UNDERSTANDING STAR-FUNDAMENTAL ALGEBRAS

A. GIAMBRUNO, D. LA MATTINA, AND C. POLCINO MILIES

ABSTRACT. Star-fundamental algebras are special finite dimensional algebras with involution * over an alge-
braically closed field of characteristic zero defined in terms of multialternating *-polynomials.

We prove that the upper-block matrix algebras with involution introduced in [6] are star-fundamental.
Moreover, any finite dimensional algebra with involution contains a subalgebra mapping homomorphically onto
one of such algebras.

We also give a characterization of star-fundamental algebras through the representation theory of the sym-
metric group.

1. INTRODUCTION

Let F' be an algebraically closed field of characteristic zero. This paper is devoted to the study of a class of
finite dimensional algebras with involution or x-algebras over F' called *-fundamental.

The theory of polynomial Identities for *-algebras has been developed mainly following the pattern of the
ordinary theory of polynomial identities ([8], [16], [17], [18], [19] ). By rediscovering the theory of varieties
developed by Kemer ([15]), in recent years much interest has been devoted to the so-called ”fundamental
algebras” (20], [3], [2]). In this framework in ([9]) we developed a theory of *-fundamental algebras. These are
algebras defined in terms of multialternating *-polynomials non vanishing in them; one of their basic properties
is that any finite dimensional x-algebra over F' has the same *-Identities as a finite direct sum of *-fundamental
algebras. By exploiting the methods of [2] we were able to prove that if A is any finitely generated PI-algebra
with involution, then lim,_, . log, % exists and is an integer or a half integer, where ¢} (A) is the nth
*-codimension of A and exp*(A) is its x-exponent. This result agrees with an extension to rings with involution
of a conjecture of Regev implying that the polynomial growth rate of the ordinary codimensions of a Pl-algebra
is an integer or a half integer (see [5], [4]).

For a better understanding of *-fundamental algebras we feel that the theory still needs two ingredients:
a class of examples of *-fundamental algebras (that are not fundamental), and an explicit definition via the
representation theory of the symmetric group S,,. We achieve both objectives in this paper. In fact, on one
hand we give a family of matrix algebras that are examples of *-fundamental algebras and on the other we give
a characterization of x-fundamental algebras in terms of S, -characters.

We achieve the first objective by consIdering the algebras UT, (A1, ..., A,) of upper-block triangular matrices
with involution introduced in [6]. These algebras play a special role in the theory of *-polynomial identities since
they generate the only varieties of algebras with involution of finite basic rank which are minimal with respect
to the x-exponent, as shown in [7]. We prove that any finite dimensional *-algebra contains a x-subalgebra
which maps homomorphically onto some UT,(A1,...,Ay) (Theorem 4). Moreover we show that such algebras
are #-fundamental, for any choice of the *-simple components Ay, ..., A, (Theorem 3). If we allow at least one
x-simple component that is not simple, then we find out that the algebras UT,(A44,...,A,) are examples of
algebras that are x-fundamental but not fundamental.

Along the proof of these results we find a connection between the Kemer *-index and the *-exponent of any
finite dimensional x-algebra. The first index is defined in terms of multialternating #-polynomials non vanishing
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in the algebra (see [9]), while the *-exponent measures the exponential growth of the x-codimensions of the
algebra (see [12], [13]).

As for the second result, one considers the free algebra with involution F(X,«) on a countable set X and
if A is a x-algebra, we let Id"(A) be the ideal of F(X,*) of *-polynomial identities satisfied by A. We write
A= A+ J, where A is a *-semisimple subalgebra and .J is the Jacobson radical. Let ¢t = dim A and s > 0 the
least integer such that J5+! = 0.

As in the ordinary case ([11]) one considers P (A), the space of multilinear *-polynomials in n fixed variables
modulo Id*(A4). Through the permutation action of the symmetric group S, the space PX(A) becomes an
Sp-module and we call x (A) its character. Such character decomposes into a sum of irreducible S,,-characters
X indexed by partitions A of n.

We prove that A is x-fundamental if and only if for all n large enough, there is a partition A of n with s
boxes below the first ¢ rows such that x, appears in x%(A4) with non-zero multiplicity (Theorem 2).

As a final remark we mention that some of the theory of codimensions of finite dimensional algebras has
been generalized to the context of H-codimensions, with H a finite dimensional semisimple algebra having a
generalized action on A ([14]). Unfortunately the methods of this paper cannot work in that generality due to
the structure of finite dimensional *-algebras.

