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GROWTH OF CENTRAL POLYNOMIALS OF ALGEBRAS WITH INVOLUTION

FABRIZIO MARTINO AND CARLA RIZZO

ABSTRACT. Let A be an associative algebra with involution * over a field of characteristic zero. A central
x-polynomial of A is a polynomial in non-commutative variables that takes central values in A.

Here we prove the existence of two limits called the central *-exponent and the proper central *-exponent
that give a measure of the growth of the central *-polynomials and proper central *-polynomials, respectively.
Moreover, we compare them with the Pl-x-exponent of the algebra.

1. INTRODUCTION

Let A be an associative algebra with involution * over a field F' of characteristic zero and let F/(X, ) be the
free associative algebra with involution freely generated over F' by the countable set X of non-commutative
variables.

A s-polynomial f(z],...,z,27,...,27) € F(X,*) is a central *-polynomial of A if for all af,...,a} €
At and for all ay,...,a; € A, f(a],...,a},ay,...,a5) € Z(A), the center of A. If f takes only the zero
value, then f is called *-polynomial identity of A whereas if f takes a non-zero value in Z(A), then it is said
to be a proper central *-polynomial.

The study of central polynomials was motivated by a famous conjecture of Kaplansky (see [18]) that
later on was proved independently by Formanek and Razmyslov ([6], [27]), asserting that the algebra M, (F)
of n x n matrices without any additional structure has proper central polynomials. This result is highly
non-trivial since even if an algebra has a non-zero center, the existence of proper central polynomials is
not granted. For instance, it is well-known (see [15, Lemma 1]) that the algebra of block upper triangular
matrices has no proper central polynomials.

Here we are interested in a comparison among the growth of the spaces of central x-polynomials, proper
central x-polynomials and x-polynomial identities. To this end, we use an idea introduced by Regev in [28]
in the setting of ordinary central polynomials. We will consider the space P of multilinear *-polynomials
of degree n and we shall attach to it three numerical sequences: ¢ (A), the dimension of P} modulo the
s-polynomial identities of A; ¢>*(A), the dimension of P} modulo the central *-polynomials of A; §%(A), the

n
dimension of the central x-polynomials modulo the x-identities of A. It is easily seen that for all n > 1,

(1) p(A) = % (A) + 0,(A).

n
*,2

We analize the growth of ¢2%(A) and §7(A) by means of their asymptotic behavior.
In particular, in [10] it was proved that the limit

exp’(4) = lim /¢ (4)

exists and is a non-negative integer called the x-exponent of A. Because of equality (1), it is worth asking if
the limits
expi(4) = lim {fei*(4), expd(4) = lm /5;(4)
exist.
In this paper, we firstly prove that for any %-algebra A, exp®(A) exists and is a non-negative integer,
secondly that exp?(A) = exp*(A) provided exp*(A) > 2. Moreover exp?(A) = 0 or 1 if exp*(4) < 1. A
similar result was obtained for ordinary algebras in [15] and [16].
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2. BACKGROUND ON *-ALGEBRAS

Throughout the paper F' will denote a field of characteristic zero. Let A be an associative F-algebra with
involution x, i.e., a linear map * : A — A of order two such that (ab)* = b*a*, for all a,b € A. We write
A= AT ® A~ where AT = {ac€ A|a*=a} and A~ = {a € A | a* = —a} denote the sets of symmetric
and skew elements of A, respectively.

Let F(X,*) = F(x1,27,29,25,...) be the free associative algebra with involution on a countable set
X ={x1,x2,...} over F. Tt is useful to regard F(X, ) as generated by the symmetric variables and by the
skew variables , i.e., F(X,*) = F(x], 2], 25,25 ,...), where 2} = z; +a}, v; = x; —x}, i > 1. Recall that
a polynomial f(z],...,z, 27,...,27) € F(X,*) is a *-polynomial identity of A (or simply a *-identity),
and we write f = 0, if f(a],...,a,a7,...,a7) = 0 for all af,...,a} € A", ay,...,a; € A~. The set
Id*(A) of all x-identities of A is a T,-ideal of F(X, ), i.e., an ideal invariant under all endomorphisms of the

free algebra commuting with the involution .

Let us denote by P the space of multilinear polynomials of degree n in xf, PR TR S -
P = spanF{wg(l) CWeny | 0 € Sy, wi € {x;",x;}, 1= 1,...,n};
hence for every i = 1,2,...,n either 2] or #; appears in every monomial of P at degree 1 (but not both),
for any ¢ = 1,...,n. Since in characteristic zero every x-identity is equivalent to a system of multilinear

x-identities, the study of Id*(A) is equivalent to the study of P* NId*(A), for all n > 1. Thus we construct
the quotient space
P,
~ PrnlIdf(A)’
and we call its dimension, ¢} (A4) = dim P*(A), n > 1 the nth *-codimension of A.

We can define an action of the hyperoctahedral group Zs ! .S, on the space P; by the rule: for h =
(€1y--.,6n;0) € Zo ) Sy, hxf = sz and hz; = (m;(i))%(i) =T ;) OF —T according as €,(;y = 1 or
—1, respectively (see [11]). Thus, since P N Id*(A) is invariant under the Zy.S,, action, the space P} (A)
inherits the structure of left Zs ! S,-module. The structure of a Zs ! S,-submodule M can be described as
follows (see [5] and [11]): let 0 < r < n and let T and T}, be Young tableaux of shape A and p filled with
the integers 1,...,7 and r +1,...,n, respectively. Moreover, let er, and er, be the corresponding essential
idempotents of F'S, and FS(.11,... n) = F Sy, respectively. Then, if I' is a set of left coset representatives
of S, x S,_, in S, we have that

M = (GBWFSTeTA ®FSn,TeTH)(mf---xj'x;+1-~-x;),
~el’

P (4)

where S, and S,,_, act on the set of variables {z{,..., 2} and {2, ,,..., 2z, }, respectively.
The Zs ! Sy,-character of P(A), denoted by x(A), is called the nth x-cocharacter of A and by complete
reducibility we can write
X:L(A) = Z LW O W)
[Al+]pl=n
where x», is the irreducible Zj ! S,-character associated to the multipartition (A, ), my, > 0 is the
corresponding multiplicity and |A| + |p| = n means that A+ r and p-n —r.

For fixed r = 0,...,n, P, _, denotes the space of multilinear polynomials in the variables xf, R A
P

(A)Z#Mforalloﬁrg

rn—r

Xy ... &, _.. It is clear that P¥(A) can be determined by studying P}

n—Tr
n. To this end, we define an action of S, x S,,_,. on P;n_r in a natural way: S, and S,,_, act by permutation
on the variables 7, ..., 2} and x7,..., 2, _,, respectively. We get that P}, _-(A) has an induced structure
of S, x S,_r—module and its character arises. If we denote it by X} ,_,.(A4), then by complete reducibility,
we can write

Xrn—r(A4) = Z . (Xx ® Xu)

A=
pEn—r

and, according to [5, Theorem 1.3], we have that

(2) M = M u,,
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forall \Fr, uFn—r,r=0,...,n. One of the most challenging problem is to determine these multiplicities
(see for instance [24] and [29]).

Next we shall introduce a powerful tool that one can use in order to reduce the problem of computing
the T*-ideal of x-identities of any %-algebra to that of a suitable finite dimensional superalgebra. Recall
that an algebra A is a superalgebra if A is graded by Zs, the cyclic group of order 2, i.e. A = Ay & Ay, as
vector space, such that AgAg + A1 A1 C Ag and AgA; + A1Ag C A;. The elements of Ay and A; are called
homogeneous elements of degree 0 and 1, respectively.

Let G denote the infinite Grassmann algebra generated by the elements 1, e1, es, ... subject to the relations
e;e; = —eje;, for all 4, j. Let G = Gy @ G be its natural Zy-grading, where

Go =spanfe;, ..., |1 <ip < -+ <igk, k >0}

and

G = span{el-l .. 'ei2k+1|]‘ <nn<--< i2k+1,k > 0}
If A= Ay @ A, is a superalgebra, then the algebra G(A) = Gy ® Ay & G1 ® A; is called the Grassmann
envelope of A.

