where e

(0)
1,1 = e0.
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Let F [ξ
(l)
i,j , ηk,j | 1 ≤ j ≤ n, 1 ≤ i ≤ ml, 1 ≤ k ≤ p, 1 ≤ l ≤ q] be the polynomial ring in the variables ξ

(l)
i,j , ηk,j .

Then for any j ≥ 1 we define

U
(l)
j =

ml∑
i=1

ξ
(l)
i,ja

(l)
i , (U

(l)
j )ϕ =

ml∑
i=1

ξ
(l)
i,j (a

(l)
i )ϕ, Wj =

p∑
i=1

ηi,jwi, Wϕ
j =

p∑
i=1

ηi,jw
ϕ
i

that are elements of A⊗ F [ξ
(l)
i,j , ηk,j | 1 ≤ j ≤ n, 1 ≤ i ≤ ml, 1 ≤ k ≤ p, 1 ≤ l ≤ q].

Then

(9) Uj =

q∑
l=1

U
(l)
j +Wj , Uϕj =

q∑
l=1

(U
(l)
j )ϕ +Wϕ

j ,

are called generic elements of A. Their basic property is that a multilinear ϕ-polynomial is a ϕ-identity of A if
and only if it vanishes on the generic elements Uj (see [24, Theorem 1.4.4]).

Hence if we define

Vn = span{Uε1σ(1) · · ·U
εn
σ(n) | σ ∈ Sn, εi = 1 or ϕ},

we have that

(10) csupn (A) = dimVn.

Also, keeping in mind the equalities in (9) by linearity we can write csupn (A) = dimVn ≤ dimYn where

Yn = span{Tσ(1) · · ·Tσ(n) | Tj = U
(l)
j or (U

(l)
j )ϕ or ηi,jwi or ηi,jw

ϕ
i , for some 1 ≤ l ≤ q, 1 ≤ i ≤ p}.

Notice that, since Js+1 = 0, in every non-zero monomial of Yn at most s elements wi or wϕi can appear.
Hence for u ≤ s, let (wε1t1 , . . . , w

εu
tu ) = ~w denote a fixed sequence of elements of the basis of J and their images,

and consider the subspace

Y ~w
n = span{M0ηt1,j1w

ε1
t1M1ηt2,j2w

ε2
t2 · · ·Mu−1ηtu,juw

εu
tuMu | {j1, . . . ju} ⊆ {1, . . . , n},

M0,M1, . . . ,Mu multilinear monomials in U
(l)
k or (U

(l)
k )ϕ, k ∈ {1, . . . , n} \ {j1, . . . , ju}, 1 ≤ l ≤ q}.

Thus

(11) csupn (A) ≤ dimYn ≤
∑
~w

dimY ~w
n

where the sum runs over all sequences ~w = (wε1t1 , . . . , w
εu
tu ) with 0 ≤ u ≤ s.

Since

M0ηt1,j1w
ε1
t1M1ηt2,j2w

ε2
t2 · · ·Mu−1ηtu,juw

εu
tuMu =

u∏
i=1

ηti,jiM0w
ε1
t1M1w

ε2
t2 · · ·Mu−1w

εu
tuMu,

if we define

(12) Ȳ ~w
n = span{M0w

ε1
t1M1w

ε2
t2 · · ·Mu−1w

εu
tuMu |M0,M1, . . . ,Mu monomials in U

(l)
k or (U

(l)
k )ϕ,

k ∈ {1, . . . , n} \ {j1, . . . , ju}, 1 ≤ l ≤ q}.
we have that

(13) dimY ~w
n ≤ u!