2. *-FUNDAMENTAL ALGEBRAS AND THEIR *-COCHARACTERS

Throughout this paper, we shall denote by F' a field of characteristic zero and by A an associative F-algebra
with involution x (also called a *-algebra).

Let X = {x1,29,...} be a countable set and let F(X,«) = F(xy,2],z2,25,...) be the free associative
algebra with involution on X over F. In order to simplify the notation we shall write f(z1,...,2,) to indicate
a #-polynomial of F(X,«) in which the variables 1, ..., x, or their star appear.

Recall that f(z1,...,2,) € F(X,*) is a *-polynomial identity (or simply a x-identity) of A, and we write
f=0,if f(a,...,an) =0, for all a1,...,a, € A.

Let Id"(A) = {f € F(X,*) | f = 0 on A} be the ideal of F(X,*) of *polynomial identities of A. Clearly
Id*(A) is a T*-ideal of F'(X, ), i.e., an ideal invariant under all endomorphisms of the free algebra commuting
with the involution. Let

P =spanp{w,(1) - Wo(n)| 0 € Sy, w; = 5 or wy = 27,1 <i <n}

be the space of multilinear *-polynomials of degree n in x1,...,z,, i.e., for every ¢ = 1,...,n, either z; or z;
appears in every monomial of P} at degree 1 (but not both). Since in characteristic zero Id*(A) is generated
as T*-ideal by its multilinear polynomials one studies its intersection with P, for all n > 1.

There is a natural action of the symmetric group S, on P :if 0 € S, and f = f(z1,...,2,) € P} then

of = f(To)s s To(n))-
It is easily seen that the space
_ F
- PrnlId*(A)
inherits a structure of S,-module and its dimension, ¢} (A), is called the nth *-codimension of A.
In order to capture the exponential rate of growth of the sequence of *-codimensions, in [10] the authors
proved that for any associative x-algebra A, satisfying an ordinary identity, the limit

exp*(4) = lim /7 (A)

By (A)

exists and is an integer. It is called the x-exponent of A. Moreover exp*(A) can be explicitly computed; it
turns out to be the dimension of a suitable finite dimensional semisimple x-algebra when the base field F' is
algebraically closed.

Now the character x7(A) of P*(A), is called the nth %-cocharacter of A, and by complete reducibility, we
can write

(1) a4 = S maxa,

AFn
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where x, is the irreducible S,-character associated to the partition A and mj > 0 is the corresponding multi-
plicity.
If A= (A1,..., ) Fnissuch that Ay > --- > A, > 0, we call r = ht()\) the height of \.

We recall that any irreducible left S,-module M wih character x, can be generated as an S,-module by
an element of the form er, f, for some f € M and some Young tableau T of shape \. Here e, = RR Cr, 1s

an essential idempotent, where R}A =Y very 0 O, = X co, (signT)7, and R, and Cr, are the row and
A A

column stabilizers of T), respectively. Notice that the x-polynomial fr, = Cr, (er, f) generates also M, as an
Snp-module, and it is alternating in each set of variables indexed by the columns of T).

We recall that a x-polynomial f(x1,...,2,,Y) linear in the variables z1,...,z, (and in some other set of
variables Y) is alternating in x1,...,x, if f vanishes whenever we identify any two of these variables. This is
equivalent to say that the polynomial changes sign whenever we exchange any two of these variables (here we
exchange the indices of the two variables). For instance the polynomial z1x5 — o7 is alternating in z; and x4
whereas z]z2 — x2x] is not alternating in z; and zs.

From now on we assume that A = A+ J is a finite dimensional *-algebra, where A is a semisimple subalgebra
of A and J = J(A) is the Jacobson radical. It is well-known that there is a x-Wedderburn-Malcev decomposition
of A, ie., J = J* and we may take A to be stable under * ([13, Theorem 3.4.4]). We recall that the (¢, s)-index
of Ais Ind; s(A) = (dim A, s4) where s4 > 0 is the smallest integer such that J*4+1 = 0.

Next we define the Kemer *-index of A.

Let T' C F(X, %) be the T*-ideal of x-identities of A. Then S(I") is defined as the greatest integer ¢ such that
for every p > 1, there exists a multilinear *-polynomial f(Xi,...,X,,Y) ¢ I' alternating in the u sets X; with
| X;| = t. Moreover v(I") is defined as the greatest integer s for which there exists for all ;4 > 1, a multilinear
s-polynomial f(X1,...,X,,Z1,...,2Z,,Y) €I alternating in the p sets X; with |X;| = 8(I') and in the s sets
Z; with |Z;| = p(T") + 1.

