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Abstract
Preference data are a particular type of ranking data where some subjects (voters,
judges,…) express their preferences over a set of alternatives (items). In most real
life cases, some items receive the same preference by a judge, thus giving rise to a
ranking with ties. An important issue involving rankings concerns the aggregation
of the preferences into a “consensus”. The purpose of this paper is to investigate the
consensus between rankings with ties, taking into account the importance of swapping
elements belonging to the top (or to the bottom) of the ordering (position weights). By
combining the structure of τx proposed by Emond and Mason (J Multi-Criteria Decis
Anal 11(1):17–28, 2002)with the class ofweightedKemeny-Snell distances, a position
weighted rank correlation coefficient is proposed for comparing rankings with ties.
Theone-to-one correspondencebetween theweighteddistance and the rank correlation
coefficient is proved, analytically speaking, using both equal and decreasing weights.

Keywords Weighted Rank correlation coefficient · Weighted Kemeny distance ·
Position weights · Ties

Mathematics Subject Classification 62-08 · 62G09 · 62H30 · 62R07 · 62P25

1 Introduction

Ranking is one of themost effective cognitive processes used by people to handlemany
aspects of their lives.When some subjects are asked to indicate their preferences over a
set of alternatives (items), ranking data are called preference data. Therefore, ranking
data arise when a group of n individuals (e.g., judges, experts, voters, raters, etc.)
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show their preferences for a finite set of items (m different alternatives of objects,
e.g., movies, activities and so on). Preference data can be expressed in two forms:
by ordering the items, or giving them a rank. Every ordering can be transformed
into a ranking and vice-versa. If the m items, labeled 1, . . . ,m, are ranked in m
distinguishable ranks, a complete (full) ranking or linear ordering is achieved (Cook
2006): this ranking a is a mapping from the set of items {1, . . . ,m} to the set of ranks
{1, . . . ,m}, endowed with the natural ordering of integers, where a(i) is the rank
given by the judge to item i . For example, given 5 items, say {i1, i2, i3, i4, i5}, the
ordering (i2, i3, i4, i1, i5) corresponds to the ranking a = (4, 1, 2, 3, 5). Ranking a is,
in this case, one of the 5! (or m! with m items) possible permutations of 5 elements.
When some items receive the same preference, then a tied ranking or aweak ordering is
obtained. For example, given 5 items, say {i1, i2, i3, i4, i5}, the ordering (i2,< i1, i3 >

, i4, i5), where i1 and i3 are tied, corresponds to the ranking a = (2, 1, 2, 4, 5). Finally,
in real situations, sometimes not all items are ranked:weobserve partial rankings,when
judges are asked to rank only a subset of the whole set of items (for example only 3
over 6 items), and incomplete rankings, when judges can freely choose to rank only
some items. As already said, every ordering can be transformed into a ranking and
vice-versa, therefore in the following the two words will be used interchangeably.

An important issue involving rankings concerns the aggregation of the preferences
in order to identify a compromise or a “consensus” (Kemeny and Snell 1962; Fligner
and Verducci 1990) (Kemeny and Snell 1962). The same problem is known in the
literature as the social choice problem, the rank aggregation problem, the median
ranking problem, the central ranking detection, or the Kemeny problem, depending on
the reference framework (D’Ambrosio et al. 2019). Different approaches have been
proposed in the literature to cope with this problem, but probably the most popular is
the one related to distances/correlations (Kemeny and Snell 1962; Cook et al. 1986;
Fagot 1994; D’Ambrosio and Heiser 2016). As a matter of fact, in order to obtain
homogeneous groups of subjects with similar preferences, it is common to measure
the spread between rankings through dissimilarity or distance measures. In this sense,
a consensus is defined as the ranking that is closest (i.e. with the minimum distance)
to the whole set of preferences. Another possible way for measuring (dis)-agreement
between rankings is in terms of a correlation coefficient: rankings in full agreement
are assigned a correlation of +1, those in full disagreement are assigned a correlation
of −1, and all others lie in between. A distance d between two rankings, instead,
is a non-negative value, ranging in [0 − Dmax], where 0 is the distance between a
ranking and itself. Considering the (finite) set S of all weak orderings of m objects,
any rank correlation coefficient on S is also a distance metric on S, and vice versa.
A distance metric d can be transformed into a correlation coefficient c (and vice-
versa) using the linear transformation c = 1 − 2d

Dmax
. Distances between rankings

have received a growing consideration in the past few years. Within this framework,
the usual examples include Kendall’s and Spearman’s rank correlation coefficient. In
1962, Kemeny and Snell introduced ametric defined on linear andweak orders, known
as Kemeny distance (or metric), later generalized to the framework of partial orders
by Cook et al. (1986), which satisfies the constraints of a distance measure suitable
for rankings.
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Fig. 1 Permutation polytope for full and weak rankings of 4 items

Among the several axiomatic approaches proposed in the literature, here we con-
sider the Kemeny’s axiomatic framework (Kemeny and Snell 1962) and, since the
possibility of ties is admitted, we refer to a generalized permutation polytope as the
geometrical space of preference rankings (Heiser and D’Ambrosio 2013; D’Ambrosio
et al. 2017), for which the natural distance measure is the Kemeny distance. The gen-
eralized permutation polytope was defined by Thompson (1993) as the convex hull of
a finite set of points inRm whose coordinates are the permutations of m items. It will
be inscribed in a m − 1 dimensional subspace, hence a graphical visualization is only
possible with m ≤ 4. The case of a space from 4 items, involving ties, is shown in
Fig. 1 and represents the truncated octahedron.