Now recall that a superinvolution on a superalgebra A is a graded linear map £ : A — A such that (a*)* = a
for all a € A and (ab)f = (—1)l%lllIb%a?, for every a,b € AgUA; of homogeneous degree |a| and |b|, respectively.
Since charF = 0, we can write A = Aj @ Ay @ A] @ Ay, where for i = 0,1, A = {a € A;|a* = a} and
A7 = {a € Aj|a* = —a} denote the sets of homogeneous symmetric and skew elements of A;, respectively.
In recent years, superalgebras with superinvolution have played a prominent role in the theory of polynomial
identities and they have been extensively studied by many authors (see for examples [7, 8, 9, 21, 22, 23]).

Notice that if A is a superalgebra with superinvolution f, the Grassmann envelope G(A) can be regarded
as an algebra with involution * : G(A) — G(A) such that (a ® ¢)* = a* ® ¢g*, where x : G — G is
the superinvolution defined by ef = —e;, for ¢ > 1. Furthermore, since G(A) has a natural structure of
superalgebra defined by G(A)g = Ao ® Gg and G(A); = A; ® G1, the involution * can be regarded also as a
graded involution, i.e. an involution preserving the Zs-grading.

In what follows, in order to simplify the notation, we shall always use f to denote the superinvolution of
the superalgebra A and * to denote the involution on G(A).

In the theory of algebras with polynomial identity without any additional structure, a celebrated theorem
of Kemer states that an arbitrary algebra satisfying a (ordinary) polynomial identity over a field of charac-
teristic zero has the same identities of the Grassmann envelope G(A) of a finite dimensional superalgebra
A (see [20]). In [1] Aljadeff, Giambruno and Karasik proved the analogous result in case of algebras with
involution.

Theorem 1 ([1],Theorem 4). If A is an algebra with involution satisfying a non-trivial x-identity, then there
exists a finite dimensional superalgebra with superinvolution B such that Id*(A) = Id*(G(B)).

As in the case of algebras with involution, one can define a superinvolution on the free algebra F(X) in
a natural way. We write the set X as the union of two disjoint infinite sets Y and Z, requiring that their
elements are of homogeneous degree 0 and 1 respectively. Then each set is written as the disjoint union of
two other infinite sets of symmetric and skew elements respectively. The free algebra with superinvolution
is denoted by F(Y U Z, ) and it is generated by symmetric and skew elements of even and odd degree. We
write

F<Y U Z7 ﬁ) = F<y1~_7y1_’zi‘r’zl_7y;_7y2_7Z;’_’22_7 i '>7
where y;r stands for a symmetric variable of even degree, y, for a skew variable of even degree, zl+ for a
symmetric variable of odd degree and z; for a skew variable of odd degree.

A t-polynomial f(yi, ..., v 97, Ums 2, 2t 20, 25) € F(Y U Z, 1) is a f-polynomial identity of
A (or simply a f-identity), and we write f =0, if

fluf, o uf ur, o) =0
for all uf,...,ut € A, uy,...,u,, € Ay, v{,...,vi € Af and vy ,...,v; € A7.

We denote by I1d*(A) = {f € F(Y U Z,%) | f =0 on A} the T-ideal of f-identities of A, i.e., Id*(A) is an
ideal of F(Y U Z, ) invariant under all Zy-graded endomorphisms of the free superalgebra commuting with
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the superinvolution f. It is well known that in characteristic zero, every #-identity is equivalent to a system
of multilinear f-identities. Hence if we denote by

szspanF{wo‘(l)wa(n)|aesna w; € {yjayq,_az;r)'zz_}a ’L:l,,ﬂ}

the space of multilinear polynomials of degree n in ylﬂyf, zf, 2 syt oy 2tz (Le, y:r or y, or z;r

or z; appears in each monomial at degree 1) the study of Id*(A) is equivalent to the study of P# N1Id*(A),
for all n > 1. The non-negative integer

P

A) = dimp —— 1
) " pEn1di(a)

>1

c
is called the n-th #-codimension of A.
Let now N > 1 and write N = m +n + p + ¢ as a sum of four non-negative integers. We denote by
P}f%n’p,q C Pf\, the vector space of multilinear #-polynomials in which m variables are symmetric of even
degree, n variables are skew of even degree, p variables are symmetric of odd degree and ¢ variables are skew
of odd degree. As already done previously, one can define a natural action of S,,, x S, xS, x S; on Pﬁlyn’p’q
by permuting the variables of the same homogeneous degree and the same symmetry with respect to §. Thus
the Sy, x Sy, X S, x Sg-character arises and we call it the (m, n, p, ¢)-th cocharacter of the superalgebra A.
We now define a map whose properties will be used very often (see [1]).

If w e P! we write

m,n,p,q)

Eo(1) €o(iy) €o(ig+1) Eo(ig)

o1)  Za(iy) W2Za(i11)  Zo(in)

where o € Sp14, €i; € {+, -} and the w;’s are (possibly empty) monomials in even variables.
Then we consider the linear map

w=wz w3 ... Wr41,

~. pt i
: Pm,n,zxq - Pm,n,qm
defined on the monomials by
~ Mo (1) No(iq) No(iq+1) Mo (ig)
w = (sgna)wlzg(l) 2oy W2Ze () e 2oy W Wit

where n; = —¢; for all 4, that is, n; = + if &; = — and n; = — if &; = +. Notice that the use of such map (in
the ordinary case) started with Kemer (see [20]).
In [1, Lemma 2] and [10, Lemma 1], the authors gave the following basic properties of the map ™.

Lemma 1. The map~: Pfﬁn’p’q — Pg%n,q,p has the following properties.
(1) If f € PE, g then f = f.
(2) If f e Pﬁl,n,p,q; then for any set of variables Z = {z .. .,z;,zf, .. .,z;}, f s alternating on Z if

and only sz s symmetric on Z. ~
(3) If A is a superalgebra with superinvolution, then f € Id*(A) if and only if f € 1d3(G(A)).
Here Id5(G(A)) means the T-ideal of x-graded polynomial identities of G(A).

Another basic result we shall need is the Wedderburn—Malcev theorem for finite dimensional superalgebras
with superinvolution. First we recall some definitions. An ideal (subalgebra) I of a superalgebra A with
superinvolution f is a f-superideal (4-superalgebra) if it is a graded ideal (subalgebra) and I* = I.

We also say that the algebra A is a simple #-superalgebra if A2 # 0 and A has nontrivial §-superideals.

Theorem 2 ([7], Theorem 4.1). Let A be a finite dimensional superalgebra with superinvolution over a field
F of characteristic zero. Then there exist simple §-superalgebras By, ..., B,, C A such that

A=B1®...® B, + J(A),
where the Jacobson radical J(A) is a §-superideal.

In the light of the previous theorem, it is clear that we need a classification of the finite dimensional simple
f-superalgebras over an algebraically closed field F' (see [2, 17, 26]). In order to describe such a result we
first recall same important facts.

It is well known (see [30]) that if F' is algebraically closed, a simple superalgebra A is isomorphic to one
of the following types:



(i) Given k+1>1,k>1>0,

Mii(F) = {()Z( ?) X € My(F),Y € Myxi(F), Z € My (F), T € Ml(F)}

= (My,1(F))o & (My,1(F)

where (M (F))o = {()0( ;)} and (M, (F)); = {(g 10/) };
(i) Q(n) = My(F & cF) = Q(n)o ® Q(n)1, where Q(n)o = My(F) and Q(n); = My (F) with ¢ = 1.

If A is a superalgebra, we denote by A®°P the superalgebra which has the same graded vector space structure
as A but the product in A%°P is given on homogeneous elements a, b by

aob=(—1)Plpg,

The direct sum R = A @ AS°P is a superalgebra by setting Ry = Ag ® Ay and Ry = A; @ A" and it is
endowed with the exchange superinvolution

(a.0) = (b,a).

Recall that if A and B are two algebras (superalgebras) endowed with involutions (superinvolutions)
x and *, respectively, then (A,x) and (B,x) are isomorphic, as algebras (superalgebras) endowed with
involution (superinvolution), if there exist an isomorphism of algebras (superalgebras) ¢ : A — B such that
¢(a*) = ¢(a)*, for all a € A.