Then Indy (T) = (B(T),v(I")) is called the Kemer %-index of T.

Since I = Id"(A), we also say that (5(T),~(T)) = (B(A),v(A)) = Indj (A) is the Kemer *-index of A.

We remark that by the definition of v(T") there exists a smallest integer g such that every x-polynomial
J(X1, .., X0, 21, .., Zyry41, Y), alternating in p > po sets X; with 3(I") elements and in y(I') + 1 sets Z;
with 5(T") 4+ 1 elements lies in T

A multilinear *-polynomial f(Xi,...,X,,Z1,...,Zyr),Y) € I' which is alternating in p > po sets X; with
| X;| = B(T) and in y(T") sets Z; with |Z;| = B(T') + 1 is called a Kemer x-polynomial related to I

Remark 1. ([9, Remark 5.1]) Ind} (A) < Ind. s(A) in the left lexicographic order.

In what follows, by abuse of notation, we shall write s4 = s.

Next we give the definition of *-fundamental algebra (see [9, Section 6] for more details). We start with the
following construction. Let A = A + J be a finite dimensional algebra with involution over an algebraically
closed field F, J® # 0, J°T! = 0 and let n = dim J.

If A = Ax F(xy,...,7,,%), is the free product of A and the free algebra F(z1,...,2,,*) then we can
write A’ = A @ I, where I is the x-ideal of A’ generated by z1,...,z,. Let I be the *-ideal generated by
{f(4") | f €1d*(4)} and let

-As — A//(Is-i-l +Il)~

Notice that A, is a finite dimensional algebra with Id*(A,) = Id*(A) ([9, Lemma 6.1]). Moreover Ind; s(As) =
I’I’Ldt7s(A).

Now consider the ideal I’ = I/(I°T + I;) of A and let

By = A, /(I')*.

Hence 1d"(A) = 1d"(A,) € 1d*(By), and Ind; o(Bo) = (dim A, s — 1).

Let A=A @ ---® Ag, where the A;’s are *-simple algebras and let s > 0 be the smallest integer such that
J5tl =0,

Now, for any 1 <1 < g, we define

Bi=A1® - 0A® - ©A + ],
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where the symbol /L means that the algebra A; is omitted in the direct sum.
Definition 1. The algebra A is x-fundamental if either A is x-simple or s > 0 and
Id"(A) ¢ NI, Id"(B;) N I1d*(By).
In this case a multilinear x-polynomial f is *-fundamental if f € NI_, Id"(B;) N Id"(By) and f & Id*(A).

It is not difficult to see that any finite dimensional algebra with involution has the same *-identities as a
finite direct sum of *-fundamental algebras.
The *-fundamental algebras can also be characterized through the Kemer *-index, in fact we have.

Theorem 1. ([9, Theorem 6.1]) A finite dimensional x-algebra A is *-fundamental if and only if Ind} (A) =
Ind; s(A).

In the following theorem we give a characterization of x-fundamental algebras through the representation
theory of the symmetric group.

Theorem 2. Let A be a finite dimensional *-algebra with Ind, s(A) = (t,s) and let x},(A) = D>\, maxx be
its nth x-cocharacter. Then A is x-fundamental if and only if for all n large enough, there is a partition X of n
of height ht(\) > t with precisely s boxes under the first t rows such that my # 0.

Proof. Suppose first that for all n large enough there is a partition A = (Ay,..., Ay) with Aep1 + -+ A = s
such that my # 0.

If s =0, A is #-semisimple and by hypothesis there is an irreducible S,,-module M ¢ Id*(A) generated by a
x-polynomial fr, € P alternating in ¢ variables, say, x1,...,x;. Since fr, € Id*(A) is multilinear, there is a
non-zero evaluation of the variables x; on a basis of A. Being t = dim A, it is clear that A must be *-simple,
hence x-fundamental.

If s > 0, there exists an irreducible S,-module M ¢ Id*(A) that can be generated by a multilinear *-
polynomial fr, (x1,...,z,) € PF, alternating on A;11 sets of variables each of size greater or equal than ¢ + 1.