(
n

u

)
dim Ȳ ~w

n ,

where
(
n
u

)
counts the distinct subsets {j1, . . . , ju} of {1, . . . , , n} and u! counts the number of permutations of

j1, . . . , ju.
Putting together (11) and (13) we get for n >> s,

(14) csupn (A) ≤ Cs!
(
n

s

)
dim Ȳ ~w

n ,

where C counts the number of sequences (of length ≤ s) of the basis of J and their star, and ~w is a sequence
such that dim Ȳ ~w

n is maximal.
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For any ~w = (wε1t1 , . . . , w
εu
tu ) and fixed n1, . . . , nq such that n1 + · · ·+ nq = n− u, define

Zn1,...,nq = span{M = M0w
ε1
t1M1w

ε2
t2 · · ·Mu−1w

εu
tuMu ∈ Ȳ ~w

n | ni =

number of U
(i)
j or (U

(i)
j )ϕ appearing in M, 1 ≤ i ≤ q}.

Clearly

(15) dim Ȳ ~w
n ≤

∑
n1+···+nq=n−u

(
n− u

n1, . . . , nq

)
dimZn1,...,nq

and an upper bound of dimZn1,...,nq . is given in the following.

Lemma 4.2. ([17, Lemma 8.1]) There are constants b1, . . . , bq,
∑q
i=1 bi = u+ 1 ≤ s+ 1, such that

dimZn1,...,nq ≤ Cc
sup
k1

(A1) · · · csupkq
(Aq),

for some constant C, where ki = ni + bi + 1, for i = 1, . . . , q.

An upper bound of csupn (A) is given in the following theorem.

Theorem 4.2. Let A = Ā + J be a finite dimensional superalgebra over an algebraically closed field F of
characteristic zero. Let Ā = A1 ⊕ · · · ⊕ Aq be a direct sum of simple superalgebras and let Js 6= 0, Js+1 = 0.
Then

csupn (A) ≤ Cn− 1
2 (dim Ā(0)−q)+s(dim Ā)n.

for some constant C.

Proof. By (14) and (15) we have that

csupn (A) ≤ C ′
(
n

s

) ∑
n1+···+nq=n−u

(
n− u

n1, . . . , nq

)
dimZn1,...,nq ,

for some constant C ′. Then by Lemma 4.2 and Lemma 4.1 we get that

csupn (A) ≤ C ′
(
n

s

) ∑
n1+···+nq=n−u

(
n− u

n1, . . . , nq

)
csupk1

(A1) · · · csupkq
(Aq),

where ki = ni + bi + 1,
∑q
i=1 bi = u+ 1. Hence

csupn (A) ≤ C ′
(
n

s

) ∑
k1+···+kq=k

(
k

k1, . . . , kq

)
csupk1

(A1) · · · csupkq
(Aq) ≤ C ′

(
n

s

)
k−

1
2 (dim Ā(0)−q)(dim Ā)k

≤ C ′
(
n

s

)
(n+K)−

1
2 (dim Ā(0)−q)(dim Ā)n+K ≤ C ′′n− 1

2 (dim Ā(0)−q)+s(dim Ā)n,

for some constant C ′′, K. �

5. ϕ-fundamental algebras

We start with the following construction. Let A = Ā + J be a finite dimensional superalgebra over an
algebraically closed field F , Js 6= 0, Js+1 = 0 and let n = dim J. Then define

A′ = Ā ∗ F 〈x1, . . . , xn, ϕ〉,
the free product of Ā and the free algebra F 〈x1, . . . , xn, ϕ〉. If I1 is the ϕ-ideal generated by {f(A′) | f ∈ Id2(A)},
then since f(Ā) = 0, for f ∈ Id2(A), we have that I1 ⊆ I, the ϕ-ideal of A′ generated by x1, . . . , xn.

We define
As = A′/(Is+1 + I1),

a finite dimensional algebra with Id2(As) = Id2(A). Also, if I ′ = I/(Is+1 + I1), then As ∼= Ā + I ′, (I ′)s 6= 0,
(I ′)s+1 = 0 and Indt,s(As) = (dim Ā, s) = Indt,s(A).

Then we define
B0 = As/(I ′)s.
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Hence Id2(A) = Id2(As) ⊆ Id2(B0), and Indt,s(B0) = (dim Ā, s− 1).
Let Ā = A1 ⊕ · · · ⊕Aq, where the Ai’s are simple superalgebras and, for every 1 ≤ i ≤ q, define

Bi = A1 ⊕ · · · Âi · · · ⊕Aq + J,

where the symbol Âi means that the algebra Ai is omitted in the direct sum.