Theorem 3 ([2, 17, 26]). Let A be a finite dimensional §-simple superalgebra over an algebraically closed
field F' of characteristic different from 2. Then A is isomorphic to one of the following:

(1) My 25(F) with the orthosymplectic superinvolution osp defined by

X Y\ (L o\ /X -Y\'[I. 0
Z T “\0 Q@ zZ T 0 @
0 I

where t denotes the usual matriz transpose, QQ = ( I 0
—4s

) and Iy, I are the identity matrices of

orders k and s, respectively;
(2) My i (F) with the transpose superinvolution trp defined by

x v\'"" /1t -yt
<Z T) (Zt Xt>5
(3) My (F) @® My (F)*°P with the exchange superinvolution;
(4) Q(n) ® Q(n)*P with the exchange superinvolution.

According to the previous result, Z(A) = F if either A = (M 25(F), 08p) or A = (M 1 (F),trp), Z(A) =
FoFit A= My (F)® Mg (F)*°P and Z(A) =2 (F&cF)® (FacF)if A= Q(n) ® Q(n)™°P.

3. ON CENTRAL *-POLYNOMIALS

In this section we shall introduce the main object of the paper. Let A be an algebra with involution *. A
polynomial f(x,... 2}, 27 ,...,27) € F(X, ) is a central *-polynomial of A if f(a],...,a},a],...,a7) €
Z(A) for allaf,...,af € At ay,...,a; € A~. Clearly in case f takes only the zero value, f is a *-identity
of A whereas if f takes a non-zero value in Z(A), we say that f is a proper central *-polynomial. Let Id**(A)
denote the set of central *-polynomials of A. Notice that Id"*(A) is a Ti-space of F(X,x), i.e., a vector
space invariant under all endomorphisms of the free algebra commuting with the involution x.

If we set

P*
P*,Z A — n
then the quotient space
P*NId**(A
Ay () = A

Pr1d*(A)
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corresponds to the space of proper central %-polynomials in n fixed variables. The following remark can be
easily checked.

Remark 1. Let A and B two *x-algebras. If Id"(A) = Id"(B), then Id"*(A) = Id"*(B) and AX(A) = AX(B),
for alln > 1.

We call ¢7*(A) = dimp P*(A) and 4% (A4) = dimp A% (A), n = 1,2,..., the sequences of central x-
codimensions and proper central x-codimensions of A, respectively. Because of relation (1), it easily seen
that

3) ¢ (A) > ¢*(4) and ¢(A) > 55(A),

Remark that for all 0 < r < n if we set
Py _ NId**(A
A% (A) = Do DI
’ P* NId*(A)

rn—r

and 6F,_ (A) =dimp A

rn—r rn—r

(A), then

o3 (A) = Zn: (:) 5 (A).

r=0
Notice that the spaces P}%(A) and A¥%#(A) have an induced structure of left Zs.S,-module. We denote

by x%#(A) and x} (A(A)) the corresponding characters, respectively. By compete reducibility we decompose
such characters into irreducibles:

A =D myoue A = D my o
A Tnl=n Al Tal=n

where X , is the irreducible Zs ¢ S,-character associated to (A, p) and m:\_u, m:\/
multiplicities.

L are the corresponding
.

Clearly,
X (A) = X7 (4) + 10 (A(A)),
and my , = m:\,u + m:\/’#, foral A\b7, utn—r,r=0,...,n. Hence ml/\yu < my, and m:\,’u < my,, and
we write
(4) X 7(A) <xa(4), X (A(A) < xq(A).

Notice that since the three codimensions do not change by extension of the base field, from now on we
shall assume that the base field F is algebraically closed.

Let B be a finite dimensional superalgebra with superinvolution over F' such that Id*(A) = Id*(G(B)).
Since F is algebraically closed, B has a Wedderburn—Malcev decomposition By ® - - - @® By, + J where B; are
f-simple superalgebras listed in Theorem 3.

We say that B is reduced if for some permutation (i1, ..., 4y) of (1,...,m) we have that B;, JB;,J ... JB;,  #
0. Moreover, we give also the following definition.

Definition 1. A semisimple subalgebra B = B;, ®---@ By, of B, where iy, ...ix € {1,...,m} are distinct, is

centrally admissible in G(B) if there exists a multilinear proper central *-polynomial f(x, ... xf x7,...,27)
of G(B) with r + s > k such that

f(ai",...,agl,bi",...,bjikl,al_,...,a,;, f,...,b;,cz) #0
for some ai € G(B;,)*,...,af € G(B;,,)",a7 € G(Bi,,,,) ... a5, € G(Bi,)~, bf,....,b/_, € G(B)Y,

by ,. "b;—kQ € G(B)_, ki +ky=k.

Remark that if the semisimple subalgebra B of B is centrally admissible in G(B) of maximal dimension,
then B = B+J is reduced. In fact, without loss of generality let us assume that B = B;®---® By and let f =
flzy,...,xf, 27, ...,x7) be a proper multilinear central polynomial of Definition 1. Since G(B;)G(B;) =
0 for any ¢ # j, then G(B;,)G(J)G(B;,)G(J)...G(J)G(B;,,) # 0 for some permutation (i1,...,ix) of
(1,...,k). Thus it follows that B;, JB;,J ... JB;, # 0, i.e., the superalgebra with superinvolution B=B+J
is reduced.
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In what follows we shall prove that §%(G(B)) is bounded from above and from below, up to a polynomial
factor, by d™ where d is the maximal dimension of a centrally admissible subalgebra in G(B). This result
will lead to the main theorem of the paper.

4. AN UPPER BOUND FOR 4§} (A)

In this section an upper bound for the proper central x-codimension sequence will be found.
If A+ n, we define an infinite hook H(d,!) as follows:

H(d, 1) = [J{A= (1 de ) Fn | dapr <13

n>1

We say that A lies in the hook H(d,l), and we write A € H(d, 1), if the corresponding Young diagram is
contained in H(d,1). Moreover, we shall denote by d, the degree of the corresponding character x.

The next technical lemma describes the x-cocharacter of the Grassmann envelope of a superalgebra with
superinvolution in terms of the shape of the Young diagrams associated to the irreducibles appearing in its
decomposition.

Lemma 2. Let A be a finite dimensional superalgebra with superinvolution § and Jacobson radical J = J(A)
and let B be the maximal semisimple §-subalgebra of A appearing in the Wedderburn—Malcev decomposition,
i.e. A= B+ J, with dimp BS‘ = p1, dimp By = p2, dimp Bf' = q1 and dimp B = go. Moreover, suppose
that J™ =0 for some m > 1. If

XG(G(A) = 3 mauxo
Ap

is the x-cocharacter of G(A), then X € H(p1,q2)US1 and u € H(p2, q1)USa, where S; = ((p1+qo+m)PrTa2tm)
and Sy = ((pz +q + m)Pertthm)_

Moreover, any character x»,,, appearing with a nonzero multilicity in x} (G(A)) has at most m — 1 bozes
outside H(p1,q2) and H(p2,q1).

Proof. By taking into account (2), in order to reach the desired conclusion, we can study x;,,_,.(A) for all
0 < r < n. Moreover, as we saw in the previous section, G(A) can be regarded as a superalgebra with graded
involution, where G(A)§ = Af ® Go, G(A)y = Ay ® Go, G(A)] = A7 ® G1 and G(A);] = A} ® G1. Thus,
if we consider Py, (G(A)), the S,, x ... x S,,-character arises and we call it graded *-cocharacter of
G(A). One can induce the *-cocharacter of G(A) from the graded one in the following way.

Let (A\,p) F (r,n —r) where 0 < r < n, be a multipartition whose corresponding S, X S,,_,-character
Xx ® X, appears with a nonzero multiplicity in the decomposition of the *-cocharacter x;,,_,.(G(A)). Then
there exists a multilinear *-polynomial h(zy,...,z; 2, ,..., ;) such that

h(af,...,a} b, ... b} ClyeeesCryrdyyoydy ) #0,

» 'y ’ Y ng)?

for some non-negative integers ni,...,ny, r = ny +ng, n —r = ny + ny and for some aj,..., ab € G(A),
b, ... b € GA)T, e, .. ey, € G(A)y and dy ,...,d,, € G(A)]. Thus F(S, x S,—,)h is an irreducible
Sy x Sp_r-module with character x ® x,.