Cook (2006) highlights the intractability of the Kemeny metric, an issue already
underlined by Emond and Mason (2002) and connected to the mathematical formu-
lation using absolute values [see Eq. (1)]. For this reason, the latter introduced a new
correlation coefficient, strictly related to the Kemeny distance, and proposed the use
of this coefficient as a basis for deriving a consensus among a set of rankings.
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Distances between rankings are not sensitive towardwhere the disagreement occurs.
Kumar and Vassilvitskii (2010) introduced two essential concepts for many applica-
tions involving distances between rankings: positional weights and element weights.
We enter positional weights if we want to emphasize the disagreement between two
rankings when it occurs in a particular position in the ranking, i.e., for example, if we
consider swapping elements near the head of a ranking more important than swapping
elements in the tail of the ranking. Conversely, element weights refer to the role played
by the objects that judges are ranking: in certain situations swapping some particular
objects should be less penalizing than swapping some others. As noted by Henzgen
and Hüllermeier (2015), weighted versions of rank correlation measures have been
studied in many fields other than statistics. For example, “in information retrieval,
important documents are supposed to appear in the top, and a swap of important doc-
uments should incur a higher penalty than a swap of unimportant ones”. In the context
of the web, when comparing the query results of different search engines, the distance
should emphasize the difference of the top elements more than the bottom ones, since
people may be interested in the first few items (Chen et al. 2014). A short review of
solutions proposed in the literature to cope with this issue can be found in (Yilmaz
et al. 2008).

In 2010García-Lapresta and Pérez-Román introduced a position weighted Kemeny
distance, which is suitable for both full and weak orderings, while Plaia et al. (2019)
introduced the corresponding correlation coefficient that is suitable for linear orders
only.

This paper aims to introduce a weighted correlation coefficient that accommodates
both linear and weak orderings. A new weighted rank correlation can be derived by
combining the weighted Kemeny distance proposed by García-Lapresta and Pérez-
Román (2010) and the extension of Kendall’s τ , τx , provided by Emond and Mason
(2002). This correlation coefficient works like the one proposed by Plaia et al. (2019)
but asks for a generalization to weak orderings (i.e. tied rankings) that is anything but
trivial since it needs for a new definition of the score matrices. The exact correspon-
dence, under a particular configuration of weights, between the proposed correlation
coefficient and the one proposed by Emond and Mason’s is shown and its relation
to the García-Lapresta and Pérez-Román distance through the linear transformation
τ = 1 − 2d

Dmax
is derived. Moreover, in the paper, the proposed weighted correlation

coefficient will be used to deal with a consensus ranking problem, i.e. to find the rank-
ing which best represents the rankings/preferences expressed by a group of judges: to
this aim, a suitable branch and bound algorithm will be introduced.

2 Distances and correlations for rankings

The Kemeny distance (dK ) between two rankings a and b is a city-block distance
defined as:

dK (a, b) = 1

2

m∑

i=1

m∑

j=1

|ai j − bi j |, (1)
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where ai j and bi j are the generic elements of the m × m score matrices associated to
a and b respectively, assuming the following values:

ai j , bi j =

⎧
⎪⎨

⎪⎩

1 if i is preferred to j

0 if i = j or i is tied with j

−1 if j is preferred to i

(2)

Note that the score matrix (2) is the same as the score matrix that defines Kendall’s
τb.

Considering the usual relation between a distance d and its corresponding correla-
tion coefficient τ = 1 − 2d/Dmax, where Dmax is the maximum distance, dK is in a
one-to-one correspondence to the rank correlation coefficient τx proposed by (Emond
and Mason 2002), defined as:

τx (a, b) =
∑m

i=1
∑m

j=1 a
′
i j b

′
i j

m(m − 1)
, (3)

where a
′
i j and b

′
i j are the generic elements of the m × m score matrices associated to

a and b respectively, assuming the following values

a
′
i j , b

′
i j =

⎧
⎪⎨

⎪⎩

1 if i is preferred to or tied with j,

0 if i = j,

−1 if j is preferred to i .

(4)

τx reduces to Kendall’s τb with linear orderings and differs from the last in that
ties are given a score of 1 instead of 0: this allows to solve the known problems with
Kendall’s τb with weak orderings (Emond and Mason 2002).

Distances and correlations are the two possible measures used to cope with the
consensus ranking problem; given n rankings, full or weak, of m items, what best
represents the consensus opinion? This consensus is the ranking that shows maximum
correlation, or equivalently minimum distance, with the whole set of n rankings.

3 Weighted distances

Distances between rankings are not sensitive to the point of disagreement: i.e. if the
disagreement between two rankings relates to a particular position or a specific item.
As already said in the Introduction, in this case we can introduce positional or element
weights in the distance/correlation. In this paper, we deal with positional weights
and consider the weighted version of the Kemeny metric since the Kemeny metric is
not sensitive to the point of disagreement between two rankings. The non-increasing
weighting vectorw = (w1, w2, . . . , wm−1) is used tomeasure the weighted distances,
where wi is the weight given to position i in the ranking. Note that weights can be
given at most m − 1 positions, since the m − th is univocally determined.
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1020 A. Plaia et al.