Definition 5.1. The superalgebra A is ϕ-fundamental if either A is a simple superalgebra or s > 0 and

Id2(A)  ∩qi=1Id2(Bi) ∩ Id2(B0).

In this case a multilinear ϕ-polynomial f is ϕ-fundamental if f ∈ ∩qi=1Id2(Bi) ∩ Id2(B0) and f 6∈ Id2(A).

We remark that in case s > 0, the algebras Bi have a lower (t, s)-index. In fact the first index is lower. Also
the algebra B0 has a lower (t, s)-index, since Indt,s(B0) = (dim Ā, s− 1).

The following proposition is proved by induction on the (t, s)-index of A as in [17, Proposition 6.1].

Proposition 5.1. Every finite dimensional superalgebra satisfies the same ϕ-identities as a finite direct sum
of ϕ-fundamental algebras.

Lemma 5.1. Let f be a multilinear ϕ-polynomial. Then f is ϕ-fundamental for A if and only if in every non-
zero elementary evaluation all the simple components participate and also precisely s variables are evaluated in
J .

Proof. Suppose first that f is ϕ-fundamental and let f(a1, . . . , am) 6= 0 be an elementary evaluation in A.
If no variable is evaluated in a simple component, say Aj , then f is actually evaluated in Bj . Hence, since f

is ϕ-fundamental, f ∈ Id2(Bj) and f(a1, . . . , am) = 0, a contradiction.
Also since Js+1 = 0, at most s among the ai’s belong to J and let a1, . . . , ak ∈ J , ak+1, . . . , am ∈ Ā.
By the universal property of As, there is a ϕ-homomorphism ψ : As → A which is the identity on Ā and

maps xi to ai, 1 ≤ i ≤ k. Since 0 6= f(a1, . . . , am) = ψ(f(x1, . . . , xk, ak+1, . . . , am)) if k ≤ s − 1 we get that
f(x1, . . . , xk, ak+1, . . . , am) is still non-zero in the projection As → As/(I ′)s = B0. Since by hypothesis f is a
ϕ-identity of B0, we get a contradiction.

Conversely, suppose that in every non-zero elementary evaluation of f all the simple components participate
and also precisely s variables are evaluated in J .

Then since for 1 ≤ i ≤ q, the algebra Bi is missing the simple component Ai, we clearly get that f ∈
∩qi=1Id2(Bi). Moreover in the above ϕ-homomorphism ψ : As → A, f(x1, . . . , xk, ak+1, . . . , am) maps to
f(a1, . . . , am) 6= 0 and it becomes zero in the projection As → As/(I ′)s = B0 since s variables are evalu-
ated in the radical. Hence f ∈ Id2(B0). �

The proof of the following theorem can be read from [17, Theorem 6.1] recalling that ϕ is an automorphism
versus an antiautomorphism.

Theorem 5.1. Let A be a finite dimensional superalgebra. Then A is ϕ-fundamental if and only if IndϕK(A) =
Indt,s(A).

Write A = Ā+ J , Ā = A1 ⊕ · · · ⊕Aq and let d = dim Ā. Notice that as a consequence of the above theorem
we get that for any µ ≥ 1, there exists a ϕ-fundamental polynomial f(X1, . . . , Xµ, Z1, . . . , Zs, Y ) 6∈ Id2(A) with
|Xj | = d, 1 ≤ j ≤ µ, |Zi| = d+ 1, 1 ≤ i ≤ s, such that f is µ-fold d-alternating and s-fold (d+ 1)-alternating.

In the following theorem we give a characterization of ϕ-fundamental algebras through the representation
theory of the symmetric group.

Theorem 5.2. Let A be a finite dimensional superalgebra with Indt,s(A) = (t, s) and let χsupn (A) =
∑
λ`nmλχλ

be its nth supercocharacter. Then A is ϕ-fundamental if and only if for all n large enough, there is a partition
λ of n having exactly s boxes under the first t rows such that mλ 6= 0.

