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ABSTRACT. We consider a parametric nonlinear Robin problem driven by the p-
Laplacian and with a reaction having the competing effects of two terms. One is
a parametric (p — 1)-sublinear term (concave nonlinearity) and the other is a (p — 1)-
superlinear term (convex nonlinearity). We assume that the weight of the concave
term is indefinite (that is, sign changing). Using the Nehari method, we show that for
all small values of the parameter A > 0, the problem has at least two positive solutions
and also we provide information about their regularity.

1. INTRODUCTION

Let 2 C RY be a bounded domain with a C?-boundary 0. In this paper, we study
the following nonlinear parametric Robin problem

—Apu+E(2)u(2)P = Xa(2)u(z)" + 9(2)u(z)"! in Q,
(£) Ou
ony,

In this problem A, denotes the p-Laplace differential operator defined by
Ayu = div(|VulP?Vu)  for all u € W(Q), p < N.

The potential term & € L*(2), s > N/p (so, it may be unbounded) and £ > 0. In
the reaction (right hand side of (P))), we have the combined effects of two different
nonlinearities. The first is a parametric concave (that is, (p — 1)-sublinear) term (since
T < p), while the second term is a convex (that is, (p—1)-superlinear) perturbation (since
p < n). The distinguishing feature in this reaction is that the weight a(-) is sign-changing

+B8()uPt=0 omdY 1<T<p<n<p"A>0,u>0.

ou
and unbounded. In the boundary condition, —— denotes the conormal derivative of

on
u corresponding to the p-Laplace differential operator. This conormal derivative is
interpreted using the nonlinear Green’s identity (see Papageorgiou-Radulescu-Repovs
[13], p. 35) and we have

ou ou —
— = |Vulf?— for all L(Q
on, Vel an o € C (),
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with n(-) being the outward unit normal on 9. For the boundary coefficient 5(-) we
assume that 5 € L>*(09), § > 0.

Using the Nehari method, we show that for all A > 0 small problem (P,) has at least
two positive solutions and we also determine the regularity properties of these solutions.

The study of problems with combined nonlinearities was initiated with the seminal
paper of Ambrosetti-Brezis-Cerami [1], where p = 2 (semilinear equation) with Dirichlet
boundary condition and @ = ¥ = 1. They prove a bifurcation-type result, producing
a critical parameter value \* > 0 such that for all A € (0,\*) problem (P)) has at
least two positive solutions, for A = A* problem (P)) has at least one positive solu-
tion, and for A > A* there are no positive solutions. Their work was extended to
p-Laplacian equations by Garcia Azorero-Manfredi-Peral Alonso [5] and Guo-Zhang [7].
Further generalizations can be found in the works of Papageorgiou-Radulescu-Repovs
[12] (semilinear Robin problems) and Papageorgiou-Winkert [14] (nonlinear Dirichlet
problems). Problems with indefinite weights were studied primarily in the context of
semilinear Dirichlet equations. We mention the important works of Brown [2], Brown-
Wu [3], Brown-Zhang [4], Papageorgiou-Réadulescu [10], Wu [18]. For nonlinear problems
driven by the Dirichlet p-Laplacian, there is the recent work of Silva-Macedo [17], where
a=1,1 € L>®(Q) is sign-changing.

2. PRELIMINARIES - HYPOTHESES

Throughout this work we assume that p < N. Then the critical Sobolev exponent is
N 1 1
p* = N—p Also if ¢ € [1,4+00), then ¢’ € (1, +00] is defined by — + — = 1 (conjugate
-P q q
exponent).
We will be working on the Sobolev space W1P(Q2). By || - || we denote the norm of
WP (Q) defined by

lull = [lull?+ | Vulz] " for all u € W#(5).

Also, we will use the space C'(Q) which is an ordered Banach space with positive
(order) cone given by C; = {u € CY(Q) : u(z) > 0for all z € Q}. This cone has a
nonempty interior given by int C;, = {u € Cy : u(z) > 0 for all z € Q}.

