SUPERALGEBRAS: POLYNOMIAL IDENTITIES AND ASYMPTOTICS

ANTONIO GIAMBRUNO AND DANIELA LA MATTINA

ABSTRACT. To any superalgebra A is attached a numerical sequence c;, ‘P (A), n > 1, called the sequence of

supercodimensions of A. In characteristic zero its asymptotics are an invariant of the superidentities satisfied
by A. It is well-known that for a PI-superalgebra such sequence is exponentially bounded and exp“P(A) =
limy,— 00 V/cn'P(A) is an integer that can be explicitly computed.

Here we introduce a notion of fundamental superalgebra over a field of characteristic zero. We prove that if
A is such an algebra, then

(1) Cintexp® P(A)™ < cS¥P(A) < Cantexp® P(A)",
where C7 > 0,C2,t are constants and t is a half integer that can be explicitly written as a linear function of the
dimension of the even part of A and the nilpotency index of the Jacobson radical. We also give a characterization

of fundamental superalgebras through the representation theory of the symmetric group.
As a consequence we prove that if A is a finitely generated PI-superalgebra, then the inequalities in (1) still

hold and t is a half integer. It follows that lim, . log,, ﬁ% exists and is a half integer.

1. INTRODUCTION

In the study of the polynomial identities satisfied by an algebra, an important role is played by finite
dimensional superalgebras. In fact from the theory of varieties developed by Kemer ([27]), it follows that
any algebra over a field of characteristic zero has the same identities as a suitable graded tensor product, called
Grassmann envelope, involving a finite dimensional superalgebra and the Grassmann algebra.

Now, the growth of the polynomial identities satisfied by an algebra A is measured through a numerical
sequence called the sequence of codimensions. On the other hand, one considers the growth of the superpolyno-
mial identities of the finite dimensional superalgebra related to A as mentioned above through the Grassmann
algebra and there seems to be a connection between the two growths.

To be more specific, let A be an algebra over a field of characteristic zero and suppose that A is a PI-algebra,
i.e., it satisfies a non-trivial polynomial identity. The sequence of codimensions of A is ¢,(A), n = 1,2,...,
where n! — ¢, (A) is the dimension of the space of multilinear polynomial identities in n fixed variables satisfied
by A.

Such sequence has been extensively studied ([13], [16], [19], [28], [29]), and Regev in [32] proved that if A is a
PI-algebra, the corresponding sequence of codimensions is exponentially bounded. Moreover in [33] he proved
that if M, (F) is the algebra of k x k matrices over F, then the asymptotic equality c,(My(F)) ~ Cn?(k*)"
holds, where C' is an explicitly computed constant and ¢t = —%(k2 -1).

Later in [21] and [22] the authors proved that for any PI-algebra A, there exist constants C; > 0,Cy,t, s, d
such that

Cintd™ < ¢, (A) < Cyn®d"™,
for all n > 1, and d is an integer called the exponent exp(A) of A. Moreover in [9] and [8] (see also [25]) it was
proved that in the above inequalities t = s € %Z and, if 1 € A, then also C; = Cs.

Now, the exponent exp(A) and

BT cn(A)
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are two invariants of the identities of the algebra A. The exponent has an interpretation as the dimension of
a superalgebra related to the identities of A, whereas in [5] the authors computed explicitly the invariant ¢ for
any so-called fundamental algebra.

Next we turn our attention to superalgebras. Let A = A©) @ A(M be a superalgebra over a field F' of
characteristic zero. As for the general setting, one considers the free superalgebra F(Y,Z) on countable sets
Y and Z of even and odd variables. Then one constructs the sequence of supercodimensions of A by setting
'P(A) = dim PJYP(A), n = 1,2,..., where P5“P(A) is the space of multilinear superpolynomials in n fixed
variables of degree 0 or 1, modulo the superidentities of A.

Now, in [20] it was shown that for any Pl-algebra A, ¢,(A) < ¢S"P(A) < 2"¢,(A), holds for all n > 1. On
the other hand the explicit computation of the supercodimensions has been carried out in very few examples
([15], [31], [30]) and, as in the ordinary case, the attention focused on computing their asymptotics.

The exponential growth of the sequence of supercodimensions was computed in [7, 1, 2, 14]. It turns out
that if A is a PIl-superalgebra there exist constants C7 > 0, Cy, t1, t2, d such that

2) Cintrd™ < ¢3*P(A) < Can'2d™,

for all n > 1, and d is an integer called the superexponent exp®“?(A) of A.

Next step is to ask if the polynomial factor in (2) is uniquely determined, i.e., t; = t3, giving in this way a
second invariant of the superindenties of A after the superexponent. Moreover, can one explicitly compute such
polynomial factor for a certain class of superalgebras relating it to the structure of the algebra itself? Now, if
A is a finite dimensional simple superalgebra, in [26] it was proved that ¢; = t, = —1(dim A© 1),

In this paper we are able to give a positive answer to this question for the class of fundamental superalgebras
that here we call p-fundamental algebras, where ¢ is the automorphism giving the superstructure of A. A basic
property of these algebras is that any finite dimensional superalgebra has the same superidentities as a finite
direct sum of p-fundamental algebras.

We are able to compute the polynomial factor of the supercodimensions of any ¢-fundamental algebra in
terms of some fixed parameters. More precisely we prove the following: let A be a ¢-fundamental algebra over
an algebraically closed field of characteristic zero and let A = A +.J be its Wedderburn-Malcev decomposition,
where A is a semisimple superalgebra and J is the Jacobson radical of A. Let s > 0 be the least integer such
that J5*!1 = 0. Then

Cln—%(dim(A(O))_q)-i,-s(dim A)n < C:IUP(A) < C2n—%(dim(A(O))_q)-i,-s(dim A)n,

for some constants C7 > 0,Cy where ¢ is the number of simple superalgebras appearing in the decomposition
of A.

As a corollary, from [3] we get that if A is any finitely generated PI-superalgebra over a field of characteristic
0, then in (2) t; = t5 € 1Z.