Proof. Suppose first that for all n large enough there is a partition λ = (λ1, . . . , λr) with λt+1 + · · · + λr = s
such that mλ 6= 0.

If s = 0, A is semisimple and by hypothesis there is an irreducible Sn-module M * Id2(A) generated by
a ϕ-polynomial fTλ ∈ P supn alternating in t variables. Since fTλ 6∈ Id2(A) is multilinear, there is a non-zero
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evaluation of the variables on a basis of A and being t = dimA, it is clear that A must be simple, hence
ϕ-fundamental.

If s > 0, there exists an irreducible Sn-module M * Id2(A) generated by a ϕ-polynomial fTλ(x1, . . . , xn) ∈
P supn , alternating on λt+1 sets of variables each of size greater or equal than t+ 1.

We shall show that fTλ is ϕ-fundamental, i.e., fTλ ∈ ∩
q
i=1Id2(Bi)∩Id2(B0). Now, since Indt,s(B0) = (t, s−1),

then fTλ ∈ Id2(B0). In fact, fTλ is alternating on λt+1 sets of variables each of size greater or equal than t+ 1.
Hence if we want to get a non-zero evaluation, in each of the alternating sets we have to substitute at most t
linearly independent elements from the maximal semisimple subalgebra of B0. Hence we need to evaluate the
remaining variables in the Jacobson radical J ′ of B0. Now, since λt+1 + · · · + λr = s and J ′s = 0 we get that
any evaluation of fTλ into B0 gives zero.

Since for any i = 1, . . . , q, we have that dim B̄i < t, if we evaluate fTλ in Bi, in order to get a non-zero value we
have to evaluate more than s variables in J. Thus fTλ ∈ Id2(Bi).We have proved that fTλ ∈ ∩

q
i=1Id2(Bi)∩Id2(B0)

and, so, A is ϕ-fundamental.
Conversely, suppose that A is ϕ-fundamental.
If s = 0 A is simple and by Proposition 3.1 there exists a multilinear ϕ-polynomial f(x1, . . . , xt, Y ) 6∈ Id2(A)

alternating in x1, . . . , xt, |Y | <∞.
Now, for any n > deg f , by multiplying on the right by new variables we may assume that f ∈ P supn . By

the permutation action of the symmetric group St on x1, . . . , xt, we can regard P supn and, so, P supn (A) as an
St-module. Since f 6∈ Id2(A), for any tableau T of shape (1t) we have that fT = eT f 6∈ Id2(A). Thus the
character χ(1t) appears with non-zero multiplicity in the decomposition of the St-character of P supn (A). Now,
by the branching rule ([24, Theorem 2.3.1]) the induced character χ(1t) ↑ Sn has an irreducible component χλ′

with non-zero multiplicity and ht(λ′) = t since dimA = t.
Suppose now that s > 0 and consider a Kemer ϕ-polynomial f ∈ P supn . Since IndϕK(A) = Indt,s(A) f can

be written as

f = f(X1, . . . , Xs, z1, . . . , zs, Y ) /∈ Id2(A),

where |X1| = · · · = |Xs| = t and f is alternating on each set {Xi, zi}, for i = 1, . . . , s.
We regard P supn as an Sk-module, where k = (t + 1)s, by letting Sk act on the set {X1, . . . , Xs, z1, . . . , zs}.

Then the quotient space P supn (A) has also a structure of Sk-module.
Since f /∈ Id2(A), there exists a partition λ = (λ1, . . . , λr) ` k and a tableau Tλ such that fTλ = C−TλeTλf /∈

Id2(A). Let χ be the Sk-character of P supn (A). Then, if we decompose χ =
∑
µ`km

′
µχ
′
µ, we have that m′λ 6= 0.

Since fTλ is not a ϕ-identity for A, we get that also f ′ = R+
Tλ
fTλ /∈ Id2(A). Notice that f ′ is symmetric in

λ1 variables and f is alternating on s disjoint sets of variables; hence m′λ 6= 0 implies that λ1 ≤ s and, also,
λ1 + · · ·+ λt ≤ ts.