On 092 we consider the (N — 1)-dimensional Hausdorfl (surface) measure o(-). Using
this measure, we can define in the usual way the boundary Lebesgue spaces L?(0f2),
1 < ¢ < +00. We know that there exists a unique continuous linear map ~y, : WP(Q) —
LP(09), known as the “trace map”, such that

Yo(u) = u o for all u € WHP(Q) N C(Q).

So, the trace map extends the notion of boundary values to all Sobolev functions.
We know that

imayo = W»?(0Q) and kerqg = Wy"(Q).

Moreover, the trace map is compact.
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In the sequel for the sake of notational simplicity, we drop the use of the trace map

Y0(+). All the restrictions of Sobolev functions on 02 are understood in the sense of
traces.

Our hypotheses on the data of problem (P,) are the following:

Hy: € € L*(Q) with s > N/p, £(2) > 0 for a.a. z € Q, f € L*(09Q), 5(z) > 0 for o-a.a.
ze€dand £ Z0or §# 0.
Hy: a € L*(Q) with s > N/p, and ¥ € L>(2), ¥(z) > 0 for a.a. z € (.

Remark 1. So, the weight of the concave term is indefinite.

In what follows 7, : WP(Q2) — R is the C''-functional defined by
Yp(u) = [[Vullh + / £(2)|ulPdz +/ B(2)|ulPdo for all u € WHP(Q).
Q o)

For A > 0, let oy : W1P(Q) — R be the energy (Euler) functional for problem (P)
defined by

1 1
oa(u) = —yp(u) — A / a(z)|u|"dz — — / 9(2)|u|"dz for all u € WHP(Q).
p T Ja nJa

We have py € CHW'P(Q)).
We introduce the functional k) : W'P(Q2) — R defined by

() = (4 (), 1) = () — A /

Q

a(z)|u|"dz — /Qﬁ(z)|u|’7dz for all u € WHP(Q).
Evidently ky, € CY(W'?(Q)). We introduce the Nehari manifold for the functional
©(+) defined by
Ny ={ue W (Q) : (p\(u),u) = ky(u) =0, u0}.
We decompose N, into three disjoint parts
N ={ue Ny: (K\(u),u) >0},
Ny = {u € Ny« (k}(u),u) = 0},
Ny ={ue Ny: (K\(u),u) <0} .

The Nehari manifold N, is much smaller than W!?(€) and contains the critical points
of pa(+). We expect N, [0 have properties which fail globally.

3. MULTIPLE POSITIVE SOLUTIONS

Hypotheses H; together with Lemma 4.11 of Mugnai-Papageorgiou [9] and Proposi-
tion 2.4 of Gasinski-Papageorgiou [6], imply that

(1) Yp(u) > collul|? for all w € WP(Q), some ¢q > 0.

Proposition 1. If hypotheses Hy, Hy hold and X\ > 0, then v, Ny 1S coercive.
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Proof. From the definition of the Nehari manifold, we have
(2) u € N, if and only if v,(u) = /[)\a(z)|u\7 + 9(2)|ul"dz, u # 0.
Q

Then for u € Ny, we have

er(0) = ) = - [ = [ o@apas] =3 [ ouds (e 2)
= 5= 2w+ [ -2 [ o
~ o |22 -3 [ e see @)
e
=15 7l Tp(u) = A

[% _ ﬂ /Qa(z)wdz
)

1 1
(3) > ¢ |JullP — )\cg/ a(z)|ul"dz for some ¢; > 0, with ¢o = — — — > 0 (see (1)).
Q T n

By hypothesis H; we have

N <N>' N
§>—=s < |—| = )
p p N-—p
N
= Ts’<ps’:N_pp:p* (recall 7 < p).