Hence lim,,_, log,, % exists and is a half integer.

The reader should be aware that the definition of p-fundamental algebra given here is paired with the notion
of *fundamental algebra given in [17, 18] and differs from the one given by Kemer ([27] see also [3]) or by

Procesi ([4]).

2. THE GENERAL SETTING

Throughout this paper we shall denote by F a field of characteristic zero and by A = A &AM an associative
superalgebra over F (Zs-graded algebra). Recall that the map ¢ : A — A such that go(a(o) + a(l)) = a0 —a),
for a(® € A® o) ¢ AM is an automorphism of order < 2 of A. Hence A can be viewed as an algebra with
(p-action.

Conversely, if A is any algebra with an automorphism ¢ of order < 2, then A is a superalgebra if we define
A =la e A|p(a)=a} and AV ={a € A| p(a) = —a}.

Recall that the elements of A(®) and A®) are called homogeneous of degree zero (or even elements) and
degree one (or odd elements), respectively.



SUPERALGEBRAS: POLYNOMIAL IDENTITIES AND ASYMPTOTICS 3

As in [17] we shall write the homogeneous elements in terms of the automorphism ¢. Hence the free super-
algebra on a countable set will be viewed as F(X, ) = F(xy,27,x92,2%,...), the free associative algebra with
an automorphism ¢ of order < 2 on the set X = {x1,z2,...}.

Its elements are called ¢-polynomials (or superpolynomials) and f(x1,...,2,) € F(X,¢) is a ¢-identity (or
superidentity) of A, and we write f = 0, if f(a1,...,a,) = 0, for all a;,...,a, € A. Here we simply write
f(x1,...,x,) to indicate a p-polynomial in which the variables x4, ..., x, or their image by ¢ appear.

Let Ido(A) = {f € F(X,¢) | f =0 on A} the set of p-identities of A. Clearly Id2(A) is a Te-ideal of F/(X, ¢),
i.e., an ideal invariant by endomorphisms of the free algebra commuting with the y-action. It is well known
that in characteristic zero Ids(A) is completely determined by its multilinear polynomials and we denote by

PP = spanp{we(1) -+ Wo(n)| 0 € Sp,w; = x; or wy = a7, 1 <i<n}

the space of multilinear p-polynomials of degree n in x4, ..., x,.
We act with the symmetric group S, on the left on PP : if o0 € S,, and f = f(x1,...,2,) € PP, then
of = f(s(1),- -+ To(n)). The outcome is that

sup
Pn

sup _
Pat(4) PP N1dy(A)

has a structure of S,-module and its dimension ¢5*P(A) is called the nth supercodimension of A.
Recall that in [2, 14] the authors proved that for any associative superalgebra A satisfying an ordinary
identity, there exist constants Cy > 0, Co, t1, t2, d such that

(3) Cin'td™ < $"P(A) < Cyn'2d™,

for all n > 1, and d = exp**P(A) = lim, 0o 1/cn T (A) is an integer called the superexponent of A.
Now the character x2"P(A) of P3¥P(A), is called the nth supercocharacter of A, and by complete reducibility,
we can write

(4) X (A) =D maxa,
AFn

where x, is the irreducible S,-character associated to the partition A and my > 0 is the corresponding multi-
plicity.

We recall that a ¢-polynomial f(z1,...,2,,Y) linear in the variables z1,...,2, (and in some other set of
variables Y) is alternating in x1,...,x, if f vanishes whenever we identify any two of these variables. This is
equivalent to say that the polynomial changes sign whenever we exchange any two of these variables (here we
exchange the indices of the two variables).

We also recall that any irreducible left S,-module M C PS"P with character x» can be generated as an
Sp-module by an element of the form er, f, for some f € M and some Young tableau 7T of shape A. Here

_pt o o1 + _ - _ g
er, = Ry, Cr, is an essential idempotent, where R, = > Re, O Cr, = ZTECTA (signt)7, and Ry, and Cr,

are the row and column stabilizers of T}, respectively. Notice that the ¢-polynomial fr, = Cr, (er, f) generates
also M, as an S,-module, and it is alternating in each set of variables indexed by the columns of T).

Now assume that A is a finite dimensional superalgebra over an algebraically closed field F' of characteristic
Z€ro.

By the Wedderburn-Malcev theorem [24, Theorem 3.4.4] for superalgebras we can write

A=AaJ

where A is a semisimple subalgebra of A, J = J(A) is the Jacobson radical and both A and J are stable under
the ¢-action. Moreover

(5) A=A @ 8 A,
where Ay, ..., A, are simple superalgebras.

Recall that a finite dimensional simple superalgebra over an algebraically closed field is isomorphic to one of
the following;:
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1. A= M (F) = {<§ g) ,k>1>0,where P,Q, R, S are k x k, k x [,1 x k,l x I matrices, respectively}
P P -
and @((R @ ) = _R SQ ;

2. A= M,(F)® M,(F) where ¢ is the automorphism such that ¢(a,b) = (b, a).
Hence in (5) we shall assume that A; = Mg, (F) & Mg, (F) or A; = My, 1, (F). B
If we denote by e; the unit element of A;, then 17 = > "7 | ¢; is the unit element of A. In case A has a unit
element 1 =17, we have the decomposition

A= @Zk:leiAek = (@gzleiAiei) D (@g,k:1ei=]6k)~

If A has not a unit element, we consider the algebra A’ = F & A obtained from A by adjoining 1 and we extend
¢ to A’ by defining ¢(a +a) = a+¢(a). Then we define eg = 14 — > ¢_, e; € A’, where 14/ is the unit element
of A’, and we have the decomposition

A/ =F D (@gzleiAiei) &>, (@g,kzoei‘]ek)'

The relation between the supercodimensions of A and A’ is ¢;"P(A) < ¢;*P(A').
We choose a basis of the finite dimensional superalgebra A = A + J as the union of a basis of J and a basis

of A, which is the union of bases of the simple components.