In order to prove that A is *-fundamental, we shall show that fr, € N{_,Id"(B;) N Id"(By). Now, since
Ind; s(Bo) = (t,s — 1), then fr, € Id*(Byp). In fact, fr, is alternating on .y sets of variables each of size
greater or equal than ¢ + 1; these alternating sets correspond to the first A\;y; columns of the diagram of A.
Hence if we want to get a non-zero evaluation, in each of the alternating sets we have to substitute at most ¢
linearly independent elements from the maximal semisimple subalgebra of By. Hence we need to evaluate the
remaining variables in the Jacobson radical J(By) of By. Now, since A¢11 + -+ A = s and J(Bp)® = 0 we get
that any evaluation of fr, into By gives zero.

Since for any i = 1,...,q, we have that dim B; < t, if we evaluate fr, in B;, in order to get a non-zero
value we have to evaluate more than s variables in J. This says that fr, € Id*(B;). So we have proved that
fr, € N{_,1d"(B;) N1d*(By) and, since fr, & Id*(A), we get that A is x-fundamental.

Conversely, suppose that A is *-fundamental.

If s = 0, by definition A is *simple and by [9, Proposition 3.1] there exists a multilinear *-polynomial
fx1,...,2,Y) ¢ Id"(A) alternating in z1,..., 2, |Y] < cc.

Now, for any n > deg f, by multiplying on the right by new variables we may assume that f € P. Consider
the permutation action of the symmetric group S; on z1,...,x¢, so that we can regard P and, so, P:(A) as
an Si-module. Since f ¢ Id*(A), for any tableau T of shape (1!) we have that fr = erf ¢ Id*(A). Thus
the character x(1+) appears with non-zero multiplicity in the Si-character of P;(A). Now, by the branching
rule ([13, Theorem 2.3.1]) the induced character x(1¢y T S, has an irreducible component x), with non-zero
multiplicity and ht(\') = ¢ since dim A = ¢.

Suppose now that s > 0 and consider a Kemer *-polynomial f € Py. Since Ind} (A) = Ind; s(A) f can be
written as

f = f<X17 e ,XS,Zl, .. .,ZS,Y) ¢ Id*<A),
where | X;| =--- = |X;| =t and f is alternating on each set {Xj;, z;}, fori =1,...,s.

We can consider P* as an Si-module, where k = (t+1)s, by letting Sy act on the set {X1,..., X5, 21,...,25}

Then the quotient space P(A) inherits a structure of Si-module.
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Since f ¢ Id"(A), there exists a partition A = (A1,...,\;) F k and a tableau T such that fr, = Crenf ¢
Id*(A). Let x be the Sy-character of P;(A). Then, if we decompose x = 3_ , , m},x},, we have that m) # 0.
Since fr, is not a x-identity for A, we get that also f/ = R}'A fr, ¢ Id"(A). Notice that f’ is symmetric in
A1 variables and f is alternating on s disjoint sets of variables; hence m) # 0 implies that A; < s and, also,
A+ A < ts.

If M +--- 4+ A\ < ts, then we would have A\j41 + --- + A > s+ 1 and as above we get m), = 0, a
contradiction. Thus Ay +--- + A\, = ts and A\y1 + -+ + A = s. Now consider the induced character x4 1 S,.
By the branching rule we have x} 1S, = > bn M Xy, @ decomposition into irreducible S, -characters, where
1= ({1, ftt1y- - ey ..) TUDS OVer the set of partitions of n with per1+- - +pr 4+ > g1+ -+ = 5.
Since m/\ # 0, there exists at least one x, which appears with non-zero multiplicity. Then as in the first part
of the proof we get that p;41 + -+ g + - = s and we are done.

O

3. STAR-FUNDAMENTAL ALGEBRAS

We start by recalling the definition of the algebra UT,(A4,..., A,) given in [6].

Let (Ay,...,A,) be an n-tuple of *-simple algebras. We recall that any *-simple algebra A; is isomorphic
to (Mg, (F),*), the algebra of d; x d; matrices over F' where * is the transpose or the symplectic involution
or to My, (F) @ Mg, (F)°P, the direct sum of My, (F) and its opposite, with exchange involution ([13, Theorem
3.4.4, Theorem 3.6.8]). In order to simplify the notation we shall identify A; = My, (F) in the first case, and
A; = Mg, (F) ® My, (F)°P, in the second case.

For any ¢ = 1,...,n, let y; denote the reflection involution along the secondary diagonal of My, (F'). Recall
that 7; acts on matrix units as ezj’f = Cdy— 1, ds—it1-

Let d =dy +---+d, and let UT(dy,...,d,) denote the algebra of upper block triangular matrices of size
di,...,d,. Weset sy =0,and forany 2<i<n+1s; = ;c_:lldk.