Now let us consider the S,,,-permutation action on the variables z{", ..., |, the S, -permutation action
on the variables as;le, - ,x:[l_ms, the Sp,,-permutation action on the variables z,, ., 11, %y, 1,10, and

the S,,,-permutation action on the variables z,, .\, 415+ Ty, fnypngtn, - 1018 clear that if I = {iy, ... 4}
is a set of indices, here we are identifying Sy, the symmetric group acting on I, with S;.

It turns out that F'(S, x S,,—,)h becomes a left F'H-module, where H = S,,, X ... x S,,,, which is not
irreducible in general. Hence, let M be one of its irreducible components associated to the H-character
Xa ® .. ® X, Where A\, Fn;, 1 <4 <4

By using Froboenius reciprocity theorem, x ® X, is one of the irreducible S,. x Sj,_,-character induced by
XA ®...®xx,. Let g= g(zf, coxf xy, ..., x,_,) be a generator of the H-module M. By the representation
theory of the symmetric group (see [14, Chapter 2] for further details), there exist four essential idempotents
ery,, 1 <4 <4, acting non trivially on g, thus let [ =er, —-en,g
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From [14, Lemma 2.5.1], it follows that
(5) f'=3%_ (seno)(senr)orf

G'ECT)\l
'rECTA2

is nonzero and it generates the same module.
Now let us apply to f’ the map ~in order to get

f’ = f’(yf,...,ya,yf,...,y,;,zfr,...,z;{s?zf,...,z,;).
By Lemma 1, f' is not a f-identity of A.

In order to simplify the notation, in what follows we write A; = (Aj1,...,Aj¢;), where ¢; is the height of
Aj, i.e. the number of the rows of A;, for all 1 < j < 4.

Let us consider the conjugate partitions A} and \j and let us suppose that Ajq,..., Nj; > p1, A ;41 < p1,
Mygyon, )\’Qj > po and )\’2,j+1 < po for some i and j. Similarly, let us suppose As1, ..., Asg > g2, A3 p+1 < g2,
M1, g > ¢qp and A4 < g1 for some k and [. Then by (5) one gets that f~’ is alternating on ¢ sets
Vi, ..., Y.t of even symmetric variables with [Y;7| = Aj; > p1,...,|Y;T| = A}, > p1 andon jsets Y, ... Y
of even skew variables with [Y;"| = Ay > pa, ..., [Y; | = A5, > pa.

Moreover, recalling the definition of the map ~and using [14, Lemma 4.8.6], f’ is alternating on [ sets
Z{, ..., Z; of odd symmetric variables with |Z;7| = A1 > q1,...,|Z; 7| = Ay > q1 and on k sets Z, ..., Z;
of odd skew variables with |Z] | = A1 > ¢o2,...,|Z, | = As1 > ¢o.

Since f’ is not an identity and dimp Ba' = p1, dimp By = pp, dimp Bi" = ¢ and dimp B = g9, it
follows that there exists a nonzero evaluation in which at least
YT+ Y —ipr = N+ N —im
even symmetric elements are taken from the radical J; at least
Y7+ [V =2 = Mgy + o+ Ay — e
even skew elements are taken form J; at least
|Z;—|++‘Zl+|_lq1 :)\41+...+/\4l—lql
odd symmetric elements are taken from J and at least
odd skew elements are taken from .J.
Since J™ = 0, it readily follows that
i J l k
SN —ipr+ Y Ny —dp2+ Y Aas—lgr + Y Aas — kg <m— 1.
s=1 s=1 s=1 s=1
We now split A; and Ay in the following way. Take \; - n} and N Fon; — n such that \; = (Ni1, -, Xip,)

and ;\l = (Nipi+1s Nijpi+2,---), 1 < i < 2. Then the S, -character x,, is one of the irreducible characters
induced from the irreducible Sngi—character X5, 1 <1 <2

Similarly, let 5\3 F n'3 where 5\3 = (5\31,5\32, .. ) with 5\31 = q2, .. ~75\3k = Qq2, ;\3,k+1 = )\3,k+175\3,k+2 =
)\3,k+27 ... and let )\4 F nﬁl where A4 = ()\41,A42, .. ) with A41 = dq1,-. .,A4l = (1, )\4714_1 = A47l+1, A47l+2 =
4,42, ... Thus the S, -character x,, may be induced from the S, -character x5_, 3 < s < 4.

Notice that the S, x §,_,-character x» ® x, is one of the irreducible characters induced from the H'-
character x5, ®...®xjx,, where H' = S, x ... x Sy, with x5, € H(p1,0), x5, € H(p2,0), x5, € H(0,q2),
Xx, € H(0,q1), and n —n} —nh —nz —nj <m— 1.

Applying the Littlewood-Richardson rule, the S, +ny-character induced from x5, ® x5, lies in the hook
H(p1,q2) whereas the S, -character induced from x5, ® xj, lies in the hook H(p2,q1). Therefore, the
number of boxes not belonging to H(p1,q2) and H(ps,q1) is at most m — 1, as claimed. O

‘We are now in a position to prove the main result of the section.
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Lemma 3. There exist constants C' and t such that
55 (G(A)) < Cntd™,
for all n > 1, where d is the mazximal dimension of a centrally admissible subalgebra in G(A).

Proof. Let B be a centrally admissible subalgebra in G(A) of maximal dimension with superinvolution f.
We may assume B = A; @ ... D Ay and let B = B+ J be a reduced algebra such that p; = dimp Bar,
p2 = dimp By, ¢1 = dimp Bf' and ¢o = dimp By .

By taking into account Lemma 2 and relation (2), the irreducibles appearing in the x-cocharacter x;. ,,_,.(G (B))
are of the form x\ ® x, with A € H(p1,¢g2)US1 and p € H(pa,q1) U S2, where S; and Sy are squares of fixed
sizes depending only on the index of nilpotency of J.

Thus by [14, Lemma 6.2.4, Lemma 6.2.5], for all 0 <r <n

deg X © xpu = dady, < C'n% (1 + )" (P2 + @1)" ",

for some constants C’,a’. Here A\Frand ubn—7r, 0<r <n.
Since by [3] the multiplicities are polynomially bounded, we get

G =3 ()esnen @B <3 (M) ot -+ = O

r
r=0
for some constants C, a.
By taking into account (3), it readily follows that

55(G(B)) < Cnd".
Now let g = g(«f,..., 2}, 27 ,...,7,_,) be a multilinear proper central *-polynomial of G(A) generating

the irreducible left submodule M of A% (G(A)). Then there exists a nonzero evaluation of g in some suitable
centrally admissible subalgebra D. By the previous arguments we get
(6) dimp M < C'n® (dimp D)™ < C'n® d™,

since B has maximal dimension.
Since the multiplicities in x% (G(A)) are polynomially bounded, by (4) so they are the ones of x (A(G(A))).
This fact together with (6) implies the desired conclusion. O

5. A LOWER BOUND FOR 0/ (A)

In this section, we let A be a superalgebra with superinvolution § and G(A) be its Grassmann envelope
with induced involution .