Given two generic rankings ofm elements, a and b, the weighted Kemeny distance
is defined by García-Lapresta and Pérez-Román (2010) as follows:

dw
K (a, b) = 1

2

⎡

⎢⎢⎣
m∑

i, j=1
i< j

wi |a(σ1)
i j − b(σ1)

i j | +
m∑

i, j=1
i< j

wi |b(σ2)
i j − a(σ2)

i j |

⎤

⎥⎥⎦ , (5)

where (σ1) states to follow thea ranking and (σ2) states to follow theorders according to
b. More specifically, b(σ1)

i j is the score matrix of the ranking b reordered according to a,

a(σ2)
i j is the scorematrix of the ranking a reordered according to b and a(σ1)

i j = b(σ2)
i j = c

is the score matrix of the linear order {1, 2, . . . ,m} (for more details see Plaia and
Sciandra (2019)).

Let’s see a small example that shows how to compute the weighted Kemeny
distance. Given the ranking vectors a = (3, 1, 1, 4) and b = (1, 3, 2, 2), we can
easily define their orderings: σ1 = (2, 3, 1, 4) and σ2 = (1, 3, 4, 2). Then we have:
aσ1 = (1, 1, 3, 4), aσ2 = (3, 1, 4, 1), bσ1 = (3, 2, 1, 2) and bσ2 = (1, 2, 2, 3). The
score matrices of aσ1 , bσ1 , aσ2 and bσ2 , computed according to (2), are respectively:

aσ1 =

⎡

⎢⎢⎣

0 0 +1 +1
0 +1 +1

0 +1
0

⎤

⎥⎥⎦ bσ1 =

⎡

⎢⎢⎣

0 −1 −1 −1
0 −1 0

0 +1
0

⎤

⎥⎥⎦

bσ2 =

⎡

⎢⎢⎣

0 +1 +1 +1
0 0 +1

0 +1
0

⎤

⎥⎥⎦ aσ2 =

⎡

⎢⎢⎣

0 −1 +1 −1
0 +1 0

0 −1
0

⎤

⎥⎥⎦

Through simple algebraic operations it can be easily found that:

|aσ1 − bσ1 | =

⎡

⎢⎢⎣

0 1 2 2
0 2 1

0 0
0

⎤

⎥⎥⎦ |bσ2 − aσ2 | =

⎡

⎢⎢⎣

0 2 0 2
0 1 1

0 2
0

⎤

⎥⎥⎦

Now we can compute the weighted Kemeny distance. Let’s assume equal weights,
w = (1/3, 1/3, 1/3), the distance between a and b is:

dw
K (a, b) = 1

2

[
(1 + 2 + 2 + 2 + 0 + 2)

1

3
+ (2 + 1 + 1 + 1)

1

3
+ (0 + 2)

1

3

]

= 1

2

(
16

3

)
= 8

3
.
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If we change the vector of weights, with a decreasing structure w = (2/3, 1/3, 0), the
value of the distance is:

dw
K (a, b) = 1

2

[
(1 + 2 + 2 + 2 + 0 + 2)

2

3
+ (2 + 1 + 1 + 1)

1

3
+ (0 + 2)0

]

= 1

2

(
23

3

)
= 23

6
.

4 A newweighted rank correlation coefficient for weak orders

Recently, Plaia et al. (2019) proposed a new rank correlation coefficient, that is suitable
for position weighted rankings and handles linear orders. In this paper, a general-
ization is proposed to cope with the presence of ties. In particular, combining the
weighted Kemeny distance proposed by García-Lapresta and Pérez-Román (2010)
and the extension of τx provided by Emond and Mason (2002), Plaia et al. (2019)
proposed a weighted rank correlation defined as:

τw
x (a, b) =

∑m
i< j a

σ1
i j b

σ1
i j wi + ∑m

i< j a
σ2
i j b

σ2
i j wi

Max[dw
K (a, b)] , (6)

where the denominator represents the maximum value of the Kemeny weighted dis-
tances (García-Lapresta and Pérez-Román 2010):

Max[dw
K (a, b)] = 2

m−1∑

i=1

(m − i)wi . (7)

For linear orderings (i.e. without ties), aσ1 and bσ2 represent the natural ascending
orderings. Let aσ1 = bσ2 = o, with o = {1, 2, . . . ,m}, the new rank correlation
coefficient reduces to:

τw
x (a, b) =

∑
i< j oi j (b

σ1
i j + aσ2

i j )wi

Max[dw
K (a, b)] ,

where the score matrix O = {oi j } of the ranking o has the form:

O =

⎡

⎢⎢⎢⎣

0 1 1 · · · 1 1
−1 0 1 · · · 1 1
...

...
...

...
...

...

−1 −1 −1 · · · −1 0

⎤

⎥⎥⎥⎦

The correspondence between the weighted rank correlation coefficient and the
weighted Kemeny distance holds, whichever the weighting vector assigned to the
item’s positions (Plaia et al. 2019); moreover, the weighted rank correlation coeffi-
cient holds the main property of a generic correlation coefficient, i.e. it takes values
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between −1, and 1 and, when equal importance is assigned to the item’s position,
i.e. wi = 1

(m−1) ∀i = 1, 2, . . . ,m − 1, the weighted rank correlation coefficient is
equivalent to the rank correlation coefficient defined by Emond and Mason:

τw
x = τx , with wi = 1

m − 1
∀i = 1, 2, . . .m − 1.