Therefore |u|” € L*(Q) (by the Sobolev embedding theorem) and using Hélder’s
inequality, we have

(4) ‘/ a(z)|u|"dz
Q
Since 78’ < p* and 7 < 75', using the Sobolev embedding theorem we have
WhP(Q) «— L™ (Q) — L7(Q)

with all embeddings being continuous and the first being also compact. So by Ehrling’s
inequality (see Papageorgiou-Winkert [15], Lemma 4.2.48, p. 317), we can find ¢z > 0
such that

(5) lull7s < es{llull™ + llull7]-
We use (5) in (4) and obtain

(6) /Q a(2)[ul"d=

We return to (3) and use (6). We obtain
(7) oa(u) > [erlJul|P~" = Acs] [|ul|” for some c5 > 0.

< llaflsllull7y-

< cy]|ul|” for some ¢y > 0, all u € WP(Q).

Since T < p, from (7) we conclude that ¢, | v, 18 coercive. O
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Next we show that for all A > 0 small, we have NY = (.

Proposition 2. If hypotheses Hy, Hy hold, then there exists \* > 0 such that NY = ()
for all X € (0, \*).

Proof. We argue by contradiction. So, suppose that for all A > 0, NY # (). Therefore,
we can find u € N, such that

(k3w ) =,
= plpwa) = [

a(z)\u|7dz+n/19(z)]u\’7dz,
0 0

®) = ) =X [ a@lds o [ 0GP

Since u© € Ny we have

P =7 [ a@ulds+ 7 [ ol (see (2)
9) = T,(u) —7/919(2)|u\"dz:AT/Qa(z)|u|sz.

We use (9) in (8) and obtain

=) = by =71 [ D)z =
= cgllul|’ — crfjul|” <0 for some cg,c7 >0

(see (1), hypothesis H; and recall that 7 < p < n)

1

(10) - H < ).

On the other hand from (2), we have

(11) () — X /

Q

a(2)|u|"dz = 77/ V(2)|ul"dz.

0
We use (11) in (8) and it follows that

(= phuta) = Mo = 7] [ a@luldz,
= ||ull? < Acg|lu||” for some cg > 0 (see (2), (4) and recall that 7 < p < n),
1
= Jull < [Aes]=

We let A — 07 and we have a contradiction to (10). This means that we can find
A* > 0 such that NY{ = @ for all A € (0, \*). O

Proposition 3. If hypotheses Hy, Hy hold and X € (0,)\"), then x|+ < 0.
A
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Proof. Let u € Nyf. From the definition of N, we have

(12) 0 < (K (u), u) = pp(u) — Ar / o2)|uf"dz — 1 / 9(2)uf"dz.
0 0
Since u € N,, from (2) we have
(13) —Typ(u) + )\7'/ a(z)|u|"dz + 7'/ 9(2)|u|"dz = 0.
Q Q

We add (12) and (13) and obtain

n— ) / (=)l dz < [p— Tpu),

(14) = /Qﬁ(z)\urdz < 1;%:] ().
Then we have
er(w) = Sp() == [ allaldz = [ o )ups
— ()= 7 [w) -/ 19(z>!u\"dz] — 2 [ oG (since u e Ny see (2)
_ ]19 - H 1) + [% - ﬂ [ v@ua:
< }3 2 |22 [T ) (see 10
= |22+ |22t

<0 (since 7 <p<n).

Let m{ = inf N+ @a- From Proposition 3 we have my < 0.