For 1 <i,j < n define the map

Tij - Md(F) — Mdixdj
such that
asi+1,3j+1 e asi-‘rl,s]url
Y = (CL%B) — :

Asipa,s;+41 " Qsiya,sj
Notice that 7;;(Y") is the projection of Y on its d; x d;-block.
Let I' = {i | A; = (Mg, (F), *)}, where = is the transpose or the symplectic involution. The algebra

UT.(Ay,...,Ay) CUT(dy,. .. dp,dp,...,d1) C Mag(F)

is defined by the following conditions: given Y € UT(d1,...,dn,dn,...,d1), then Y € UT,(A4,..., A,) if and
only if

1) m;(Y)=0if i <nandj>n;

2) map—it1,2n—i+1(Y) = (mi(Y)*)7, when i € I'.
The involution on UTy(Ay,..., A,) is the reflection involution ~.

The relevance of the algebras UT,(41,...,A4,) is due to a result proved in [7]. We recall that a variety V of
algebras with involution of finite basic rank (i.e., the variety is generated by a finitely generated algebra with
involution) is minimal with respect to the x-exponent e > 2 if for any proper subvariety U of finite basic rank,
we have that e = exp* (V) > exp*(U). Here the *-exponent of a variety is the *-exponent of a generating algebra.

In [7] the authors proved that the variety V is minimal with respect to the x-exponent if and only if it is
generated by UT, (A, ..., Ay), for some *-simple algebras Ay, ..., A,. We remark that the definition of minimal
variety given in [7] refers to varieties generated by finite dimensional algebras, but by the result in [21] this is
equivalent to our definition.

Next we shall prove that the algebras UT, (A, ..., A,) are *-fundamental.

To this end we need first to prove two lemmas of independent interest.
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Let A= A+ J be a finite dimensional algebra with involution *, with A = A; & --- & A,, where the A;’s are
*-simple algebras and s > 0 is the smallest integer such that J5T1 = 0.

In what follows we shall be dealing with multilinear *-polynomials. In order to check that a multilinear
x-polynomial is a x-identity of A, we shall evaluate the variables only on elements of a basis of A. Then we
choose a basis of A as the union of a basis of J and a basis of A, which is the union of bases of the *-simple
components.

Recall that given any *-polynomial f(z1,...,2,,Y) linear in each of the variables in X = {z1,...,z,}, the
operator of alternation Altx on X is defined as

AltXf(‘Tla sy Ty Y) = Z (SgIlO')f(l’a(l)7 s azo(n)7Y)'
oeS,

The new polynomial Alty f(z1,...,2Zn,Y) is multilinear and alternating in z1, ..., z,.

Let the €; ;s be the matrix units of My, (F') and, by abuse of notation, in case A; = Mg, (F') & Mg, (F)°?, let
er,; denote (e ;,0) or (0,¢; ;).

In what follows we shall make use of the following.

Proposition 1. ([9, Proposition 3.1]) Let A be a x-simple algebra. For every p > 1 there exists a multilinear
x-polynomial

alternating on each of the disjoint sets Xi,...,X,, where | X;| = --- = |X,| = dim A and |Y| < oco. Such a
polynomial has the property that it can take any value of the type e, ;, when evaluated in A.

Recall that a *-algebra A = A+ J, with A = A; & - & A, is *-reduced ([9]) if up to a rearrangement of the
*-simple components we have that A;JAsJ ---JA, # 0.

Let f(X1,...,X,,Y) be a multilinear *-polynomial in disjoint sets of variables Xi,...,X,,Y. Then f is said
to be r-fold t-alternating if f is alternating on each set X; and | X;| =¢, 1 <i <r.

Lemma 1. Let A= A+ J be a finite dimensional x-reduced algebra, and let dim A = dim(A4; & --- & A,) = t.
Then, for any p > 1, there exists a multilinear *-polynomial
f(Xa,. 0, Xy, 21, .., Zg-1,Y) € Id° (A)

with | X;| =t,1<j<pu, |Z|=t+1,1<i<q—1 such that

1) f is (¢ — 1)-fold (t + 1)-alternating,

2) f is p-fold t-alternating.
Proof. We assume as we may that Ay JAsJ---JA; # 0. Now let 4 > 1 and for every 1 < ¢ < g, let
filX1,i ..o, Xpgg—1,i, Yi) ¢ Id*(A4;) be the multilinear *-polynomial constructed in Proposition 1. Recall that
fi is alternating on each of the disjoint sets X1 ;,..., X, 4q—1,4, where | X1 ;| =+ = [X, 441, = dim A;. Also
such *-polynomial has the property that it can take any value of the type ej, ;, € A;.