4.1 An extension to weak orders

Combining the weighted Kemeny distance proposed by García-Lapresta and Pérez-
Román (2010) and the extension of τx provided by Emond and Mason (2002), we
propose an extension of the rank correlation coefficient in Eq. (6) suitable for weak
orderings: this new rank correlation coefficient, τw

x , is based on a couple of score
matrices.

Let’s define the generic (i, j) element of the score matrices A+ = {a+
i j } and A− =

{a−
i j } related to a ranking a as follows:

a+
i j , b

+
i j =

{
1 if i is preferred to or tied with j
0 if i = j
−1 if j is preferred to i

a−
i j , b

−
i j =

{
1 if i is preferred to j
0 if i = j
−1 if j is preferred to or tied with i

Following the observations in Emond and Mason (2002, secc 38, 39), both “+1” in
A+ and “-1” in A− are associated to ties. The new rank correlation coefficient, now,
uses both these score matrices and is defined as:

τw
x (a, b) =

∑m
i< j (a

+ σ1
i j b+ σ1

i j + a+ σ2
i j b+ σ2

i j + a− σ1
i j b− σ1

i j + a− σ2
i j b− σ2

i j )wi

2Max[dw
K ] , (8)

where the denominator represents twice the maximum value of the Kemeny weighted
distances (7). In short, the new rank correlation coefficient (8) generalizes Eq. (6) by
duplicating the numerator, considering once the elements of the score matrices A+
and B+, and once the elements of the score matrices A− and B−.

A question that arises immediately is: what weight or weights are used when two
itemsoccupy the sameposition in a ranking?Eq. (8), basedon the twonewly introduced
score matrices, associates the same weight, as the next example shows. Let’s consider
b = (1, 2, 3, 4), and a1 = (1, 3, 2, 4), a2 = (1, 2, 2, 3), a3 = (1, 1, 2, 3) and w =
(w1, 0, 0). By weighting the first position only, the correlation between a1 and b, as
well as the one between a2 and b must be maximum, while the correlation between
a3 and b must not. And it is: τw

x (a1, b) = τw
x (a2, b) = 1, while, τw

x (a3, b) < 1.
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4.1.1 Correspondence between distance and correlation

We will demonstrate that Eq. (8) is the correlation coefficient corresponding to the
distance (5) through the straightforward linear transformation:

∑m
i< j (a

+σ1
i j b+σ1

i j + a+σ2
i j b+σ2

i j + a−σ1
i j b−σ1

i j + a−σ2
i j b−σ2

i j )wi

2Max[dw
K ] = 1 − 2dw

K

Max[dw
K ] ,

or equivalently

m∑

i< j

(a+σ1
i j b+σ1

i j + a+σ2
i j b+σ2

i j + a−σ1
i j b−σ1

i j + a−σ2
i j b−σ2

i j )wi = 2Max[dw
K ] − 4dw

K , (9)

where Max[dw
K ] and dw

K are defined in Eq. (7) and in Eq. (5) respectively.
According to Emond and Mason (2002), if two rankings a and b agree except for

a set S of k objects, which is a segment of both, then dw
K (a, b) may be computed as

if these k objects were the only objects being ranked. As a consequence, to prove the
equality in (9) we will show that for each pair of objects i and j :

a
+σ1
i j b

+σ1
i j + a

+σ2
i j b

+σ2
i j + a

−σ1
i j b

−σ1
i j + a

−σ2
i j b

−σ2
i j = 4(m − i) − 2

[|aσ1
i j − b

σ1
i j | + |bσ2

i j − a
σ2
i j |]. (10)

In Eq. (10), the weights wi have been omitted on both sides. There are nine possible
combinations of orderings for item i and j between judges a and b (i.e. rankings a and
b), but only four distinct cases must be considered. The other five are equivalent to
one of these four through a simple relabeling of the rankers and/or the objects (Emond
and Mason 2002).

Case 1 Both judges a and b prefer object i to j . The Kemeny-Snell matrix values
are: aσ1

i j = bσ1
i j = aσ2

i j = bσ2
i j = 1. The τw

x score matrix values are: a+σ1
i j = b+σ1

i j =
a+σ2
i j = b+σ2

i j = a−σ1
i j = b−σ1

i j = a−σ2
i j = b−σ2

i j = 1.
Hence, the equality in Eq. (10) holds:

1 · 1 + 1 · 1 + 1 · 1 + 1 · 1 = 4 − 2[|1 − (1)| + |1 − (1)|].

Case 2 Judge a prefers object i to j and judge b prefers the two objects as tied.
The Kemeny-Snell matrix values are: aσ1

i j = aσ2
i j = 1 and bσ1

i j = bσ2
i j = 0. The τw

x

score matrix values are: a+σ1
i j = b+σ1

i j = a+σ2
i j = b+σ2

i j = a−σ1
i j = a−σ2

i j = 1 and

b−σ1
i j = b−σ2

i j = −1.
Hence, the equality in Eq. (10) holds:

1 · 1 + 1 · 1 + 1 · (−1) + 1 · (−1) = 4 − 2[|1 − 0| + |1 − 0|].