Now, since A; = My, ;,(F) or A; = My, (F) ® My, (F), we can decompose e; = Z;j;l e;-f;, where d; = k; + I;
ore; = ijl(ey;, 0) + Zj;l(o, 6;2), where the egf;’s are the matrix units of My, (F'). By abuse of notation, in
case A; = My, (F) ® Mgy, (F), egl; will denote also (eg-f;, 0) or (0, egl;) Hence we can write the elements of A as
a linear combination of elements of the spaces

i Aie s e e, 1<jk<d,1<m<d, 1<il<gq

and, when A does not have a unit element, we have to add the spaces
el e, e,
where eg(’)i = eg.
Definition 2.1. Let f be a p-polynomial. A substitution of all the variables of f with elements of one of the

spaces eg-Aie,(f’)k, eyj) J e,(cl’)k is called an elementary substitution.

3. THE KEMER INDEX OF A SUPERALGEBRA

Let
Oapn(X7 Y) = Capn(xh ceey Tny Y, ayn—i-l) = Z (Sgno—)ylxa(l)y}ro@) U YnTo(n)Yn+l
o€ESy
be the nth Capelli polynomial, where S, is the symmetric group, which is alternating in the variables x1, ..., x,.

It is well known that Capg2(X,Y) is not an identity of d x d matrices over F' (see for instance [24, Proposition
1.7.1]). Hence Capgz(X,Y) is not a ¢-identity of A, where either A = My(F) @ My(F) or A = My, (F), with
d = k + l. Moreover, any element ey, j, of A can be obtained as an evaluation of Capg2(X,Y’), where in case
A= My(F) & My(F), ep i, denotes (epx,0) or (0,ep k).

The following proposition holds.

Proposition 3.1. Let A be a simple superalgebra. For every p > 1 there exists a multilinear @-polynomial
(6) f(X1,., X, Y) ¢ 1dy(A)

alternating on each of the disjoint sets Xq,...,X,, where | Xi|=---=|X,| =dim A and |Y| < co.
Such a polynomial has the property that it can take any value of the type e; ;, 1 <1i < d, when evaluated in A.
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Proof. For every p > 1, define

I
Capun(X1,.... X, V) =[] Capn(X;, Y5),
i=1
where X; = {zi1,...,%int, i ={Yi1, -, Yint1}, ¢ = 1,..., p, are distinct sets of variables and ¥ = UY;. It
is clear that if A = My, ;(F'), Cap,, 42, with d = k + 1, is the required polynomial. Hence we may assume that
A= My(F)® My(F).
Given X = {x1,...,29,} and Y = {y1,...,y2nt2} define

Capn(Xa Y, 90) = Capn(xla ey Ty Y1y e ey yn-i-l)capn(xﬁ-&-l’ s ,.Tgn, y:f+27 s 7ygn+2)'
Notice that Capg2(X,Y, ¢) & Id2(A), and any value of the type e;; € A can be obtained by evaluation.
Now let Altx be the operator of alternation on the set X. Then
Gan (Xv Y, Qp) = AltXcapn(Xv va 90)

is a multilinear p-polynomial alternating in X = {x1,..., 22, }.
For every pn > 1, let X; = {zi1,.. .. Tian}s Yo = {¥i1s- -, Yi2nt2}, ¢ = 1,..., i, be distinct sets of variables.
Then if Y = UY;, the polynomial

“w
G#JTL(XD ce. aX;u K QO) = H GQn(Xivifia 90)
i=1
is the required one. O

From now on A will be a finite dimensional superalgebra over an algebraically closed field F' of characteristic
zero. We write A = A @ J, where A = A; @ --- @ A, with Ay,..., A, simple superalgebras and s > 0 is the
smallest integer such that J%T1 = 0. Recall that A is reduced if up to a rearrangement of the simple components
we have that A1 JAyJ - JA; #0

Let f(Xi,...,X,,Y) be a multilinear p-polynomial in disjoint sets of variables X7, ..., X,,Y. Then f is said
to be r-fold t-alternating if f is alternating on each set X; and | X;| =¢, 1 <i <r.

Lemma 3.1. Let A= A+ J be a finite dimensional reduced superalgebra with dim A = dim(A; @ --- @ A,) = t.
Then, for any u > 1, there exists a multilinear @-polynomial

(X1, X0, 20,00, 241, YY) € Tdy(A)
with | X =t 1 <j<up |Z]=t+1,1<1i<qg—1 such that f is p-fold t-alternating and (¢ — 1)-fold
(t + 1)-alternating.

Proof. We assume as we may that A;JAsJ---JA; # 0. Now let 4 > 1 and for every 1 < ¢ < ¢, let
filX1,i, -0, Xpgg—1,i, Yi) € Id2(A;) be the multilinear y-polynomial constructed in Proposition 3.1. Hence

fi is alternating on the disjoint sets X1 ;,..., X rq-1,i, wWith | X ;| = -+ = [X,44-1,i] = dim 4;. Also such
@-polynomial has the property that it can take any value of the type e;, j, € A;.
Let f = fizifaza - 2g—1fq, Where 21,...,24—1 are new variables, and define
f=Altxzf

where Altx 7 is the operator of alternation on each set
X;j=X1U---UXjg, ¢<j<pt+qg-—-1
and on each set
Z;=X;7U---UX; ,U{z}, 1<j<qg-—1.
Since dim A; + --- +dim A, = ¢, f is (¢ — 1)-fold (¢ + 1)-alternating, and p-fold t-alternating.

Now it is not hard to prove (see for instance [18, Lemma 1]) that f is not a p-identity of A and the proof is
complete. O

Next we define the Kemer ¢-index of the superalgebra A. Let I' = Ido(A).
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Definition 3.1. Let 5(T") be the greatest integer t such that for every pu > 1, there exists a multilinear @-
polynomial f(X1,...,X,,Y) € I' alternating in the p sets X; with |X;| = t. Also, let v(I') be the greatest
integer s for which there exists for all n > 1, a multilinear @-polynomial f(X1,...,X,,Z1,...,25,Y) € T
alternating in the p sets X; with | X;| = B(I') and in the s sets Zj with |Z;| = B(T')+1. Ind}(T') = (B(T),~(T))
1s called the Kemer p-index of T'.