If λ1 + · · · + λt < ts, then λt+1 + · · · + λr ≥ s + 1 and as above we get m′λ = 0, a contradiction. Thus
λ1 + · · ·+ λt = ts and λt+1 + · · ·+ λr = s. Now consider the induced character χ′λ ↑ Sn. By the branching rule
we have χ′λ ↑ Sn =

∑
µ`nmµχµ, a decomposition into irreducible Sn-characters. Since m′λ 6= 0, there exists

at least one χµ which appears with non-zero multiplicity. Then as in the first part of the proof we get that
µt+1 + · · ·+ µr + · · · = s and we are done. �

Next we recall the definition of minimal superalgebra introduced in [23]. Let A = Ā+J be a finite dimensional
superalgebra over an algebraically closed field F , Ā = A1⊕ · · · ⊕Aq. Then A is minimal if either A is simple or
there exist homogeneous elements w12, . . . , wq−1,q ∈ J and minimal homogeneous idempotents e1 ∈ A1, . . . , eq ∈
Aq such that eiwi,i+1 = wi,i+1ei+1 = wi,i+1 for 1 ≤ i ≤ q− 1, and w12 · · ·wq−1,q 6= 0. Moreover w12, . . . , wq−1,q

generate J as a two-sided ideal.
The minimal superalgebras are strictly related to the minimal varieties of given exponent. Recall the if V is

a variety of algebras, then we say that V is minimal of exponent d ≥ 2 if exp(V) = d and exp(U) < d for any
proper subvariety U of V. Here the exponent of a variety is defined as the exponent of a generating algebra.

In [23] it was proved that a variety V is minimal of exponent d if and only if V is generated by the Grassmann
envelope of a minimal superalgebra. As a consequence, if V is of finite basic rank i.e., it is generated by a finite
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dimensional algebra, then it can be generated by an algebra of upper-block triangular matrices UT (A1, . . . , Aq)
with dim(A1 ⊕ · · · ⊕Aq) = d.

The problem of classifying the minimal supervarieties of given superexponent is still open in general, but it
has been solved in [11] (see also [10], [12]) in the setting of finite dimensional superalgebras. In particular they
proved that a variety of superalgebras of finite basic rank is minimal of given superexponent d if and only if it
is generated by a suitable minimal superalgebra.

Theorem 5.3. Every minimal superalgebra is ϕ-fundamental.

Proof. Let A = Ā+J be a minimal superalgebra with Ā = A1⊕· · ·⊕Aq and J is generated by w12, . . . , wq−1,q.
Since w12 · · ·wq−1,q 6= 0, then Jq−1 6= 0 and Jq = 0. Also, since A1w12A2 · · ·Aq−1wq−1,qAq 6= 0, the superalge-
bra A is reduced. Hence Indt,s(A) = (dim(A1+· · ·+Aq), q−1) = (expsup(A), q−1). Since IndϕK(A) ≤ Indt,s(A),
by Lemma 3.1 and Remark 3.1 we get that IndϕK(A) = Indt,s(A) and by Theorem 5.1 A is ϕ-fundamental. �

It is worth mentioning that if A = Ā+ J is a minimal superalgebra and Ā contains a simple superalgebra of
the type Md(F ) ⊕Md(F ), then A is ϕ-fundamental but not fundamental. This is easily seen by noticing that
the algebra A is not reduced in the ordinary (non super) sense.

6. Asymptotics for ϕ-fundamental algebras

Next we shall find a lower bound of csupn (A) in case A is a ϕ-fundamental algebra. The final result is the
following.