Case 3 Judge a prefers object i to j and judge b prefers object j to object i . The
Kemeny-Snell matrix values are: aσ1

i j = bσ2
i j = 1 and aσ2

i j = bσ1
i j = −1. The τw

x score

matrix values are: a+σ1
i j = b+σ2

i j = a−σ1
i j = b−σ2

i j = 1 and a+σ2
i j = b+σ2

i j = a−σ2
i j =

b−σ1
i j = −1.
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Hence, the equality in Eq. (10) holds:

1 · (−1) + (−1) · 1 + 1 · (−1) + (−1) · (1) = 4 − 2[|1 − (−1)| + |1 − (−1)|].

Case 4. Both judges a and b rank the objects i and j as tied. The Kemeny-Snell
matrix values are: aσ1

i j = bσ2
i j = aσ2

i j = bσ1
i j = 0. The τw

x score matrix values are:

a+σ1
i j = b+σ1

i j = a+σ2
i j = b+σ2

i j = 1 and a−σ1
i j = b−σ1

i j = a−σ2
i j = b−σ2

i j = −1.
Hence, the equality in Eq. (10) holds:

1 · (1) + (1) · 1 + 1 · (1) + (1) · (1) = 4 − 2[|0 − 0| + |0 − 0|].

4.1.2 Minimum andmaximum values of �wx

From the demonstrations in Sect. 4.1.1, τw
x assumes its maximum value, equal to 1,

if and only if, for all i and j , only Case 1 or only Case 4 are observed. Therefore,
contrary to what happens with Kendall’s τb (see Emond and Mason 2002, sect 3.3),
τw
x assumes the maximum value even when a generic all tied ranking is compared
with itself.

Analogously, τw
x can be minimum, and equal to −1, if and only if for all i and j

only Case 3 occurs.

4.1.3 Correspondence between weighted and unweighted measures

For equal weights assigned to the items (wi = 1
m−1 , for each i = 1, 2, . . . ,m−1), we

will demonstrate that the weighted distance is proportional to the classical Kemeny
distance, on the basis of the number of items:

dw
x = dx

m − 1
.

Proof Referring to the cases listed in Sect. 4.1.1:

Case 1 dw
x = 1

2 [|1 − (1)| + |1 − (1)|]wi = 0 and dx = 1
2 [|0 − 0| + |0 − 0|] = 0

Case 2 dw
x = 1

2 [|1 − 0| + |1 − 0|]wi = 1
m−1 nd dx = 1

2 [|1 − 0| + |1 − 0|] = 1

Case 3 dw
x = 1

2 [|1−(−1)|+|1−(−1)|]wi = 2
m−1 nd dx = 1

2 [|1−(−1)|+|1−(−1)|] = 2

Case 4 dw
x = 1

2 [|0 − 0| + |0 − 0|]wi = 0 and dx = 1
2 [|0 − 0| + |0 − 0|] = 0

Corollary Since τx ↔ dK and τw
x ↔ dw

K , the weighted rank correlation coefficient
is equivalent to the rank correlation coefficient defined by Emond and Mason when
equal importance is given to the positions occupied by the items:

τw
x = τx , with wi = 1

m − 1
∀i = 1, 2, ..,m − 1.
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4.1.4 A small numerical example

Considering the two ranking vectors a = (3, 1, 1, 4) and b = (1, 3, 2, 2), the score
matrices defined by Emond and Mason [See Eq. (4)] are:

a
′ =

⎡

⎢⎢⎣

0 −1 −1 +1
0 +1 +1

0 +1
0

⎤

⎥⎥⎦ b
′ =

⎡

⎢⎢⎣

0 +1 +1 +1
0 −1 −1

0 +1
0

⎤

⎥⎥⎦

τx =
∑m

i=1
∑m

j=1 a
′
i j b

′
i j

m(m − 1)
= 2

∑m
i< j a

′
i j b

′
i j

m(m − 1)
= 2(−1 − 1 + 1 − 1 − 1 + 1)

4 ∗ 3
= −1

3
.

For computing τw
x in (8) we need to compute the maximum value of the distance

in (7), which needs a vector of weights. In case of equal weights (1/3, 1/3, 1/3) or
decreasing weights (2/3, 1/3, 0) the maximum distance is, respectively, equal to:

Max(dw
K (a, b)) = 2

m−1∑

i=1

(m − i)wi = 2

[
(4 − 1)

1

3
+ (4 − 2)

1

3
+ (4 − 3)

1

3

]
= 4,

Max(dw
K (a, b)) = 2

[
(4 − 1)

2

3
+ (4 − 2)

1

3
+ (4 − 3)0

]
= 16

3
.