We also say that (8('),v(T")) = (8(A),v(A)) = Ind% (A) is the Kemer p-index of A.

As an example we consider A = My(F) @ My(F). For every pu > 1 the polynomial G, 542 is alternating in
the u sets X; with |X;| = 2d? and is not a p-identity of A. Moreover since dim A = 2d? any ¢-polynomial
alternating in 2d? + 1 elements is a p-identity of A. Hence B(A4) = 2d? and v(A) = 0. Notice that in case
A= My, (F), k+1=d, Inds(A) = (d?,0). In fact Cap,, 4o & Id2(A) and it has the prescribed properties.

We remark that by the definition of v(I') there exists a smallest integer po such that every multilinear -
polynomial f(Xi,..., Xy, Z1,...,Z,1)41,Y), alternating in p > pg sets X; with 3(I') elements and in (T") + 1
sets Z; with B(T') 4+ 1 elements lies in T'.

Definition 3.2. A multilinear o-polynomial f(X1,..., Xy, Z1,..., Zyry,Y) € T which is alternating in 1 > o
sets X; with | X;| = 8(T) and in v(T') sets Z; with |Z;| = B(T') + 1 is called a Kemer p-polynomial related to T.

Definition 3.3. The (t, s)-index of A is Ind; s(A) = (dim A, s4) where s4 > 0 is the smallest integer such that
Jeatl =,

Notice that this is the same as the (¢, s)-index of A with trivial grading. Also if A is a finite dimensional
superalgebra, then Indy (A) < Ind; ;(A) in the left lexicographic order.

Recall (see [7]) that for a finite dimensional superalgebra A, the superexponent exp®P(A) is the largest
dimension of a semisimple sub-superalgebra of A, say, A; @ --- & A,,, such that

Ay JAgd - JA, # 0.
The connection between the superexponent and the Kemer ¢-index is given in the following.
Remark 3.1. If A= A+ J is a finite dimensional superalgebra and Indy. (A) = (8,7), then B = exp*P(A).

Proof. Let exp®*P(A) = dim A1®- - -® A, with A; JAsJ --- JA,, # 0. Then the superalgebra B = A1®- - -®A,+J
is reduced and by Lemma 3.1 for every p > 1 there exists a multilinear ¢-polynomial f & Ids(B) which is p-fold
t-alternating, where ¢t = dim(A; @ --- ® A,,) = exp®P(A). Since f & Id2(A), then for the first Kemer ¢-index
we have that 8 > exp®“P(A).

Next let J¥ =0 and let g be a multilinear ¢-polynomial k-fold (exp*“P(A) + 1)-alternating.

Suppose that there is a non-zero evaluation 1 of g in A.

If we evaluate all variables of g in A, ¥(g) # 0 implies that all variables must be evaluated in one simple
component, say A;. Since g is alternating on exp**P(A)+1 > dim A; variables we get ¥(g) = 0, a contradiction.
It follows that some variables of g must be evaluated in J.

Suppose now that we evaluate all variables of an alternating set X, in A, say in Ay, A;,. But then
0+#¢Y(g) € B=A;, +---+ A;, +J and, by definition of superexponent, dim(A4;, + --- + A;,) < exp®P(A).
Since | X, | = exp®*P(A) 4+ 1, we get that ¢(g) = 0, a contradiction.

It follows that at least one variable of each alternating set must be evaluated under ¢ in J. Since there are
k alternating sets, we get that ¢(g) € J* = 0.

Since for any [ > k, any multilinear p-polynomial I-fold (exp*"P(A) 4 1)-alternating is a ¢-identity of A, it
follows that 8 = exp*“P(A). O

4. ASYMPTOTICS FOR FINITE DIMENSIONAL SUPERALGEBRAS

We start by recalling that two functions f(z),g(x) of a real variable are asymptotically equal and we write
f(z) = g(x) if limy_ 00 ggg =1
We recall the following result proved in [26]
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Theorem 4.1. If A= A & AW s o finite dimensional simple superalgebra over an algebraically closed field
F of characteristic zero then

P (A) ~ Oy~ 5 (dim A=) (gipy A)",
for some constant C.
We can also prove the following result on the asymptotics of product of supercodimensions.

Lemma 4.1. Let A=A, &®-- -® A, be a finite dimensional semisimple superalgebra over an algebraically closed
field of characteristic zero, where the A;’s are simple superalgebras. Then

m su cSu —1(dim A — : A\m
Z <m1, e ,mq> (A1) - P (Ag) ~ Cm 2 (dm AT=9) (dim A)™,

mi+-+mg=m

where C is a constant.

Proof. The proof consists in an application of a result of Beckner and Regev in [6]. They proved that if

(p1,-.-,pq) € Q7 is such that > . p; = 1 and F(x1,...,24) is a continuous function homogeneous of degree r
with 0 < F(p1,...,pq) < 00, then

m
(7) Z <m17.“,mq>p§”1---pqqu(ml,...,mq):mTF(pl,...,pq).

mi+-+mg=m

Now, set p; = Fj 1 <j < gq, where d; = dimA; and d = dimA = Z d;, and consider the polynomial
function
(dim A —1)

q 1
F(xl,...,a:q):ij2

Di~
\./H
I

)

S~—"

which is of degree —1 7, (dim A§O) ~1) = —L(dim
Then by applying the formula (7) we get

q
Z m dj — 1 (dimA(? —1) 1(dim A© _
) (ml,...,mq> I I(c;) IIm ’ ~ O3 (@m AT,

Myt tmg=m i =
d —1(dim AV —1)
where C' = F(j1 ., ) is a constant. Thus recalling that by Theorem 4.1, cf%l)(Aj) ~ Cym, 3 ¢ (dim 4,7
m Sup A Csup A
m1+~;nq—m <m1a s ,mq) Cma ( 1) mg ( q)
q
= m ~3(dimA® 1) .
=0 (ml,...,m) Hmj 77 (dim 4;)
S j=1
~ Cym 3 (dim A )—Q)(d m A)™.,
[

From now on 4 = A + J will be a superalgebra over an algebraically closed field F' of characteristic zero.
Let A= A1 &---@® Ay, J* #0, JH =0 and the A;’s are simple superalgebras with A; = My, (F) & My, (F) or
A; = My, 1,(F), 1 <i<gq. In the following we shall denote the algebra My, ;,(F) with My, (F) if k; +1; = d;.