Propositign 4. If hypotheses Hy, Hy hold, then there exists e (0, \*] such that for
all X € (0, \*) we can find uy € Ny such that px(u}) =mi.
Proof. Let {u,}n,>1 € Ny be a minimizing sequence, that is
ox(un) I mi  asn— +oo.
From Proposition 3 we have
(15) oa(u,) <0 forall n e N.
Also, since {uy,},>1 € Ny C N,, using Proposition 1, we have that
{tn fns1 € WHP() is bounded.
By passing to a suitable subsequence if necessary, we may assume that

(16) U, — uy in WHP(Q) and u,, — u} in L7(Q) and in LP(09).
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Since @, (+) is sequentially weakly lower semicontinuous, from (16) and since 75" < p,
we have

ox(uy) < 0=px(0) (recall mi <0),

= u) #0.
From (15) we have
1 A o
—Yp(un) — = [ a(2)|u,|"dz — = [ V(2)|u,|"dz <0 for all n € N,
p T Ja nmJa
1 1] 1 1] .
= === Ypuy) = A |=—— /a(z)|un| dz <0 forallneN,
P 1 LT N1 Ja
(recall u,, € N, and see (2))
o1 . (1 1] .
= === B)) - A== / a(z)|uy|"dz <0 (see (16) and recall that ts’ < p)
N2 LT Nl Ja
(1 1] 1 1
= | == —| 7(u) S)\[———}/az uy|"dz.
o <3 2= 2] e
Since 7 < p < n and u} # 0, using (1) we infer that
(17) O</a(z)|u§|7dz.
Q

Consider the fibering map
faus (t) = pa(tuy) for all £ > 0.
Also, let
wys (t) = 7 Tp(u}) — t”T/ V(2)|uy|"dz  for all t > 0.
Since 7 < p < n, we see that there exists Z unique to > 0 such that
(18) Wy (to) = max{wy: (t) : t > 0},

= w;; (to) - O,

S (- ) = (- T / 9(2)|usg"dz,

(19) = wylt) = [(g::)w - (g::)ép] ngz(pz(;i)ﬁc_;ﬁ > 0.

Note that for t > 0, we have

(20) u, € Ny if and only if wys () = A /Q a2l dz (see (2)).
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From (20) and (18), we see that

if )\/ a(z)|ui|"dz > wys (to) >0 (see (19)), then for all t > 0, tu} & Ny.
0

So, let A* € (0, A*] be small so that
0< )\/ a(2)|ui|"dz < wy(to)  for all A € (O,/):*] (see (19)).
Q

Since 7 < p < n, we can find 0 < t; <ty < t5 such that
(21) w;; (t2) <0< w;»i (t1),
(22) i (t1) = 0= p s (t2)  (see Brown-Wu [3], p. 4).

Then we have
MZ;(tl) =(p— 1)t§’_27p(u§) — At — 1)t /Q a(2)|uy|"dz — (n — 1)t717_2/919(z)|uf\|"dz
= (p— Dy (u) — (1 = DI, (u3)

(-1 / Oz "dz + (r — 1)1 / ()g"dz  (see (22))

= o=t ) - = [ o sia:]
(23) = t{’lw;§ (t1) >0 (see (21)).
Similarly we show that
(24) s (t2) = t5 ™ wyy (t2) < 0.
From (23) and (24) it follows that
tiu} € Ny and tyuf € Ny .

Claim: u,, — u} in W'?(Q) as n — +oo.
If the Claim is not true, then on account of (16) and the sequential weak lower
semicontinuity of v,(-), we have

(25) Yp(uy) < liminf y,(u,).

n—-+4o0o

Then we have

lim inf 4/}, ,, (t1)

n—+oo

= lim inf ltp_lyp(un) /\tT_I/ (Z)|un|7dz—t717_1/19(2)|un|ndz}
Q

n—-+00

Sy (1) — M 1/@ o7z — £ 1/19 Jui"dz  (sce (25) and (16))
Q

=y (01) =0 (see (22),
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(26)
=, (t1) >0 forall n > n.
Since u,, € Ny C N, for all n € N, we have
i, (t) <0 forallte (0,1) and iy, (1) =0 foralln € N
(see also Silva-Macedo [17], pp. 1897-1898),
(27) = t; > 1

The fibering function fi s (+) is decreasing on (0,t2). So, we have
paltiuy) < @a(uy)  (see (27))
< liminf g (ua)  (see (25), (16))
(28) =m}.
But recall that t;u} € Ny. So, we have
(29) my < ea(tiu}).