Theorem 6.1. Let A = Ā+ J be a ϕ-fundamental algebra over an algebraically closed field F of characteristic
zero and let Ā = A1 ⊕ · · · ⊕Aq be a direct sum of simple superalgebras, Js+1 = 0, s ≥ 0. Then

C1n
− 1

2 (dim Ā(0)−q)+s(dim Ā)n ≤ csupn (A) ≤ C2n
− 1

2 (dim Ā(0)−q)+s(dim Ā)n,

for some constants C1 > 0, C2. It follows that

lim
n→∞

logn
csupn (A)

expsup(A)n
= −1

2
(dim Ā)(0) − q) + s.

Proof. Since the upper bound was computed in Theorem 4.2 we need only to compute the lower bound.
If A is a simple superalgebra the result follows from Theorem 4.1. Hence we may assume that s > 0 and let

(d, s) be the (t, s)-index of A.
SinceA is ϕ-fundamental, by Theorem 5.1 there exists a ϕ-fundamental polynomial f(Z1, . . . , Zs, y1, . . . , yq, X) /∈

Id2(A) multilinear and alternating in s sets of variables Zi = {xi,1, . . . , xi,d+1} of order d+ 1, where d = dim Ā,
linear in the variables y1, . . . , yq and eventually depending on some extra variables X.

By Lemma 5.1 we may assume that in a non-zero elementary evaluation η the variable yi is evaluated in Ai,
1 ≤ i ≤ q, and the variable zi := xi,1 ∈ Zi , 1 ≤ i ≤ s, is evaluated in J.

Let yi be evaluated in e
(i)
hi,ki

, 1 ≤ i ≤ q. Recall that if Ai = Mdi(F )⊕Mdi(F ), e
(i)
hi,ki

stands for (e
(i)
hi,ki

, 0) or

(0, e
(i)
ki,hi

).

Let f̃ be the polynomial obtained from f by replacing yi by uiviwiyi, where ui, vi, wi are new variables
different from the ones appearing in f. Extend the evaluation η to an evaluation η′ of f̃ by evaluating the new

variables ui, vi, wi in e
(i)
hi,hi

, 1 ≤ i ≤ q. Clearly η′(f̃) 6= 0.

We partially evaluate f̃ by substituting the variables ui, wi, yi, xj,k, k > 1, 1 ≤ j ≤ s, as in η′ and let
g(v1, . . . , vq, z1, . . . , zs) be the generalized ϕ-polynomial so obtained. Recall that if we evaluate some zj in Ā or
some vi in J then g vanishes.

Write n =
∑q
i=1 ni, and set m = n + nq+1, where nq+1 = s. Then the set {1, . . . ,m} is partitioned in q + 1

subsets B1, . . . , Bq+1, with

Bi = {bi−1 + 1, bi−1 + 2, . . . , bi}, |Bi| = ni,

where b0 = 0, bi := n1 + . . .+ ni, 1 ≤ i ≤ q + 1, and we set P = {B1, . . . , Bq+1}.
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Fix a sequence ε = (ε1, . . . , εn), where εi = 1 or ϕ, and consider the set of variables T = {x′1, . . . , x′n, xn+1, . . . , xm},
where x′i = xεii , 1 ≤ i ≤ n. Let Mε

1 , . . . ,M
ε
q be the monomials in some of the variables of T defined by

Mε
i = Mε

i (x′bi−1+1, x
′
bi−1+2, . . . , x

′
bi) = x′bi−1+1x

′
bi−1+2 . . . x

′
bi .

Now if in g we replace vi by the monomial Mε
i , 1 ≤ i ≤ q, and zj by the variable xn+j , 1 ≤ j ≤ s, then we

get a generalized ϕ-polynomial:

gεP(x′1, . . . , x
′
n, xn+1, . . . , xm) := g(Mε

1 , . . . ,M
ε
q , xn+1, . . . , xm).

Consider m generic elements Uj =
∑q
i=1 U

(i)
j +Wj , 1 ≤ j ≤ m, as in (9).

For σ ∈ Sm, set

Mε,σ
i = Mε

i (U
(i)
σ(bi−1+1), U

(i)
σ(bi−1+2), . . . , U

(i)
σ(bi)

) = (U
(i)
σ(bi−1+1))

εbi−1+1(U
(i)
σ(bi−1+2))

εbi−1+2 · · · (U (i)
σ(bi)

)εbi .