Furthermore, in what follows Y ¥ stands for a set of even symmetric variables with respect to #, Y~ stands
for a set of even skew variables, ZT stands for a set of odd symmetric variables and Z~ stands for a set of
odd skew variables. Given integers d,[,t > 0, we also define the partition

h(d,l,t) = (t+1,...,t+1,1,...,1).
—_—— ——
d t
Lemma 4. Let A be a simple superalgebra with superinvolution and let dimg Al = p;, dimp Ay = po,
dimp AT = ¢1 and dimp A] = qo. Then for t large enough, there exist partitions X and i with

h(p1,q2,2t — p1 — q2) < X < h(p1, q2, 2t),

h(p2,q1,2t —p2 — q1) < I < h(p2,q1,2t)

and tableauz Ty and Ty such that er,er, h is a proper central -polynomial of G(A) for a suitable multilinear
x-polynomial h.
Proof. According to [10, Lemma 4] for every ¢ > 1, there exists a multilinear g-polynomial
foY Yo Y Y 2 2 2 Zy,)
which is alternanting on each set of variables Y;",Y,”, ZF, Z7, where |Y;T| = p1, |Y; | = p2, |Z| = a1,
|Z7] = ¢2, 1 < i < 2t, and f takes invertible central values in A. By Lemma 1, the polynomial f is
9



alternanting on each YiﬁY[, and symmetric on each Z;r ,Z;, 1 <14 < 2t. Moreover, f is not a Zso-graded

s-identity of G(A) and, since the number of odd variables is even, f takes central values in G(A).
Let ny = 2tpy, ng = 2tpa, n3 = 2lga, ng = 2tqy and let Ay = ((2)P*) F nq, Ao = ((215){’2) F no,

A3 = (¢5") F n3, s = (¢") F na. Then there exist er, ,...,er, such that g = er, ...er, f is not a
Zso-graded #-identity of G(A). Moreover, g takes central values in G(A).
Set M = FHg as the left H = S,,, X -+ x Sp,,-module generated by ¢g and let M’ the S, x S,,_,-module

induced by M, where r = ny +ng and n —r = ng +ny. If M is an irreducible submodule of M, then by the
Littlewood-Richardson rule, M is associated to a pair of partition X\ and fi such that

h(p1,q2,2t — p1 — g2) < A < h(p1,q2,2t),

h(p27q152t — P2 — Q1) S /j' S h(anQMQt)a

and there exist Young tableaux 7T and T} such that e er, h is a proper central x-polynomial of G(A) for
some multilinear *-polynomial h € M’. O

From now until the end of the section, let B = A; @ --- @ Ay, be centrally admissible in G(A) of maximal
dimension, dimgp B = d, where Aj,..., Ay are simple superalgebras with superinvolution. Moreover, let
l; = dimF((Ai)a' ® (A;)7), mi = dimp((A;)g @ (A;)f) for all 1 <i <k, so that d = Zle(li +my).

Let g =g(x),..., 2}, 27,...,7,_,) be a multilinear proper *-polynomial of G(A) such that
g(af,...,a;c"l,azlJrl,...,aj',al_,...,a,;2,a,;2+1,...,a8_7T) #0,
for some af € G(Al)Jr,...,az1 € G(Ag)*Y, ay € G(Ak41)75---,a;, € G(Ag)™, k = ki + kz. Hence

g ¢ 1d*(G(B)) where B = B + J.

Remark 2. Let A; be a simple superalgebra with superinvolution. Then for allb € Z(A;)§, € € {+,—} and
b # 0, there exists an element ¢ € Z(A;)§ such that cb = 14,.

Proof. The proof easily follows by noticing that either Z(A;)g = F or Z(A;)o = F® F according to Theorem
3. O

In what follows, we denote by f¢ a multilinear *-polynomial symmetric or skew with respect to * according
to € € {+,—} and by o the Jordan product among two variables, i.e., 1 0 x5 = %(zlxg + x021).

Lemma 5. Let fi*,..., f*, e; € {+,—}, 1 <@ <k, be multilinear x-polynomials on distinct sets of variables
such that f* is a proper central x-polynomial of G(A;) for alli and let yi, ...,y Y1 - o Yoy 2500 ooy 257
be new wvariables. Then the x-polynomial
1> g £ — — —
g _g(yl Ozl f "'7yljlozkfl kflvyk1+17"'7y:_7y1 Zk):i:—llfkf.filv"wykzOzzkf]ikayk2+17"‘vys—r)

is a proper central x-polynomial of G(B).

Proof. Tt is clear that ¢’ is a central *-polynomial of G (E ) since ¢ is central, thus we have only to prove that
g' ¢ 1d*(G(B)).

Since g is multilinear and g(aj,...,a},a;,...,a,_,) # 0, then without loss of generality we may assume
aj =b;Qu;, 1 <i<r, a; =¢®uw;, 1<j<s—r, where b;,c; € B and v;, w; € G are distinct homogeneous
elements.

Thus
g af,...,aj,al_,... ay_) =G(b1,...,br c1y0 0 Cop) QU Vpwy -+ Ws—y F# 0.
For all 1 <i <k, let ¢ be the evaluation such that ¢(f;) is a nonzero central element of G(A4;). Notice

that Z(G(A;)) = Z(Ai)o ® Go, hence by Remark 2 ¢ can be extended to an evaluation so that
where h; € Go, ¢(y,f) = af, 1 <p <rand p(y;) =a;, 1< q<s—r It readily follows that

g(af o (1A1 ®h1) akl (1Ak1 ®hk1) a:ﬁl,...,a;",af o (1Ak1+1 ®hk1+1)""7al;2 o (1Ak ®hk)7a1;2+1a--~

:g(bl,...,b,.,cl,...,cs_,.)®h1~--hkv1--~v,.w1---ws_r750.

This completes the proof. O
10
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We now introduce a technique of gluing Young tableaux that one can find in [14, Chapter 6].
Let A\ Fnq,..., Az F ng be partitions such that for all 1 <i < k,

(7) h(piy @i ti — 85) < X < h(piygis ti),
and forall 1 <i<k-—1,
(8) ti — s, > max{tit1 + Pit1,tit1 + Gy},

where p;, i, t;, i, 1 < i <k, are fixed integers.

As we know, we can associate a partition to the corresponding Young diagram. Then, by the above
relations, we can glue the first row of A;;1 to the (p; + 1)—th row of A;, the second row of A;;11 to the
(pi + 2)—th row of A; and so on. In this way we get a new partition, that we denote by A; x A\; 11, of the
integer n; + n;y1. Remark that if A = Ay x...x A, then

h(pqutk - Sk) < A < h(p7Q7t)v

where p=p1+...+pr, ¢=q1 ...+ qx and t > max{t; +p1 —p,t1 + ¢ — q}.

As we did with Young diagrams, we can glue also Young tableaux in a similar way. Let T),,...,T, be
tableaux corresponding to the partitions Ay, ..., Ay, respectively. Now we define new tableaux as follows: set
T/'\1 =T\, andforall 2 <4 <k, let Tgi be the tableau obtained from T}, by adding the integer n; +...4+n;_1
to each entry of T,. Then we denote by

N ol /
Th=Ty x...xT},

the Young tableau obtained by gluing together the tableaux T>/\1’ e T)’\k according to the previous procedure.
It is clear that such a tableau has distinct entries 1,2,...,n, where n =ny + ... + ny.

Furthermore, in [12, Lemma 14] it was proved that
(9) ery =erj ~rer) +b
where b € spangp{c € S,, | 0(N;) € N; for some 1 < i < k}, where N; denotes the set of integers filled in the
tableau ery -

Next we apply the gluing technique to pairs of Young tableaux. For all 1 < i < k consider (A\;, ;) F
(ngl),né )) and suppose that Aq,... g and puq,. .., ur are glueable, i.e. they satisfy conditions (7) and (8).
Then, by the previous arguments, we can construct (A, u') where X' = Ay %... % A\ and g/ = pg * ... * pg.

We set ng =0, n(o) 0, n(o) =0,n = n(ll) +...+ n( ) and ny = né ) 4+ nék). Let (Ty,,T),,) be the
pair of tableaux corresponding to (A;, ;). If we add the integer ng + ngo) + n(l) ot ngi_l) to all entries of

T, and the integer ng + né ) + n(l) et n(Z D to all entries of T,,, 1 <i <k, we get new pairs of tableaux

which we denote by (75 ,7},,). Then we define
Ty =Ty, *...xTy, and T)y =T, *...xT), .

We denote by Nl(i) and Ng(i) the sets of integers filled in T, and T,

1, Tespectively, 1 <7 < k. Moreover, let
Ny =N U...UNl(k);
Ny =NV u...uNP.

By generalizing (9), we have the following.