Comparing (28) and (29), we have a contradiction. This proves the Claim.
On account of the Claim, we have

pa(un) = @a(u3),
= oa(uy) =my.
Since u,, € Ny for all n € N, we have
(k\(upn),u,) >0 forall n €N,

= (K\(u}),u}) >0 (see the Claim).
Recall that \* < X\* and so by Proposition 2 equality is not possible. Therefore

(k3 (u3), u3) >0,
= u} € Ny,

Next we consider the following minimization problem

(30) my = inf p,.

A

Proposition 5. If hypotheses Hy, Hs hold, then there ewists /)\\8 € (O,/):*] such that
ox|y- >0 for all X € (0, ).
A

Proof. Let u € N, and consider the function

P "
eu(t) = —p(u) — — / ¥(2)|ul"dz  for all t > 0.
p nJo
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Since p < 7, we see that e,(-) has a unique maximum t > 0 determined by the
equation

€u(?):07
= Py = [ ol
Q
1
-~ Yp(u) nr
= 1
|:fﬂ |u\77dz}
Then we have
D n
’\ 1 V() ]M 1 { Yp () }"p/
eu(t) = - | —F7——— Y (U I(2)|u|"dz.
0= [f919<z>|u\”dz A e e I A
Note that P +1= L. Hence we have
n—r n—>r
T1 17 p
) = |1 - 1] T
P N[ [, 9(2)ulrdz]
1 1] " r
(31) N e ’yp(U) )
LP N (fQ |u|’7dz)
Note that

[/ 19(z)|u|77dz} ! < cy||lull, for some cy > 0 (see hypotheses Hy)
Q
< ¢yollu||  for some ¢19 > 0 (by the Sobolev embedding theorem)

some c11 > 0 (see (1)),

—

< cnfyp(u)% fo

= | oG < oy

3

S— S—

P
(32) = { ﬂ(z)\u|"dz] < c197p(w)? with ¢19 = 7 > 0.
Returning to (31) and using (32), we obtain
1
N 1 1 n s
(33) eu(t) > {— - —} {M} >0
P nl Leyp(u)

(the constant ¢;3 > 0 is independent of u € N ).
Then we have

o
— | a(2)|ul"dz
T Ja

tT

< —cyqfjul|”  for some ¢4 > 0 (see (6))
-
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T

1 u e T
L’Q ’Yp(‘l)MdZ] Yp(u)?»  for some c15 > 0
(recall the value of £ > 0 and use (1))
1 7p( )" v
(fQ 2)|ulrdz)"
(34) < cheu(tA)% for some c15 > 0 (see (33)).

It follows that the fibering function sy, (-) satisfies

o
e = () / I uldz — A- / 2l dz
4

p
> e, (t) — Geu(t)% (see (34))

~ P—T ~

- [eu(t) . Acw} eu(D)F

> {cf?? - Acm} ea(F (see (33)).

So, we can find Xé € (O,X*] small such that
fira(®) >0 forall A € (0,A).
Then we have
pa(u) = pau(1) > pau(f) > 0 (since u € Ny),
= gpA’N; > 0.
U

Proposition 6. If hypotheses Hy, Hy hold and \ € (0,/):3), then there exists vy € Ny
such that my = px(vy) > 0.

Proof. The proof is similar to that of Proposition 4.
Consider a minimizing sequence {v,},>1 € N, , that is

ox(vn) L my,  asn — 4o0.
From Proposition 1, we have that
{vn}n>1 C WP(Q) is bounded.

Hence, by passing to a subsequence if necessary, we may assume that

(35) v, = vi in WH(Q) and v, — v} in L7(Q) and in LP(952).
From the proof of Proposition 4, we know that there exists t, > ty such that
(36) tovy € Ny and @y (t2v)) > @a(tovy).