We have

(16) gεP(Uσ(1), . . . , Uσ(m)) =

q∏
i=1

(Mε,σ
i )hi,hiG(Wσ(n+1), . . . ,Wσ(m)),

where

G(Wσ(n+1), . . . ,Wσ(m)) = g(e
(1)
h1,h1

, . . . , e
(q)
hq,hq

,Wσ(n+1) . . . ,Wσ(m)).

Now by [17, Lemma 9.2] if Σ = {σ ∈ Sm | σ(Bi) = Bi, 1 ≤ i ≤ q and σ(n+ j) = n+ j, 1 ≤ j ≤ s} and

GP = span{gεP(Uσ(1), . . . , Uσ(m)), σ ∈ Σ, ε ∈ {1, ϕ}n},
we have that

dimGP = csupn1
(A1) · · · csupnq (Aq).

For C = {C1, . . . , Cq+1} a multipartition of m such that each Cj has nj elements, define

MC = span{gεP(Uσ(1), . . . , Uσ(m)) | ε ∈ {1, ϕ}n, σ ∈ Sm and σ(Bi) = Ci, 1 ≤ i ≤ q}.

Let Cn be the set of such multipartitions of m. Clearly |Cn| = m!∏q+1
i=1 ni!

=
(

m
n1,,...,nq+1

)
.

The sum
∑
C∈CnMC is direct since the spacesMC are made of homogeneous elements of different multidegree.

Such a sum is contained in the space obtained by specializations of the span of multilinear products of n + t
generic elements of A, where t is independent of n and is equal to s plus the number of variables of f̃ which are
evaluated in A in the partial evaluation. Hence

(17)
∑

n=(n1,...,nq)∑
i ni=n

∑
C∈Cn

dim(MC) ≤ csupn+t(A)

with t some fixed number. By symmetry we have dimMC = dimMP for all C ∈ Cn. Now, since

dimMP ≥ dimGP = csupn1
(A1) · · · csupnq (Aq)

and nq+1 = s, we have∑
C∈Cn

dimMC =

(
m

n1, . . . , nq+1

)
dimMP =

(
m

s

)(
n

n1, . . . , nq

)
dimMP

≥ C1n
s

(
n

n1, . . . , nq

)
csupn1

(A1) · · · csupnq (Aq),

for some constant C1 > 0. Hence, by (17) and Lemma 4.1 we get

(18) csupn+t(A) ≥ C1n
s

∑
n=(n1,...,nq)∑

i ni=n

(
n

n1, . . . , nq

)
csupn1

(A1) · · · csupnq (Aq)

≥ C2n
− 1

2 (dim Ā(0)−q)+s(dim Ā)n,
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for some constant C2 > 0. Hence formula (18) yields the conclusion

(19) csupn (A) ≥ C2n
− 1

2 (dim Ā(0)−q)+s(dim Ā)n,

for some constant C2.
Since the superalgebra A is ϕ-fundamental, it has a ϕ-fundamental polynomial f . By Lemma 5.1 in every

non-zero elementary evaluation of f all the simple components participate and this says that the superalgebra
A is reduced. Hence expsup(A) = dim Ā and the proof of the theorem is completed. �

Now let A be a finitely generated superalgebra satisfying a polynomial identity. By [27] A has the same
superidentities as a finite dimensional superalgebra B. By Proposition 5.1, B has the same superidentities as a
finite direct sum of ϕ-fundamental algebras D1 ⊕ · · · ⊕Dm. Since csupn (B) ' csupn (Dl) for a suitable Dl, we get
the following.

Theorem 6.2. Let A be a finitely generated superalgebra over a field F of characteristic zero. If A satisfies a
polynomial identity then

C1n
texpsup(A)n ≤ csupn (A) ≤ C2n

texpsup(A)n,

where t ∈ 1
2Z, for some constants C1 > 0, C2. Hence limn→∞ logn

csupn (A)
expsup(A)n exists and is a half integer.
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