Lemma 6. Let Aq1,...,\p and pi,...,u, partitions satisfying conditions (7) and (8), furthermore let
(Tx;,T,.,) be pair of tableauz corresponding to (A, p1i), 1 < i < k. If T =T .. #T3, and Ty =T, *.. X1}, ,
then

eTx,eT/ =ery ccoery er, ccer + 7,
where T € spanp{c € Sy, X Sp, | o(N g N for some j € {1,2} and 1 <i < k}.
In the next Lemma we apply the glumg technique in order to construct a proper central *-polynomial
that will be very useful. To this end, for all 1 <1 <k, let dim(4;)§ = p1;, dim(4;)y = paj, dim(4;)] = ¢1;
and dim(4,;); = ga;. Moreover, let P; = dim Bf = Zleplj, Py, =dimB; = 25:1 p2j, Q1 = dim Bf =

k I k
djm1 @y and Q2 =dim By =)0, go;.
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Lemma 7. For some positive integers t1,...,t, there exist partitions N = nyi and p' + no, where nqy +mng =
ZZ 1 ti(li+my), Young tableauz Ty, T,y and a multilinear proper central x-polynomial g’ of G(B) such that

(10) h(Py,Qs,2t; — 4dim B) <N < h(P1,Q2,2t1),
h(Py, Q1,26 — 4dim B) < p' < h(P3, Q1,2t1)
and er,,er,,g' is also a proper central x-polynomial of G(E)

Proof. Let u; = dim A;, for all 1 < j < k. By Lemma 4, for any integer t; large enough there exist partitions
Aj and pj, pair of tableaux (T, 7},,) and multilinear proper central *-polynomials h; of G(A;) such that

h(p1j, g2, 2t; —uz) < Xj < h(pij, q25, 2t5),

h(p2j, quj,2t; — uj) < py < h(p2j, quj,2t;)
and €Ty, €T, hj is a proper central *-polynomial of G(A4;).

Now let t; = ¢ > 2k dim B be an arbitrary integer and for 2 <[ < k define
7y = w—1 + max{pi, pai, qu, o }-
Also set r; =7 if r; is even and r] = r; + 1 if r; is odd. Finally, for all 1 <1 <k — 1 define
2141 =2t — 1],
Hence for all 1 <1 < k we get
20— w = 2b41 i —w > 2641 + rg1 — w = 2641 + max{p1, P, qu, g }-
Thus conditions (7) and (8) hold and we can glue the partition Aj,...,A; and the partitions pq, ..., ug. If
N =X *x--xAand g/ = pq %+ * pg, then
h(P1,Q2,2t) —up) < N < h(Py,Q2,Th)

and

h(P2,Q1,2t) —up) < ' < h(P,Q1,T2),

where T > max{2t; + p11 — P1,2t1 + q21 — Q2} and T5 > max{2t; + pa1 — P2, 2t; + q11 — Q1 }.
Now we compute

k—1
21 — 25 = Y (2t — 2tj41) Z iy <k+ Z rir1
j=1
k—1
=k+ ) (uj+max{p;11,p2+1, @141, 2,5+1}) <k +2dim B < 3dim B
=1

Thus,
2t —ug > 2t7 —3dim B — ug > 2t7 — 4dim B.
Recalling that ¢; = ¢, we get
h(Py,Qq,2t —4dim B) < X' < h(P1,Qa,2t),
h(Py,Q1,2t — Adim B) < i/ < h(Ps,Q1,2t).
Now remark that, by Lemma 4 degh; = 2t;(l; + m;), thus we can assume A\ F ny and p' F ng, where
k
ny+ng = Zi:l ti(li + mi).
Following the previous construction, let consider T = T3 %---* T and Tu =T}, *---*T,, . Moreover,
forall 1 <j<klet Nl(j) and NQ(j) be the sets of integers filled in T)\j and T M, respectlvely.
If Bj = ery, er,, hj, then it is clear that at least one among ﬁj + B;‘v and fzj — B*» is a proper central
«-polynomial of G(B). Hence, for all 1 < j < k, we choose f;r = hj+h3, if hj + h} ¢ 1d*(G(B B)) otherwise
we consider f = h 71* Furthermore, we rename the variables of fsj, gj € {+,—}, so that the symmetric

variables are indexed by the integers of IV; () and the skew variables are indexed by the integers of Ny ()

12



By Lemma 5, the polynomial

k1 Ek1+1 p€ky+1

/_ + €1 f€1 + €ky € + + .- - €k £€k o — -
g _g(yl Ozl fl a"'?yklozkl fk1 7yk1+1a'~'7yr7y1 Ozk1+1 fk1+1 7"~7yk202k fk ayk2+17"‘7ys—r)

is a proper central *-polynomial of G(E) and degg’ = n + k + s, where n = ny; + ny. We claim that
g= eTA/eT“/g' is also a proper central #-polynomial of G(B).

Notice that g is by construction a central x-polynomial, thus we are left to prove that g ¢ Id*(G(E)). To
this end, let ) be a non-zero evaluation of ¢’. By Lemma 6

U(9) = vlery ---ery e ---ery g) +¥(rd),

where 7 € spanp{c € S,, X Sp, | O'(Nl(j)) ¢ Nl(j),a(NQ(j)) ¢ Néj) for some 1 < j < k}. It readily follows
that since G(A4;)G(A;) = 0if i # j, then ¢(rg’) = 0. Moreover, since eQTij = agery , e%}ij = BjeT;j; for some
non-zero «j, 3; € Z, and fjaj = ery ey, (hj & h}), we get
ery trery et "'eT;kg/ =a1--apPr By
hence
Y(g) = ¢(€T;1 ery ery, "'eT;\kg/) =1 apfr - Br(g’) #0,

as claimed. 0
The following Lemma gives us the required lower bound for the proper central *-codimension sequence.

Lemma 8. Let G(A) be the Grassmann envelope of a finite dimensional superalgebra with superinvolution
A. If d is the mazimal dimension of a centrally admissible x-subalgebra in G(A), then for n large enough
there exist constants C > 0 and a such that

55 (G(A)) > Cnd™.

Proof. By Lemma 7, for some positive integers ¢t = ti,to, ..., there exist partitions X' F ny and u’ F na,
Young tableaux T and T),; and a multilinear *-polynomial ¢’ such that (10) holds and er,, er,, g’ is a proper
central *-polynomial of G(ﬁ) with degg’ =n+k+sand n=ny +ng = Zle ti(l; +my).
By the branching rule (see [19, Theorem 2.4.3]), there exist partitions A\ and 7i and Young tableaux T

and T such that

AE7y > [N > |h(Py, Qa, 2t — 4dim B)|,

fi iy > || > |h(Py, Qu, 2t — 4dim B)]
and ers er, g’ is a proper central *-polynomial of G (§ ). Notice that n; and 73 are the number of symmetric

and skew variables of ¢’, respectively, thus n + k + s = 11 + na.
Moreover, by taking into account (10), we get that

ni+ns+k+s— (P, Qs 2t — Adim B)| — |h(Py, Q1,2t — 4 dim B)|
=ny+ns+k—+s—PQy— (2t —4dim B) (P + Q2) — P,Q1 — (2t — 4dim B)(P2 + Q1)
<4dimB(Py + Qo) +4dim B(Py + Q1) + k+ s = 4ddim B+ k + s

is a constant that does not depent on ¢. Hence Lemma 6.2.4 of [14] applies and there exists a constant ¢ such
that

dX 2 ﬁl_cdh(Pl,Qg,2t—4dim B)
and

dp 2 nQ_th(P2,Q1,2t74 dim B)"
It follows that

5%1,%(G(B)) > didﬁ > (ﬁlﬁQ)icdh(Pl,ngtledimE)dh(PQ,Q1,2t74diml§)

> K1 (fnig) 1 (P + Qq)* (N HQ2) (P, 4 Q) 2H(P2H Q1)

where K7 > 0 and C; are constants. The latter inequality holds by Lemma 6.2.5 of [14].
13



Recalling Stirling formula n! ~ v/27n (g) , we get
(N1 + ng)! - (2t(P1 4+ Q2) + 2t(P> + Q1))!
m!ng! T (2t(P1 + Q2))!(2t(P2 + Q1))!
N V2m2td (2td)?d
T VR Qo) + Q1) (U(Py+ Q2))P (PR (21(Py + Q1)) (P2 Q1)
J2td
=Ky (P + Q2)2H(P1+Q2) (P, 4 Q)21 +Q1)”

for some constant Ko > 0.