Fix a basis of A which is the union of the standard bases {agl), .. a,(ql@)l of the simple Superalgebras Ay,

1 <1<gq It A =My(F)= M, (F), then we take a basis consisting of the matrix units e J, and if
A = Mg, (F) ® Mg, (F), we take the elements (e ® 0) and (0 e(l))

€ij 1€
Let also {ws,...,w,} be a basis of J.If 1 € 4, the(z)Jek,k, forsome 1 <j<d;, 1<k<d, 1<4,1<q,

where in case A; = My, (F)® My, (F), (Zl) stands for (e( l), 0) or (0, eli)) When A does not have a unit element,

w; can belong also to the spaces 6(1?% Jegi)k, (1)J SO%, (10% Jeg(g, where eg i = ey.
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Let F[fffj)-,nk,j |1 <j<n,1<i<my1<k<p1<I<q| bethe polynomial ring in the variables f(Jﬂ?k,J
Then for any j > 1 we define

p p
Ul = qu al), Uy Zé Dy, W= mijwi, WF=> nuwf
=1 1=1

that are elements 0fA®F[Ei(7J)-,nk,j [1<j<n,1<i<m;,1<k<pl<I<q]
Then

q q
! l
(9) U => 0 +wy, v =3 (U7 +wy,
I=1 I=1

are called generic elements of A. Their basic property is that a multilinear p-polynomial is a ¢-identity of A if
and only if it vanishes on the generic elements U; (see [24, Theorem 1.4.4]).

Hence if we define

Vo = span{UiEl) e Ui?n) | o€ Sp, g;=1o0r ¢},

we have that
(10) P (A) = dim V.

Also, keeping in mind the equalities in (9) by linearity we can write ¢5*P(A) = dimV,, < dimY,, where

Y, =span{T,) -+ Tom) | Tj = (l) or (U( )) or n; jw; or n; jwf, for some 1 <1< g¢q,1<i<p}.
Notice that, since J**! = 0, in every non-zero monomial of Y,, at most s elements w; or w? can appear.

Hence for u < s, let (wg],.. wf ") = @ denote a fixed sequence of elements of the basis of J and their images,

and consider the subspace
Yriﬁ = Span{Moml,jl w;l Mlntzszwtsj e Muflntu,juwf:Mu | {jla .- JU«} - {17 T 7n}’

My, My, ..., M, multilinear monomials in U,gl) or (U]El))‘p, ke{l,....n}\{j1,- - ju}, 1 <1<q}.
Thus

(11) S"P(A) < dimY, < Z dim Y,”
where the sum runs over all sequences @ = (wy),...,w;*) with 0 <u < s.
Since

13 £ & Eu
Mong, j, Wi Mime, jws? - - My_1ny, j, wi* M, Hnt”hMowthlw 2 My qwi My,
i=1
if we define

(12) V¥ = span{ Mow;! Myw§? - - - My_qwi* M, | Mo, M, ..., M, monomials in U,gl) or (U,El))"},

we have that

(13) dime < u'(n) dim }7“7

u
where (Z) counts the distinct subsets {j1,...,7.} of {1,...,,n} and u! counts the number of permutations of
jla s 7ju~

Putting together (11) and (13) we get for n >> s,
(14) cSUP(A) < Cs! (“) dim Y
s

where C' counts the number of sequences (of length < s) of the basis of J and their star, and @ is a sequence
such that dim Y,” is maximal.
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For any o = (w;}, ..., w;") and fixed ni,...,ng such that ny +--- +ny = n — u, define
Zns..my = span{M = Mow§ Myws? - My_qwi* M, € V,7 | n; =
(4)

number of U;" or (U]@)“" appearing in M, 1 <i < g}.

q

Clearly
. o n—1u .
(15) dimY," < Z (nl, L nq) dim Zp, . n,
ni+--+ng=n—u

and an upper bound of dim Z,,, ... »,. is given in the following.

.....

Lemma 4.2. ([17, Lemma 8.1]) There are constants by, ... by, > ¢ b =u—+1<s+1, such that
dim Zy,, ... n, < CcZ?p(Al) .. -CZZP(Aq),
for some constant C, where k; =n; +b; + 1, fori=1,....q.
An upper bound of ¢2*?(A) is given in the following theorem.

Theorem 4.2. Let A = A+ J be a finite dimensional superalgebra over an algebraically closed field F of
characteristic zero. Let A = A; & - & A, be a direct sum of simple superalgebras and let J* # 0, J5+1 = 0.
Then B

P (A) < O~ 3 (dim AV —a)bs (qiy 4)n,

for some constant C.
Proof. By (14) and (15) we have that
aP(A) <’ (n) Z ( o ) dim Z,, ...,

S a4 rg=n— ni,...,Ng

for some constant C’. Then by Lemma 4.2 and Lemma 4.1 we get that
n n—u su s,
o) B (e

ni+-+ng=n—u Lye-rliq

where k; =n; +b; +1, >.7_; b; = u+ 1. Hence
k L4s x -
cSW<A><iC”(Z) 2 <k1 A;)Cﬁ”<A4>~'cz?<Aq><:C"<n)k_2“m““m‘QNdnnA>k
. oo kg

kit tkg= 5
<’ <n> (n+ K)fé(dimg(m*q)(dim At < C"'p 2 (dim A(O)*q)“(dim A"
— s —_ b
for some constant C”, K. ]

5. (-FUNDAMENTAL ALGEBRAS

We start with the following construction. Let A = A + .J be a finite dimensional superalgebra over an
algebraically closed field F, J* # 0, J**! =0 and let n = dim J. Then define

A/:A*F<$1,...,xn7§0>’

the free product of A and the free algebra F(x1, ..., x,, ). If I is the p-ideal generated by {f(A’) | f € Id2(A)},
then since f(A) = 0, for f € Idy(A), we have that I; C I, the p-ideal of A’ generated by z1, ..., 2.