Next we define a new polynomial

f= fizifozo - 2q—1fqs
where 21, ..., 2,1 are new variables distinct from the ones appearing in each f;. Then we let
f=Altx zf,
where Altx z is the operator of alternation on each set
Xj=Xj1U---UX;4, q<j<p+q—1,
and on each set
Z;=X;1U---UX; U{z}, 1<j<qg-1,

Since dim A; + -+ +dim A, = ¢, fis (¢ — 1)-fold (¢ + 1)-alternating, and u-fold ¢-alternating.

The proof of the lemma will be completed once we prove that f is not a *-identity of A.

In fact, since A1JAyJ -+ JA, # 0, there exist a1 € A1,...,aq € Ag, u1,...,uq—1 € J, such that

a1U1G2Us - - - Ug—1aq 7 0.
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Let e; be the unit element of A;. It follows that
€i1,iy V1€iy i V2 Vg—1€i,.i, 7 0,
where e;; ;; are suitable elements of A;, 1 < j < q, and v, = epapurery1, 1 < k < ¢ —2, vgo1 =
€q—10q—1Ug—10qeq-
Let ¢ be the evaluation such that o(f;) = e;;,i;, 1 < j < ¢, and ¢(z;) = v; for 1 < j < ¢ — 1. Then, since
for i # j, A;A; =0, we get
w(f) = Ceil,ilvleig,iQUQ C o Ug—1€4,i,

where C' =[], (dim A;)!#+a-1, -

The connection between the x-exponent and the Kemer x-index of a finite dimensional algebra with involution
is given in the following.

Remark 2. If A = A+ J is a finite dimensional algebra with involution and Indi (A) = (o, B), then a =
exp*(A).

Proof. Recall (see [12] or [13, Corollary 10.8.5]) that exp*(A) is the largest dimension of a *-semisimple subal-
gebra of A, say, A1 ®--- P A,, such that

Ay JAsd - JA, # 0.

Then the algebra B = A; @ --- ® A,, + J is #-reduced and by the previous lemma for every u > 1 there exists
a multilinear x-polynomial f ¢ Id*(B) which is p-fold t-alternating, where ¢t = dim(A; @ --- ® 4,) = exp*(4).
Since f & Id*(A), then for the first Kemer x-index we have o > exp*(A).

On the other hand let J* = 0 and let g be a multilinear *-polynomial k-fold (exp*(A) + 1)-alternating. We
shall prove that g is a *-identity of A.

Suppose to the contrary that there is a non-zero evaluation ¢ of g in A.

If we evaluate all variables of g in A, since A;A; = 0, for i # j, in order for ¢(g) to be non-zero, all variables
must be evaluated in one x-simple component, say A;. Since g is alternating on exp*(A) 4+ 1 > dim A; variables
we get p(g) = 0, a contradiction. It follows that some variables of g must be evaluated in J.

Suppose now that we evaluate all variables of an alternating set X, in A, say in A;,...,A4;,. But then
0+# p(g) € B=A;, +---+ A;, +J and, by definition of x-exponent, dim(A;, + --- + A4;,) < exp*(A4). Since
| Xu| = exp*(A) + 1, we get that ¢(g) = 0, a contradiction.

It follows that at least one variable of each alternating set must be evaluated under ¢ in J. Since there are
k alternating sets, we get that (g) € J¥ = 0.

Since for any [ > k, any multilinear *-polynomial I-fold (exzp*(A) + 1)-alternating is a *-identity of A, it
follows that «, the first Kemer #-index of A, cannot be strictly greater than exp*(A). O

We can now prove the following result.
Theorem 3. The algebra UT, (A1, ..., A,) is x-fundamental, for any x-simple algebras Ay, ..., A,.

Proof. If J is the Jacobson radical of A = UT,(Aj,..., A,), we have that J* = 0 and J"~! # 0. It is not difficult
to see that the algebra A is x-reduced. Hence the (¢, s)-index of A is Ind; s(A) = (dim(A; +---+4,),n—1) =
(exp*(A),n — 1). Since Ind} (A) < Ind; (A), by Lemma 1 and Remark 2 we get that Indj,(A) = Ind, s(A)
and A is x-fundamental. ]

By applying Theorem 10.1 in [9] one easily gets the following.