Hence
« ~ ﬁl + ﬁg " ~
> X
(6B = ("L )5, (0B

J32td
(P + Qq)2t(P1+Q2) (P, 4 Qq)2t(P2+@Q1)
= Ks(inip) 1 d*" > K3(ny + ) d* = Ka(n + k + 5)71d?.

> Kl(ﬁlﬁQ)Cl (Pl + Q2)2t(P1+Q2)(P2 + Q1)2t(P2+Q1)K2

Notice that n + k 4+ s — 2td is a constant, in fact by the previous arguments we got that
in — PiQa — (2t — 4dim B)(Py 4+ Q2) = 71,
iy — PyQy — (2t — 4dim B)(P2 + Q1) = 72,
where v; and 7, are constants. Adding the previous equations we get
AL+ — 2td = 71 + 72 + PiQ2 + PoQ1 — dd dim B,
a constant as claimed. Hence
(11) nihs(G(B) > Ks(n+ k+ 5)Dd™ > K'(n+ k + 5)@ d" e,

for some constant K’ > 0.

We now generalize the result for all positive integer N. To this end, we remark that if in ¢’ we replace
the variable zi', &1 € {+,—}, with the Jordan product z7' o J:;:_l, then we get another proper central
*-polynomial of G(E) since G(A;) is a unitary *-algebra and we can specialize =, ; by 14,. Thus, for all
M > degg = s,

S41(G(B)) = 03, (G(B)).
Now let t7 ..., t; be positive integers for which we can apply Lemma 7. Notice that, according to the proof
of such a lemma, if we choose t; > 2k dim B then the integers to, ..., 1, are automatically fixed. Moreover,
for the first part of this proof, the statement is true for n(t1) = Zle ti(l; +m;) + k + s. Now let N >0 be
an integer such that n(t1) < N < n(t; + 1) that is

k k
Zti(li+mi)+k+5<N<Z(ti+1)<li+mi)+k+3-
i=1 i=1

Notice that
k k
p=N=Y tili+m)+k+s<> (li+m)=d,
i=1 i=1

thus p is bounded by a constant. Finally we get
5% (G(B)) = ag(N = p)PdN =" > ag(N — d)PodVN =% = agd~ (N — d)?dN > a; NP dV,

for some constants ay, a1, 8o, B1-
Hence for all n large enough

5,(G(A)) = 6,(G(B)) = Cnd",

for some constants C > 0 and a, and we are done. O

We are now in a position to prove the main result.
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Theorem 4. Let G(A) be the Grassmann envelope of a finite dimensional superalgebra with superinvolution
A over an algebraically closed field of characteristic zero. If G(A) has centrally admissible x-subalgebras,
then for n large enough, there exist constants Cy > 0, Ca, a1, a2 such that

Cin®d™ < 6} (G(A)) < Cyn*2d™,
where d is the mazimal dimension of a centrally admissible x-subalgebra in G(A).

Proof. The proof follows immediately from Lemmas 3 and 8. O

In case G(A) has proper central *-polynomials but no centrally admissible x-subalgebras, the following
proposition holds.

Proposition 1. If G(A) has proper central x-polynomials but has no centrally admissible x-subalgebras, then
for n large enough ¢} (G(A)) = 0.

Proof. If A is nilpotent we have nothing to prove, so let us suppose A = A+.J, where A is maximal semisimple

x-subalgebra of A, be not nilpotent and let f(wf, coyxf 2], ..., x,_,) be a proper central *-polynomial of
G(A). Then for all 1 < i < 7 and for all 1 < j < n — r there exist a € G(A)* and a; € G(A)~ such
that f(af,...,a}f,a7,...,a,_,) # 0. Thus it must be a:r,a; € G(J) for all 4, j and J™ # 0. It follows that
§%(G(A)) = 0 as soon as JV = 0. O

Corollary 1. If R is a *-algebra over a field of characteristic zero, then the proper central x-exponent
expl(R) exists and is a non-negative integer. Moreover, exp?(R) < exp*(R).

6. MINIMAL SUPERALGEBRAS WITH SUPERINVOLUTION AND (GRASSMANN ENVELOPE

In this section we shall introduce a family of varieties of superalgebras with superinvolution, called minimal
varieties, that plays an important role in the next section, where we will study the central exponent of a
x-algebra.

Minimal varieties were completely described in [13] and in [4] in the settings of ordinary polynomial
identities and identities with involution, respectively. Here we present the definition and some basics results
concerning superalgebras with superinvolution and their relation with the Grassmann envelope.

First we notice that for all simple superalgebra with superinvolution A;, there exist graded idempotents
egz), cee eﬁf} such that the unit element of A; equals egl) 4+t eSf} and each of them generates a left minimal
ideal of A;. Thus we call them graded minimal idempotents.

Definition 2. Let A be a finite dimensional superalgebra with superinvolution §. Then A is said to be minimal
if either A is §-simple or A= A1 @ --- ® A, + J, where A; are f§-simple, 1 < i < m and there are elements
ei € (Ai)o, 1 <i<m, and w; ;41 € J, 1 <i < m — 1, satisfying the following conditions:

1. e; is a graded minimal idempotent of A;;

2. €W 41 = Wi i+1€i+1 = Wi i41;

3. wiwa3 - Wm—1,m # 0;

4. {wi,iﬂ,wgJH | 1 <i<m~—1} generates J as bilateral §-ideal of A.

The following lemma relates the x-exponent of a variety of algebras with involution with the dimension
of the maximal semisimple subalgebra of a minimal superalgebra with superinvolution.

Lemma 9. Let V be a variety of x-algebras over an algebraically closed field F. If exp*(V) > 2, then there
exists a minimal §-algebra A = A1 & --- & A, + J such that G(A) € V and exp*(V) = dim(4A; & --- D A,,).

Proof. By [1], there exists a finite dimensional superalgebra with superinvolution B such that V = var*(G(B)).
Let # be such a superinvolution and B = By + J where Bgy = A1 @ --- @ A, is a semisimple f-subalgebra
of B of maximal dimension and A; is simple for all 1 < ¢ < n.

Let d = exp*(V). By [10], there exists m € {1,...,n} such that 4; JA;,J---JA;, # 0andd = dim(A; &
--@® A;, ), for some indices iy, ..., i,. Without loss of generality, we can assume that A;JAsJ - JA,, #0,
thus there exist x1,...,Z.,—1 € J and a; € A;, 1 < i < m such that a;ziasxs -+ Tp_1a,, # 0. We assume,
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as we may, ¥i,...,Tm—1 and ai,...,a, to be homogeneous and let 14,,...,14,, be the unit elements of
Ay, ..., Ay, respectively. We get

(12) 1a,(a1x102)1 4, (22a3) 14, -+ 1a,, _, (Tm—1am)la,, #0.

Notice that for all 1 <i < m, 14, = egi) +...+ e£f2, where the ey)’s are minimal idempotents of A;. Thus
by (12) we get that there exist e; € Ay,..., e, € Ay, such that

€1y1€2y2 - Ym—1€m 7é 0)

where y1 = a1x1a2, Y2 = 203, ... Ym—1 = Tm—10m-

Set w1z = ejyi1e2, Waz = €2y2€3,...,Wm—1,m = €m—1Ym—1€m. 1t is clear that for all 1 < ¢ < m -1
wi i1 € Jo U J1, since yi,...,ym—1 € J are homogeneous. Moreover, since e;e; = 0 for all 7 # j, then
condition 2. of Definition 2 holds.

Let consider A as the superalgebra with superinvolution generated by A, ..., A, and by wis, ... Wm—_1,m,
wﬁQ, . wfn_lym. By construction, wisg, ... Wm—_1,m # 0 and A = Ag + J', where A;s = A1 @ --- @ A, and
J' is generated by the elements w1, ... Wym—1,m, w?Q, .. 'wfnfl,m as f-ideal of A.

Hence exp*(V) = dim A, = d and G(A) C G(B) € V. It follows that G(A) € V and we are done. O

We give next the definition of minimal variety and right after we will prove a theorem that connect such
a definition together with the one of minimal algebra.

Definition 3. LetV be a variety algebras with involution . Then V is minimal of x-exponent d if exp* (V) = d
and for any proper subvariety W, exp*(W) < d.

Theorem 5. IfV is a minimal x-variety of x-exponent d > 2, then there exists a minimal superalgebra with
superinvolution A such that V = var*(G(A)).