We define

A, =AY T,

a finite dimensional algebra with Ida(As) = Ida(A). Also, if I’ = I/(I*t! + 1), then A, = A+ I', (I')* # 0,
(I')*T1 =0 and Ind; s(As) = (dim 4, s) = Ind; 5(A).

Then we define

By = Ag/(I')*.
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Hence IElQ(A) = IdQ(Ag) Q IdQ(Bo), and Indtvs(Bo) = (dlIIl A, S — 1)
Let A=A, @ .- ® Ay, where the A;’s are simple superalgebras and, for every 1 <4 < g, define

Bi:Al@"'Ai"'@Aq+J,
where the symbol A; means that the algebra A; is omitted in the direct sum.

Definition 5.1. The superalgebra A is o-fundamental if either A is a simple superalgebra or s > 0 and
]dQ(A) & ﬂgzlldQ(Bi) N IdQ(B())
In this case a multilinear p-polynomial f is o-fundamental if f € NI_,Idy(B;) N Ida(By) and f & Idy(A).

We remark that in case s > 0, the algebras B; have a lower (¢, s)-index. In fact the first index is lower. Also
the algebra By has a lower (¢, s)-index, since Ind; s(By) = (dim A4, s — 1).
The following proposition is proved by induction on the (¢, s)-index of A as in [17, Proposition 6.1].

Proposition 5.1. Every finite dimensional superalgebra satisfies the same @-identities as a finite direct sum
of p-fundamental algebras.

Lemma 5.1. Let f be a multilinear p-polynomial. Then f is p-fundamental for A if and only if in every non-
zero elementary evaluation all the simple components participate and also precisely s variables are evaluated in

J.

Proof. Suppose first that f is p-fundamental and let f(ay,...,amn) # 0 be an elementary evaluation in A.

If no variable is evaluated in a simple component, say A;, then f is actually evaluated in B;. Hence, since f
is p-fundamental, f € Id2(B;) and f(a1,...,am) =0, a contradiction.

Also since J*T! = 0, at most s among the a;’s belong to J and let ay,...,ax € J, api1,-..,am € A.

By the universal property of A, there is a ¢-homomorphism 1 : A, — A which is the identity on A and
maps z; to a;, 1 < i < k. Since 0 # f(a1,...,am) = O(f(z1,..., Tk, QGkt1,.--,am)) if & < s —1 we get that
f(z1, ..., 2k, Gk41, .-, Q) 1s still non-zero in the projection As — A;/(I')° = By. Since by hypothesis f is a
p-identity of By, we get a contradiction.

Conversely, suppose that in every non-zero elementary evaluation of f all the simple components participate
and also precisely s variables are evaluated in J.

Then since for 1 < ¢ < g, the algebra B; is missing the simple component A;, we clearly get that f €

N?_,Id2(B;). Moreover in the above @-homomorphism ¢ : Ay, — A, f(z1,...,%k, Gks1,-..,0n) maps to
flai,...,am) # 0 and it becomes zero in the projection A; — A;/(I')® = By since s variables are evalu-
ated in the radical. Hence f € Idy(By). O

The proof of the following theorem can be read from [17, Theorem 6.1] recalling that ¢ is an automorphism
versus an antiautomorphism.

Theorem 5.1. Let A be a finite dimensional superalgebra. Then A is -fundamental if and only if Ind% (A) =
I”dt,s (A) .

Write A=A+ J, A=A, & & A, and let d = dim A. Notice that as a consequence of the above theorem
we get that for any p > 1, there exists a p-fundamental polynomial f(X1,..., X, Z1,...,Z,Y) ¢ Id2(A) with
|X;|=d, 1<j<p, |Z]=d+1,1<1i<s,such that fis p-fold d-alternating and s-fold (d + 1)-alternating.

In the following theorem we give a characterization of p-fundamental algebras through the representation
theory of the symmetric group.

Theorem 5.2. Let A be a finite dimensional superalgebra with Ind, s(A) = (t,s) and let x;'"P(A) = Y\, MAXA
be its nth supercocharacter. Then A is p-fundamental if and only if for all n large enough, there is a partition

A of n having exactly s boxes under the first t rows such that my # 0.

Proof. Suppose first that for all n large enough there is a partition A = (A,..., ;) with Agpq +--+ A\ = s
such that my # 0.

If s =0, A is semisimple and by hypothesis there is an irreducible S,,-module M ¢ Idy(A) generated by
a p-polynomial fr, € P3UP alternating in t variables. Since fr, & Ida(A) is multilinear, there is a non-zero
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evaluation of the variables on a basis of A and being t = dim A, it is clear that A must be simple, hence
p-fundamental.

If s > 0, there exists an irreducible S,,-module M ¢ Id;(A) generated by a @-polynomial fr, (z1,...,2,) €
P3uP | alternating on ;11 sets of variables each of size greater or equal than ¢ + 1.

We shall show that fr, is p-fundamental, i.e., fr, € NL;Id2(B;)NId2(By). Now, since Indy s(By) = (t,s—1),
then fr, € Ida(By). In fact, fr, is alternating on A:y1 sets of variables each of size greater or equal than ¢+ 1.
Hence if we want to get a non-zero evaluation, in each of the alternating sets we have to substitute at most ¢
linearly independent elements from the maximal semisimple subalgebra of By. Hence we need to evaluate the
remaining variables in the Jacobson radical J' of By. Now, since A¢11 + -+ + A = s and J* = 0 we get that
any evaluation of fr, into By gives zero.