After identifying σ1 = (2, 3, 1, 4) and σ2 = (1, 3, 4, 2), it is easy to compute the
vectors aσ1 = (1, 1, 3, 4), aσ2 = (3, 1, 4, 1), bσ1 = (3, 2, 1, 2) and bσ2 = (1, 2, 2, 3)
with score matrices defined in Sect. 4.1 corresponding to:

a+σ1 =

⎡

⎢⎢⎣

0 +1 +1 +1
0 +1 +1

0 +1
0

⎤

⎥⎥⎦ , b+σ1 =

⎡

⎢⎢⎣

0 −1 −1 −1
0 −1 +1

0 +1
0

⎤

⎥⎥⎦ ,

+σ2 =

⎡

⎢⎢⎣

0 −1 +1 −1
0 +1 +1

0 −1
0

⎤

⎥⎥⎦ , b+σ2 =

⎡

⎢⎢⎣

0 +1 +1 −1
0 +1 0

0 −1
0

⎤

⎥⎥⎦ ,

a−σ1 =

⎡

⎢⎢⎣

0 −1 +1 +1
0 +1 +1

0 +1
0

⎤

⎥⎥⎦ , b−σ1 =

⎡

⎢⎢⎣

0 −1 −1 −1
0 −1 −1

0 +1
0

⎤

⎥⎥⎦ ,

a−σ2 =

⎡

⎢⎢⎣

0 −1 +1 −1
0 +1 −1

0 −1
0

⎤

⎥⎥⎦ , b−σ2 =

⎡

⎢⎢⎣

0 +1 +1 +1
0 −1 +1

0 +1
0

⎤

⎥⎥⎦ ,
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For the sake of completeness, we add the algebraic operations needed for computing
τw
x :

a+σ1b+σ1 =

⎡

⎢⎢⎣

0 −1 −1 −1
0 −1 +1

0 +1
0

⎤

⎥⎥⎦ , a+σ2b+σ2 =

⎡

⎢⎢⎣

0 −1 +1 −1
0 +1 +1

0 −1
0

⎤

⎥⎥⎦ ,

a−σ1b−σ1 =

⎡

⎢⎢⎣

0 +1 −1 −1
0 −1 −1

0 +1
0

⎤

⎥⎥⎦ , a−σ2b−σ2 =

⎡

⎢⎢⎣

0 −1 +1 −1
0 −1 −1

0 −1
0

⎤

⎥⎥⎦ .

Through simple algebra it is possible to show that computing τw
x as defined in (8) or as

a linear transformation of the weighted Kemeny distance, leads to the same outcome
and this result validates the equality in (9).

τw
x (a, b) =

∑m
i< j (a

+σ1
i j b+σ1

i j + a+σ2
i j b+σ2

i j + a−σ1
i j b−σ1

i j + a−σ2
i j b−σ2

i j )wi

2Max[dw
K ]

= (−6) 13 + (−2) 13 + 01
3

2 ∗ 4
=

−8
3

8
= −1

3

1 − 2dw
K

Max[dw
K ] = 1 −

2∗8
3

4
= −1

3
.

In case of decreasing weights with w = (2/3, 1/3, 0):

τw
x (a, b) =

∑m
i< j (a

+σ1
i j b+σ1

i j + a+σ2
i j b+σ2

i j + a−σ1
i j b−σ1

i j + a−σ2
i j b−σ2

i j )wi

2Max[dw
K ]

= (−6) 23 + (−2) 13 + 0
2∗16
3

=
−14
3

2∗16
3

= − 7

16

1 − 2dw
K

Max[dw
K ] = 1 −

2∗23
6
16
3

= − 7

16

5 The consensus ranking problem and a suitable branch-and-bound
BB algorithm

The proposed weighted correlation coefficient can be used to deal with a consensus
ranking problem: given n (full or weak) rankings of m items, which best represents
the consensus opinion? This consensus will be the ranking that shows the maximum
correlation with the whole set of n rankings.

Given a n xm matrix X, whose lth row, l x , represents the ranking associated to the
lth judge, the consensus ranking, i.e. the ranking r (a candidate within the universe of
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the permutations with ties ofm elements) that best represents matrixX, is that ranking
that maximizes the following expression:

Max
n∑

l=1

τw
x (l x, r) (11)

= Max
n∑

l=1

∑m
i< j (l x

+σl
i j r+σl

i j + l x
+σr
i j r+σr

i j + l x
−σl
i j r−σl

i j + l x
−σr
i j r−σr

i j )wi

2Max[dw
K (X , r)] ,

where Max[dw
K (X , r)] is 2n ∑m−1

i=1 (m − i)wi .
Changing the order of the summations leads to work under another perspective:

n∑

l=1

τw
x (l x, r) (12)

=
n∑

l=1

∑m
i< j (l x

+σl
i j r+σl

i j + l x
+σr
i j r+σr

i j + l x
−σl
i j r−σl

i j + l x
−σr
i j r−σr

i j )wi

2Max[dw
K (X , r)]

= 1

2Max[dw
K (X , r)]

m∑

i< j

[ n∑

l=1

(l x
+σl
i j r+σl

i j + l x
+σr
i j r+σr

i j + l x
−σl
i j r−σl

i j + l x
−σr
i j r−σr

i j )wi

]

= 1

2Max[dw
K (X , r)]

[ m∑

i< j

cwi j

]
,

where cw
i j is an element of the combined input matrix C (Emond and Mason 2002). In

a few words, it is an m × m matrix obtained by aggregating the score matrices of all
the individual orderings.

The maximization problem reduces to maximizing only the numerator because the
denominator is a fixed quantity depending on the number of subjects, the number of
items and the positional weights fixed at the beginning of the process.