Corollary 1. Given A = UTy(Ay,...,Ay) let v be the number of x-simple algebras A; which are not simple
algebras. Then

Clm—%(dim(ﬁ)’—r)-&-n—l(dimA)m S C;kn(A) S sz—%(dim(g)f—r)-‘rn—l(dimAyn’
for some constants C1 > 0,Cy where A = Ay @ --- @ A, and (A)~ is the Lie algebra of skew elements of A.

Hence

1o
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Final remarks are in order. Let A = A+ .J be a finite dimensional algebra over F and let A = A; & ---® A,
with the A;’s simple algebras (no involution is involved). Then A is reduced if up to a rearrangement of the
simple components we have that A;JAsJ --- A, # 0. It is well-known that in the ordinary case any fundamental
algebra ([3], see [20] where the term fundamental is used for the first time) is reduced and the analogous of
Theorem 1 holds, i.e, a finite dimensional algebra A is fundamental if and only if Indg(A) = Ind; s(A).

Clearly if A is a fundamental algebra then A is also a #-fundamental algebra for any involution * defined
on A. In fact, if A is fundamental we have that Ind; ;(A) = Indk(A) but Indx(A) < Indj(A) < Ind s(A).
Hence Indj (A) = Ind; s(A) and by Theorem 1 A is *-fundamental.

Next we shall give examples of algebras which are *-fundamental but not fundamental.

Consider the algebra A = UT.(Aq,...,A,). If at least one of the components A; is a x-simple but not simple
algebra, then A is not reduced, so, cannot be fundamental. On the other hand if all the components A; are
simple algebras, then UT,(A1,...,A,) is isomorphic to UT(44,...,A,), an algebra of upper block triangular
matrices, and it is well-known that such an algebra is fundamental ([1] or [2, Section 2.2.1]).

Remark 3. The algebra UT,(A1,...,A,) is *-fundamental but not fundamental if and only if at least one of
the components A; is a x-simple but not simple algebra.

4. CONNECTING FINITE DIMENSIONAL ALGEBRAS WITH #-MINIMAL ALGEBRAS

As in the previous section we let A be a finite dimensional algebra with involution % over an algebraically
closed field F' of characteristic zero. We write A = A + J, where A is a maximal semisimple subalgebra with
involution and J is the Jacobson radical. Also A = A; & --- & Ay, where A, = My, (F) with transpose or
symplectic involution or A; = My, (F) ® My, (F)°P with exchange involution.

A connection between finite dimensional x-algebras and x-fundamental algebras is given by the following.

Theorem 4. Let A= A+ .J be a finite dimensional algebra with involution * over an algebraically closed field
F of characteristic zero. If Aq,..., A, are distinct *-simple subalgebras of A such that AyJAsJ---JA, # 0,
then the x-algebra UT,(A1,. .., A,) is isomorphic to a quotient of a x-subalgebra of A.

Proof. For any i =1,...,n, write A; = (Mg, (F),*) or A; = My, (F) & My, (F)°P. As in the previous section let
d=dy+---+d,,s1=0,and forany 2 <i<n+1,s; = 2_:11 di. AlsoT' = {i | A; = (Mg, (F),*)}.
It is convenient to identify A=A @ @ A, with the algebra
Ay 0

0 A,
where if i € I', A; = (Mg, (F), %) is identified with the d; x d; matrices with basis {e; ; | s; +1 < ¢,j < s;41} and
ifi g T, Ay = My, (F) & My, (F)°P is identified with the pairs of matrices with basis {(e; ;,0), (0,ex;) | s; +1 <
0,0,k 1< siq1} )

Now, define a map ¢ : A — (Ma4(F), ), where v is the reflection involution, such that if ¢ € I, then for any
€a,B S Aiv

P(eap) = €ap+ (€q,6)7,
whereas if i ¢ T, for any (eq,3,0), (0,eq,3) € A;,
¢((eap,0)) = €ap and  ©((0,€q,5)) = (€a,3)
Then ¢ induces an isomorphism of algebras with involution
(A, %) = (p(A),7) CUT(As, ..., Ap).
Now by the hypothesis of the theorem, there exist a; € Ay,...,a, € A, and uq,...,u,_1 € J such that
a1u1ag -+ Ap_1Up_10, # 0.

If e1,...,e, are the unit elements of A4,..., A,, respectively, we have

/ /
e1vieg - en_1U,_jen # 0,
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where v, = e;a;uieiy1, 1 <i < n—2and v, | = €,-10p_1Upn—_1ane,. Thus, recalling that we write eq, o,
for (ea;,a;,0) or (0,eq, ,), We can say that there exist matrix units eq, o, € A; = Mg, (F), if i € T, or
€ai,o; € Ai = Mg, (F)® Mg, (F)°P, if i € T', such that

/ ! !
(3) Cay,a1V1€az,a0V2 " " Un_1€ay,an 7é 0.
Now define v; = €q;,a,V1€q:s1,0i41> 4 = 1,...,n — 1 and we have
(4) Cai,a1V1€asz,asV2 """ Un-1€a,,a, # 0.