Since for any i = 1,. .., ¢, we have that dim B; < t, if we evaluate fr, in B;, in order to get a non-zero value we
have to evaluate more than s variables in J. Thus fr, € Ida(B;). We have proved that fr, € N_,Id2(B;)NId2(Bo)
and, so, A is p-fundamental.

Conversely, suppose that A is ¢-fundamental.

If s =0 A is simple and by Proposition 3.1 there exists a multilinear @-polynomial f(x1,...,2:,Y) € Ida(A)
alternating in x1,...,x, |Y| < oo.

Now, for any n > deg f, by multiplying on the right by new variables we may assume that f € P;“?. By
the permutation action of the symmetric group S; on z1,...,z;, we can regard PSP and, so, P3"P(A) as an
Si-module. Since f ¢ Id2(A), for any tableau T of shape (1?) we have that fr = erf ¢ Ida(A). Thus the
character x(;+) appears with non-zero multiplicity in the decomposition of the Si-character of P;"*?(A). Now,
by the branching rule ([24, Theorem 2.3.1]) the induced character ¢y T S, has an irreducible component y
with non-zero multiplicity and ht(\') =t since dim A = ¢.

Suppose now that s > 0 and consider a Kemer ¢-polynomial f € PP, Since Indy, (A) = Ind; s(A) f can
be written as

f:f(Xla-"aXsazla"'azs7Y) ¢Id2(A)a

where |X1| =--- = |X;| =t and f is alternating on each set {X;,z;}, fori=1,...,s.

We regard PS"P as an Sg-module, where k = (¢t + 1)s, by letting Sy act on the set {X1,..., Xs,21,...,2}.
Then the quotient space P*P(A) has also a structure of Si-module.

Since f ¢ Ida(A), there exists a partition A = (A1,...,A.) - k and a tableau T such that fr, = Cp er, f ¢
Id2(A). Let x be the Sy-character of P;"P(A). Then, if we decompose x = }_ ,  m),x},, we have that m) # 0.
Since fr, is not a p-identity for A, we get that also ' = R;A fr. ¢ Id2(A). Notice that f’ is symmetric in
A1 variables and f is alternating on s disjoint sets of variables; hence m/, # 0 implies that A; < s and, also,
AL 4o+ N <ts.

If A+ -4+ X <ts, then \gp1 + -+ A > s+ 1 and as above we get mi\ = 0, a contradiction. Thus
M+ + XN =tsand A\p41 + -+ A = 5. Now consider the induced character X/,\ 1 S,. By the branching rule
we have x4\ 15, = Z#Fn muXpu, & decomposition into irreducible S,-characters. Since m/ # 0, there exists
at least one x, which appears with non-zero multiplicity. Then as in the first part of the proof we get that
Wt41 + -+ pr + - - = s and we are done. O

Next we recall the definition of minimal superalgebra introduced in [23]. Let A = A+.J be a finite dimensional
superalgebra over an algebraically closed field F, A= A; &---® A,. Then A is minimal if either A is simple or
there exist homogeneous elements w2, . .., wq—1,4 € J and minimal homogeneous idempotents e; € Ay,...,e4 €
A, such that e;w; ;11 = w; iy1€i41 = w; 41 for 1 <i < g—1, and wig---wyg—1,4 # 0. Moreover wig, ..., We—14
generate J as a two-sided ideal.

The minimal superalgebras are strictly related to the minimal varieties of given exponent. Recall the if V is
a variety of algebras, then we say that V is minimal of exponent d > 2 if exp(V) = d and exp(Ud) < d for any
proper subvariety U of V. Here the exponent of a variety is defined as the exponent of a generating algebra.

In [23] it was proved that a variety V is minimal of exponent d if and only if V is generated by the Grassmann
envelope of a minimal superalgebra. As a consequence, if V is of finite basic rank i.e., it is generated by a finite
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dimensional algebra, then it can be generated by an algebra of upper-block triangular matrices UT (A1, ..., Aq)
with dim(A; & --- & Ay) =d.

The problem of classifying the minimal supervarieties of given superexponent is still open in general, but it
has been solved in [11] (see also [10], [12]) in the setting of finite dimensional superalgebras. In particular they
proved that a variety of superalgebras of finite basic rank is minimal of given superexponent d if and only if it
is generated by a suitable minimal superalgebra.

Theorem 5.3. Every minimal superalgebra is p-fundamental.

Proof. Let A = A+ J be a minimal superalgebra with A = A, &---® A, and J is generated by w1, ..., wg_1,4.
Since w1 - - wg—1,4 # 0, then J971 £ 0 and J? = 0. Also, since AjwiaAs--- Ag—1wg—1,4Aq # 0, the superalge-
bra A is reduced. Hence Ind; s(A) = (dim(A1+---+A4,),q—1) = (exp*P(A),q—1). Since Indy, (A) < Ind; s(A),
by Lemma 3.1 and Remark 3.1 we get that Indy, (A) = Ind; s(A) and by Theorem 5.1 A is p-fundamental. [

It is worth mentioning that if A = A + J is a minimal superalgebra and A contains a simple superalgebra of
the type My(F) @ My(F), then A is p-fundamental but not fundamental. This is easily seen by noticing that
the algebra A is not reduced in the ordinary (non super) sense.

6. ASYMPTOTICS FOR @-FUNDAMENTAL ALGEBRAS

Next we shall find a lower bound of ¢*P(A) in case A is a p-fundamental algebra. The final result is the
following.

Theorem 6.1. Let A= A+ J be a p-fundamental algebra over an algebraically closed field F of characteristic
zero and let A= A1 @ - @ A, be a direct sum of simple superalgebras, J**1 =0,s > 0. Then

Cyn 3 Am AT =)t (gim A)" < 5P (A) < Coyn~ 3@ AV =045 (gim Ay,
for some constants Cy > 0,Cs. It follows that
cSUP(A)

3

1 ~
lim log,, = —§(dim A)O — ) +s.

n—oo O expsup(A)"
Proof. Since the upper bound was computed in Theorem 4.2 we need only to compute the lower bound.