Proof. Let B be a *-algebra such that V = var*(B). By Lemma 9, there exists a minimal f-superalgebra
with superinvolution A such that G(A) € V and exp*(G(A)) = d. Since V is minimal with respect to its
s-exponent, it follows that V = var*(G(A)). O

We are now in a position to prove that in case of minimal f-superalgebras, the corresponding Grassmann
envelope has no proper central x-polynomials.

Lemma 10. Let A= A1 & --- P A,, + J be a minimal superalgebra with superinvolution §. If m > 2 then
G(A) has no proper central x-polynomials.

Proof. Since A is minimal, we notice that Z(A) N J = 0. Moreover Z(G(A)) = Z(A)o ® Gy and so
(13) Z(G(A)NG(J)=0.

Let f = f(z,...,xf,27,...,z,_,) be a multilinear proper central *-polynomial of G(A). If we evaluate

each variable of f 7inTsZ)me G(A,i tThen its value lies in Z(G(A;)) = Z(A;)o ® Go, where either Z(A;)g =
or Z(A))g =X FaF.
Furthermore, denoted by 14, the unit element of A;, we have
(ala, ® hi)(wiit1 @ he) = cw; i1 @ hiho
whereas
(wiit1 ® h2)(ala, ® h1) =0,
for all hy € Go, ho € G and for all « € F or a € F @ F according if Z(A;)o = F or Z(A;)o =X F & L.
Similarly,
(w41 ® o) (ala, ® hy) = aw! ) @ holy
and
(ada, ® ha)(wf, ) @ ha) = 0.
Moreover,
(Wm—1,m ® ha)(ala,, @ h1) = awWm_1,m & haoh,

(a]-Am & hl)(wmfl,m 2y h2) =0
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and
(ela,, @ h1)(wh,_,, ®ha) = awl _, . @ hihs,
(W, 1 @ ha)(ala,, @ hy)=0.

Since m > 2, from the above relations we get that f is a x-identity of G(4;) for all 1 < i < m.
Finally, if we evaluate at least one variable of f in G(J) we get zero since such a value will lie in G(J)
and (13) holds. Thus f € Id*(G(A)) and we are done. O

7. THE CENTRAL EXPONENT

In this section we prove that for any #-algebra R expZ(R) exists, moreover we compare it with exp*(R).
Since ¢&*(R) < ¢ (R), it is clear that

expZ(R) = limsup {/cn ) < exp®(
n——+oo
In order to get our goal we shall also prove that

exp®(R) = liminf {
7* n—-+oo

) > exp™(

Theorem 6. Let R be a x-algebra over a field of characteristic zero such that exp*(R) > 2. Then either
c¢*(R) =0 for alln >0 or

Cin't exp*(R)" < ¢*(R) < Con'? exp*(R)",
for some constants Cp > 0, Ca,t1,to.

Proof. If exp*(R) = 2 and R is commutative, then it is clear that ¢>*(R) = 0 for all n > 0. So let us suppose
exp*(R) > 2 and R non-commutative.

As in the previous sections, we may assume that F' is algebraically closed and R = G(A) for some finite
dimensional superalgebra with superinvolution A. By [10, Theorem 3], there exist constants C > 0, Co, 1, to
such that

(14) Cin'td" < ¢ (G(A)) < Con'2d™,

where d = exp*(G(A)). Hence by (3), we also get ¢;?(R) < Con'2d™.

Now let V = var*(G(A)) be the x-variety generated by G(A). Recall that by [1, Theorem 5], any Ti-ideal
is finitely generated, hence V contains a subvariety VW which is minimal of exponent d = exp* (W) = exp*(V).
Hence by Theorem 5 there exists a minimal superalgebra with superinvolution B such that W = var*(G(B)).

Suppose that B is not simple, then by Lemma 10

14"*(G(A)) € 1d°*(G(B)) = 1d" (G(B)).

Thus ¢*(G(A)) > ¢;(G(B)) and since ¢ (G(B)) has a lower bound as in (14), we get that also ¢*(G(A))
has too.

Now suppose that B is simple. It is clear that Id**(G(A)) C Id"*(G(B)), hence ¢*(G(A)) > ¢*(G(B))
and we have only to prove that ¢?(G(B)) > Cin'1d", for some constants C; > 0 and ;.

Let N = ¢} (G(B)) and let f1,..., fv € P} be multilinear *-polynomials linearly independent modulo
Id*(G(B)). We claim that fiz;}, ,,..., fyz,},, are linearly independent modulo Id**(G(B)). To this end,
suppose that there exist not all zero scalars aq,...,ay € F such that ozlflxj;_H + -+ O[NfNIZ_,'_l €
Id**(G(B)).

Denote by f = a1 f1+---+anfn, then it is clear that f ¢ Id*(G(B)). If f is a central *-polynomial, then
it is a proper central *-polynomial and its values are taken in Z(G(B)) = Z(B)o® Go. Now let a € Bf U By
such that a ¢ Z(B). If we evaluate z;}; in a ® h, for some suitable h € G, then fz;}, | evaluates in o’ ® I/,
for some o’ € B and h' € G, which is not a central element of G(B).

Moreover, if f is not a central *-polynomial, then fas;f 1 has a non central evaluation by specializing :1:;{ 11
with 15 ® h, for some h € Gy. Hence we reached a contradiction and we have a; = ... = ay = 0.

So we have proved that ¢ (G(B)) < ¢;7,(G(B)) and the conclusion follows from [10, Theorem 3] and
from d = exp*(G(B)).

(]
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Notice that in case exp™(R) < 1, by [25, Theorems 1 and 2] we may assume that R is a finite dimensional
x-algebra. In the next lemma we analyze the structure of some finite dimensional x-algebra.

Lemma 11. Let R be a finite dimensional x-algebra over an algebraically closed field such that exp*(R) = 1.
If ¢*(R) = 0 for some n > 2, then R = C @ N, where C is a commutative x-algebra and N is a nilpotent
x-algebra.

Proof. Consider the Wedderburn-Malcev decomposition R = A+ J where A = A1 &---H A,, is a semisimple
x-algebra with A;’s simple x-algebras and J is the Jacbson radical of R. Since exp*(R) = 1, then all
Ay, ..., A, are one dimensional.

Let Jo={jeJ]|je=ej=0}and J; ={j € J | je =ej = j}, where e is the unit element of A;. Since
¢*(R) = 0 for some n > 2, any *-polynomial of degree n is central. In particular, x;---z, is a central
x-polynomial of R, where x;’s are symmetric or skew variables. Thus it follows that Jy and J; are *-ideals of
Rand J = Jy® J;. Also A;J; =0 for all 2 <i < msince eA; =0. Hence R = (A1 +J1)® (A2+... An+ Jo).
Moreover, since j = "~ !j lies in the center of R for any j € J;, A; +J; is a commutative *-algebra. Applying
the same arguments to the x-algebra As + ... A, + Jy, we finally get that R =Cy @ --- ® C,, ® N where
Ci,...C,, are commutative x-algebras and N C J is a nilpotent *-algebra. ]

Putting together the previous results we get the following.

Theorem 7. If R is any x-algebra over a field of characteristic zero, then its central exponent exp?(R)
exists. Moreover, if exp*(R) > 3, then exp?(R) = exp*(R). When exp*(R) < 2, then exp?(R) = exp*(R) or
0.

Proof. First suppose exp*(R) > 2. Then by Theorem 6, exp?(R) exists and exp?(R) = exp*(R) or exp?(R) =
0 in case R is commutative.

Let now us assume that exp*(R) = 1. As we said before, we may assume that R is a finite dimensional
x-algebra. Moreover, recalling that the codimensions do not change by extending the base field, we may
assume that the field is algebraically closed. Notice that the sequence of central *-codimesions of R is also
polynomially bounded, hence exp?(R) < 1. Thus if ¢}*(R) # 0 for all n, it readily follows that expZ(R) = 1.
Otherwise, If ¢%*(R) = 0 for some n > 2, then by Lemma 11 it follows that expZ(R) = 0.

Finally, when exp*(R) = 0, then R is nilpotent and expZ(R) = 0. This complete the proof. O
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