A synthetic and exhaustive definition of the Branch-and-Bound algorithm (BB)
can be found in (Cook 2012); he defines the BB procedure as a “method that consists
of the repeated application of a process for splitting a space of solutions into two or
more subspaces and adopting a bounding mechanism to indicate if it is worthwhile
to explore any or all of the newly created subproblems”. The splitting phase is called
branching, and it is followed by a bounding phase in which a value B is determined
such that each solution in a subspace has an objective value no larger (formaximization
problems) than B. It can be applied to many different types of problems, and several
are applications in literature aimed to solve discrete programming problems (Tanaka
and Tierney 2018; Brusco and Stahl 2006). Emond and Mason (2002) proposed a
BB algorithm to deal with the consensus ranking problem: it starts with a splitting
step in which three mutually exclusive branches are derived by comparing the relative
positions of the first two objects (one branch with rankings such that i is preferred to
j , one branch with rankings in which i is not preferred to j and the last one in which
i and j are tied). Then a penalty P is computed, and every branch whose incremental
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penalty is greater than the penalty evaluated in the initial solution is cut off and not
further considered in the procedure. The procedure goes on with the definition of new
branches, and the process is repeated until all the objects are allocated and the median
ranking is derived. As it is easy to understand and is highlighted by Brusco and Stahl
(2006), one of the BB algorithm’s main limits is its slowness.

Within the framework of the Kemeny approach, D’Ambrosio et al. (2015) and
Amodio et al. (2016) proposed two algorithms, they called QUICK and FAST, for
identifying the median ranking when dealing with weak and partial rankings. They
demonstrated the equivalence between the QUICK and FAST and the Emond and
Mason’s branch-and-bound algorithms, and also showed a really remarkable saving
of their proposal in computational time, by starting by a ‘good’ initial solution. These
algorithms are faster than Emond andMason’s BB, but still accurate: the solution they
find is optimal even if they are not able to find all the solutions if multiple solutions
are present. The procedure proposed in this paper is based on their approach, but τx is
replaced with τw

x ; in particular, following Emond and Mason, the maximum possible
value P∗ of the numerator in Eq. (12) is calculated. It is represented by the denominator
of the equation itself, since a rank correlation coefficient has a maximum value equal
to | ± 1|:

P∗ = Max[dw
K (X , b)] = 2n

m−1∑

i=1

(m − i)wi ,

and taking a candidate ranking within the universe of the permutations with ties of the
items, we evaluate the numerator in Eq. (12):

p =
[ m∑

i< j

cw
i j

]
.

The two quantities, P∗ and p, are used to establish an initial penalization, in the
consensus ranking process, in the following way:

P = P∗ − p. (13)

The purpose of the algorithm is to find, among all the possible weak rankings, the
ranking that gives the minimum penalty. To this aim, the universe of permutations
with ties is divided into three mutually exclusive branches, according to the position
of the first two items (named i and j) in the ordering, used as the initial solution. After
that, an incremental penalty for each branch can be computed, taking into account the
cw
i j and cw

j i of the entire C
w input matrix:

BRANCH 1

• Object i is preferred to object j :

(a) If cw
i j > cw

j i > 0, then δP = 0
(b) If cw

i j = cw
j i = 0, then δP = [(wi + w j ) · (m − 1) · n]/2

(c) If cw
i j < cw

j i < 0, then δP = |cw
i j + cw

j i |
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BRANCH 2

• Object i is tied to object j :

(a) If cw
i j = cw

j i = 0, then δP = [(wi + w j ) · (m − 1) · n]/2
(b) If cw

i j > 0 and cw
j i < 0, then δP = 0

(c) If cw
i j = cw

j i = 0, then δP = [(wi + w j ) · (m − 1) · n]/2
BRANCH 3

• Object j is preferred to object i :

(a) If cw
i j < cw

j i < 0, then δP = |cw
i j + cw

j i |
(b) If cw

i j = cw
j i = 0, then δP = [(wi + w j ) · (m − 1) · n]/2

(c) If cw
i j > cw

j i > 0, then δP = 0

where δP is the incremental penalty. When the incremental penalty computed from a
branch is higher than the initial penalty, the rankings belonging to that branch are cut
out from the search process. Otherwise, when the penalty of a branch is smaller than
(or equal to) the initial one, then the next object in the initial solution is considered,
and other new branches are built up, by moving this object to all possible positions
with respect to the objects considered before. The incremental penalty produced by the
new branches is again the tool used for cutting useless branches and for keeping only
the useful ones until a solution is reached. Actually, following Amodio et al. (2016)
QUICK algorithm, the penalty is evaluated by considering all items in the input rank-
ing, while in the original BB formulation, the penalty was computed by considering
only the elements of the combined input matrix associated with the processed objects,
adding up these partial values.

The description of the BB algorithm step by step is the following:

1. Given P∗ = Max[dw
K (X , b)] = 2n

∑m−1
k=1 (m − k)wk ;

2. A candidate ranking Q is selected in Sm and its score matrix {qks } is derived;
3. p =

[∑m
k<s c

w
ks

]
;

4. Penalty: P = P∗ − p;
5. Branch : the universe of rankings (with ties) is divided in three starting mutually
exclusive branches according to the position of the two first items;
6. Incremental penalty δPB for each branch (B=1,2,3) is computed;

7. Bound

{
if δPB > P rankings in branch B are excluded from the search process;
if δPB ≤ P new branches are derived;

8. δPB produced by the new branches is again used for cutting useless branches and for keeping only the
useful ones until a solution is reached.