Notice that My, (F)) ® My, (F)°P and My, (F)°P & Mg, (F) are isomorphic as algebras with involution. Hence,
if i ¢ T, by eventually replacing A; with an isomorphic copy, we may assume that eq,; o, = (€a;,0:,0)-

Let B be the subalgebra with involution of A generated by Aand vy, ... ,Un_1. Let also I be the ideal with
involution of B generated by the elements v; Bv}, v;Bv;, 1 < i < n — 1. The quotient algebra B /I has an
induced involution, and we shall prove that it is isomorphic to UT,(A41,...,4,). To this end we shall induce
the isomorphism (A4, ) = (¢(A),~) to

¢ :B/I = UT.(A1,..., Apn),

We start by determining a basis of B/I. By abuse of notation we shall identify the elements of the quotient
algebra with the elements of B keeping in mind that any word in elements of A and v;’s containing v; and v}
must be zero.
Let 1 <4,5 <d. If s; +1 <14,j < sp41, for some 1 < k < n, then we define x; ; = e; ; € Ay.
Letnow 1 <i<j<d. Forany 1 <k <n—1andt>1such that K+t <mn, if

skt 1<i<spt1, Skt +1<7 < Sprite,
define
Lij = Cio Cap,a, VkCayppy,opp1 V41 " Vk+t—1Ca ot Copgr,i-

Since eq,,,i%i,j€j,a,., 15 a factor of the non-zero product in (4), we have that x;; # 0.
Recalling also the definition of the ideal I, it can be checked that for z; ;j, zx; € J(B/I), we have that

(5) xi,sz,l = x;‘,jffk,l =0.

In fact, let z;; € Ayvp - vs_1As and 2 € Apvy - ve—1A4ce. Then xi7jz,’;’l € Ayvp - AsAv)_ - vf Ay and
either s # c and, so, z; jx},; = 0 or s = c and the above product must contain v,_; and v}_; and, by definition
of I, z; jxj ; = 0. Similarly zj jxg, = 0.

By direct computation it follows the the z; ;’s and the z7 ;’s multiply as matrix units taking into account the
relations in (5). Thus they are linearly independent over F'. Since these are the only non-zero words of B/I, it
follows that they form a basis of the algebra with involution B/I.

Next we define a map ¢’ : B/I — UT.(A;,..., A,) by setting ¢/'(A) = ¢(A). Moreover for 1 <k <n —1,
k+t<n,t>1if sp +1<i<Spr1, Sgprt+1 <7 < Skq1+4¢, we let

¢ (i) =ei; and ¢'(a];) = €],
The map ¢’ is a multiplicative linear isomorphism since dim B/I = dimUT*(A;4, ..., A,) and the z;;’s multiply

like matrix units. Since it is also an isomorphism of algebras with involution, the theorem is proved. O

Given an algebra with involution A let us denote by var*(A) the x-variety generated by A.
The connection between finitely generated *-algebras and x-fundamental algebras with respect to the -
exponent is given in the following.

Corollary 2. Let A be a finitely generated Pl-algebra with involution x over an algebraically closed field of
characteristic zero. Then there exist x-simple algebras Ay, ..., A, such that UT(A4,..., A,) € var*(A) and
exp*(A) = exp™(UT\(A1,..., Ay)).

Proof. By [21], we may assume that A is a finite dimensional algebra. Hence the *-exponent of A is equal to
the largest dimension of a x-semisimple subalgebra of A, say, A; @ --- @ A, such that

Ay JAsT - JA, 0.
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Hence exp*(A) = dim(A1®---® A,,) and, by Theorem 4, there exists a *-subalgebra of A mapping homomorphi-
cally onto UT, (A4, ..., Ay). Hence UT, (A4, ..., Ay) € var*(A) and we are done since exp* (UTx(41,...,4,)) =

Now recalling the definition of *-minimal variety, by [21] this implies the following result proved in [7].

Theorem 5. Let V be a *x-variety of finite basic rank minimal with respect to the *-exponent. Then V is
generated by an algebra of the type UT.(A1,..., Ay) for some x-simple algebras Ay, ..., A,.
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