Claim: v,, — v} in WP(Q) as n — +o0.
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Arguing by contradiction, suppose that the Claim is not true. Then on account of
(35) we have

(37) 15(03) < liminf 3, (v,).

n—+o00
Since v, € N, , we have

(38) oa(tv,) < pa(v,) forallt >0, all n € N (see [3], p

N A3
= @a(tv}) < légligof {ifyp(un) — 72/9 a(z)|v,|"dz — /19 ]Un]’?dzl
(see (37) and (

= W eliatn)

< liminf py(v,) = m,,

n—-+00
a contradiction since tov} € Ny (see (36)). So, the Claim is true and we have
v, — v} in WP(Q).
From this fact as in the proof of Proposition 4, we obtain

oa(vy) =my and vy € N, .

Proposition 7. If hypotheses H,, Hy hold, w € Ny is a local minimizer of 90,\|NA and
u ¢ NY, thenu € K,

Proof. Recall that ky : W'P(Q) — R is the C'-functional defined by

kx(u) = vp(u) — )x/ a(z)|u|"dz — / I(2)|ul"dz  for all u € WHP(Q).
Q Q
We consider the following constrained minimization problem

(39) inf [ (u) : ka(u) =0, u #0].

On account of the hypothesis and (2), u € N, is a local minimizer of (39). Using
the Lagrange multiplier rule (see Papageorgiou-Radulescu-Repovs [14], p. 422), we can
find s > 0 such that

Ph(u) + sk (u) =0,
(40) = s(k\(u),u) =0 (since u € Ny).
But by hypothesis u ¢ NY. So, from (40) it follows that s = 0. Hence

@i (u) =0,
= uec K,

Now we are ready for the multiplicity theorem for problem (Py).
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Theorem 1. If hypotheses Hy, Hs hold, then there exists /)\\8 > 0 such that for all
A € (0,);) problem (Py) has at least two positive solutions u},vi € WHP(Q) N L>(Q)N
C%(Q) (0 < a < 1) such that u}(z) > 0, vi(z) > 0 for all z € Q, pa(u}) < 0 < x(v}).

Proof. From Propositions 2, 4 and 6, we know that there exists /):(”; > ( such that for all
A € (0,))) we can find u} € Ny and v} € N, such that

(41) u}, and v} are local minimizers of ¢, | Ny
(42) NY = 0.

From (41), (42) and Proposition 7 it follows that

uy, vy € K, .
Also from Propositions 4 and 6, we have
ea(u}) <0 < a(vy).

We have that uf, v} are weak solutions of (Py). From Proposition 2.10 of Papageorgiou-
Rédulescu [11], we have that u}, vy € L>(2). Since @y (u) = px(Ju|) for all u € WHP(Q),
we may assume that u}, vy > 0.

Then using Theorem 7.2.1 (Harnack inequality) and Theorem 7.3.1 (local regularity)
of Pucci-Serrin [16], we have that

uy, v € C¥*(Q) for some a € (0,1),
uy(z) > 0,v3(2) >0 forall z € Q.
U

If we strengthen the conditions on the data of (Py), we can improve the regularity of
the two solutions.

Hi: £ € L®(Q), B € C™00) (0 < a<1),£&(2) >0 for aa. z € Q, B(z) > 0 for all
z € 0F) and at least one of them is nonzero.
H): a e L>(Q), 9 € L*(2) and 9¥(z) > 0 for a.a. z € .

Proposition 8. If hypotheses Hy, H) hold and \ € (O,:\\S), then u}, vy € int C.
Proof. From Theorem 1 we have two nontrivial solutions
uy, vy € WHP(Q) N L=(R).

Invoking Theorem 2 of Lieberman [8], we have u}, vy € Cy. In fact the nonlinear
maximum principle of Pucci-Serrin [16] (p. 120) implies that uf, v} € int C}.
U
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