If A is a simple superalgebra the result follows from Theorem 4.1. Hence we may assume that s > 0 and let
(d, s) be the (t, s)-index of A.

Since A is p-fundamental, by Theorem 5.1 there exists a ¢-fundamental polynomial f(Z1,...,Zs,y1,.--,Yq, X) &
Id(A) multilinear and alternating in s sets of variables Z; = {z;1,...,%; 441} of order d+ 1, where d = dim A,
linear in the variables y1,...,y, and eventually depending on some extra variables X.

By Lemma 5.1 we may assume that in a non-zero elementary evaluation n the variable y; is evaluated in A;,

1 <i < g, and the variable z; :=z;1 € Z; , 1 <1 < s, is evaluated in J.

Let y; be evaluated in e}(fi)’ki, 1 <i < gq. Recall that if A; = My, (F) ® My, (F), eﬁl?’ki stands for (egfi)’ki,()) or
(0.6)5,)-

Let f be the polynomial obtained from f by replacing y; by w;v;w;y;, where u;,v;, w; are new variables
different from the ones appearing in f. Extend the evaluation 7 to an evaluation i’ of f by evaluating the new
variables u;, v;, w; in eg?’hi, 1 < i <gq. Clearly n’(f) #£0.

We partially evaluate f by substituting the variables w;,w;,y;, x5, £ > 1, 1 < j < s, as in and let

g(v1,...,vq,21,...,2s) be the generalized p-polynomial so obtained. Recall that if we evaluate some z; in A or
some v; in J then g vanishes.
Write n = >, n;, and set m = n + ngy1, where ngpq = s. Then the set {1,...,m} is partitioned in ¢ + 1

subsets B, ..., Bgy1, with
By ={bi—1+1,bi_1+2,...,bi}, |Bi| = ny,
where by =0,b; :=n1+...+n;, 1 <i<g+1, and weset P ={By,...,Bg41}.
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Fix asequence e = (g1,...,€y,), where g; = 1 or ¢, and consider the set of variables T' = {z},..., 2], Znt1,..., Tm},
where 2§ = 2", 1 <1 <n. Let Mf,..., My be the monomials in some of the variables of T" defined by
£ __ > / / / _ / / !
M = M7 (@b, 41 Tb,_y 42> Tp,) = T, 41%h,_ 42 - - - Tp, -

Now if in g we replace v; by the monomial M7, 1 < i < g, and z; by the variable z,,1;,1 < j <'s, then we
get a generalized ¢-polynomial:

€ / P € €
7 G P A T U e I g(Mi, .., M Tty T

Consider m generic elements U; = >°7 U]@ +W;, 1 <j<m,asin (9).
For o € S,,, set

g0 _ (4) (l (1) (1) £b, (4) &b, (4) .
M = MUy, 1y Usoyr2y 0 Uson) = Wy 40) ™ Un_yg2) ™14 - (U, )™
We have
q
(16) g’EP(UU(lw BERE) Ua(m)) = H(Mf’ )h h; G( o(n+1)r- > Wa(m))a
i=1
where

1
G(Wg(n+1), ey Wa(m)) = g(egll)hl .. ,ngl)ﬁq, Wa(n—i—l) ey Wa(m))-
Now by [17, Lemma 9.2] if ¥ ={oc € S,, |o(B;)=B;,1<i<gando(n+j)=n+j1<j<s}and

Gp = span{g’P( o(1)r- > Ua(m))a S Ev €€ {1’90}71},
we have that
dimGp = ¢ P (A1) -+ ;P (Ag).

n

For C = {C4,...,Cy41} a multipartition of m such that each C; has n; elements, define
Me = span{gp(Us(1),-- - Usim)) | € €{1,9}", 0 € Sy and o(B;) = C;,1 <i < g}

Lo
Let Cn be the set of such multipartitions of m. Clearly |Cn| = # = (m _____ nq+1)'

The sum ), ec,, M is direct since the spaces M are made of homogeneous elements of different multidegree.
Such a sum is contained in the space obtained by specializations of the span of multilinear products of n + ¢
generic elements of A, where t is independent of n and is equal to s plus the number of variables of f which are
evaluated in A in the partial evaluation. Hence

(17) > D dim(Me) < ' (A)

n=(ny,...,nqg) CECn
> ni=n

with ¢ some fixed number. By symmetry we have dim M¢ = dim Mp for all C € C,. Now, since
dim Mp > dim Gp = ¢;'P (A1) --- ;P (Ayg)

Tq

and ngy1 = s, we have

3 dim M = m dimMp = (" " dim Mop
niy,-. -, Ng41 S niy,...,Ng

CeCn
o (, " )i ey,
Ny, ..., Ng a
for some constant C7 > 0. Hence, by (17) and Lemma 4.1 we get
(18) crmzem X (" aman )
R

> Czn_%(dim AP =)+ (dim A)™,
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for some constant Co > 0. Hence formula (18) yields the conclusion
(19) P (A) > C2n—%(dim A(O)_q)+s(dim A)n7

for some constant Cs.

Since the superalgebra A is ¢-fundamental, it has a p-fundamental polynomial f. By Lemma 5.1 in every
non-zero elementary evaluation of f all the simple components participate and this says that the superalgebra
A is reduced. Hence exp**?(A) = dim A and the proof of the theorem is completed. |

Now let A be a finitely generated superalgebra satisfying a polynomial identity. By [27] A has the same
superidentities as a finite dimensional superalgebra B. By Proposition 5.1, B has the same superidentities as a
finite direct sum of g-fundamental algebras Dy @ - - - @ D,,. Since ¢i"P(B) ~ ¢¥P(D;) for a suitable D;, we get
the following.

Theorem 6.2. Let A be a finitely generated superalgebra over a field F' of characteristic zero. If A satisfies a
polynomial identity then
Cintexp®P(A)" < 5"P(A) < Cyn'exp™ P (A)",
P (A

where t € L7, for some constants Cy > 0,Cs. Hence limy,_ o 10 o
2 ) Y gn e

capEn Ay CLists and is a half integer.
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