The introduction of the weights makes the algorithm slower, and this is especially
true as the number of items increases. This is not a real problem because the higher
the number of items the higher the number of weights equal to zero (i.e., usually, with
many items, we are not interested in all the positions; therefore we assign a zero weight
to all the positions we are not interested in) and this reduces the computational time.
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6 Experimental evaluation

Both a simulation study and real datasets will be considered to assess the performance
of the proposed procedure. Data analysis is performed using our code written in R
language (available upon request). The proposed BB algorithm has been implemented
in R environment by suitably modifying the corresponding functions of the ConsRank
package (D’Ambrosio 2021).

6.1 Simulations

Ranking data in the simulation study were generated according to a Mallows model
(Irurozki et al. 2016) which is an exponential model specified by a central permutation
α and a spread (or dispersion) parameter θ . When θ > 0 (with θ = 0 we obtain the
uniform distribution), the central permutation α is the permutation with the highest
probability, while the probability of any other permutation S decays exponentially as
its distance d to α increases, according to the model

fθ (α; S) = C(θ) exp(−θd(S, α)), (14)

where C(θ) is a normalization constant. The distance d can be any type of distance
between rankings, including the Kendall, Cayley, Hamming and Ulam distances: in
this paper, we consider (and implemented in R, (R Core Team 2020)) the Kemeny
distance.

We consider m = 5 and m = 9 items, while four different values of θ are
used: 0.42, 0.6, 1.2 and 3.5. The full space of both complete and tied rankings
was considered. The position weighting vectors were employed according to a pre-
cise structure: for example, for 5 items we consider w1 = (1/4, 1/4, 1/4, 1/4),
w2 = (4/10, 3/10, 2/10, 1/10), w3 = (1/2, 1/2, 0, 0), w4 = (2/3, 1/3, 0, 0) and
w5 = (1, 0, 0, 0). In brief, equal and decreasing weightings were considered, at first
involving all the weights and then only half of the total number of the positions and,
finally, only the first position was weighted. The sample size used for all the datasets
generated was 50, and for each combination of θ and number of items, 100 samples
were generated. For each sample, we estimated the consensus ranking and the cor-
responding τw

x (12) by using all the weighting vectors. Figure 2 compares the true
distribution (i.e., computed with reference to the true mode α used to generate the data
according to model (14)) of τw

x , always shown in white color, and τw
x computed with

respect to the estimated consensus.
As it appears, the implemented procedure always finds the correct consensus, since

the distributions of true and estimated τw
x are comparable. Both with 5 (left plot of Fig.

2) and with 9 items (right plot of Fig. 2) the higher θ the higher τw
x and the simpler

the weighting vector (few positions involved) the higher τw
x .

In order to verify the effect of the sample size, we consider twomore sizes, n = 200
and n = 500, considering all the values of θ and all the weighting vectors again. The
results are shown in Fig. 3. It is interesting to observe that, in the presence of low
values of the spread parameter θ , the consensus ranking returned by the algorithm is

123



Consensus among preference rankings: a new weighted… 1031
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Fig. 2 Real (white color) and estimated tauw
x distribution vs θ and weighting vectors for rankings of 5

items (left) and 9 items (right)
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Fig. 3 Real (white color) and estimated tauw
x distribution vs θ and weighting vectors for rankings of 5

items and n = 200 (left) and n = 500 (right)
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Table 1 Sport dataset: Weighing
vectors w1 0.125 0.125 0.125 0.125 0.125 0.125

w2 0.286 0.238 0.190 0.143 0.095 0.048

w3 0.334 0.333 0.333 0.000 0.000 0.000

w4 0.500 0.266 0.133 0.000 0.000 0.000

w5 1.000 0.000 0.000 0.000 0.000 0.000

Table 2 Sport dataset:
Consensus rankings w1 (E, F,C, A, D, B,G) 0.144

w2 (E, F,C, A, D, B,G) 0.133

w3 (E,C, F) 0.134

w4 (E, F, A) 0.126

w5 (E) 0.127

even “better” (higher values of the correlation coefficient) than the central permutation
α used to generate the samples. Of course, the higher θ , the more similar are the real
(white coloured) and the estimated distributions of τw

x . This further simulation relates
only to 5 items. The extension to the case of 9 items would require a more efficient
implementation of the procedure, that is still an open issue we are working on.

6.2 Real data

The first data set is comprised of ranks of seven different sports made by 130 students
from a large midwestern university. The ranks were made according to their prefer-
ences to participate in the sports. The sports considered were: A=baseball, B=football,
C=basketball, D=tennis, E=cycling, F=swimming and G=jogging.

As previously considered in the simulations, 5 different weighting vectors are con-
sidered (shown in Table 1), in order to assess their effect on the estimated consensus.:
with w1 we give the same importance to each position, which means that we do not
weight positions (see Sect. 4.1.3); with w5 we give importance to the first position
only.

The Consensus estimated for each weighting vector is shown in Table 2. With
the first two weighting vectors, we obtain the same consensus, which corresponds to
the one obtained by Amodio et al. (2016). With the other 3 weighting structures we
obtained different consensuses, and withw5 2 different solutions corresponding to the
same value of τw

x , always with the sport “E” in first position.
The second real data example is reported by Emond and Mason (2000). In this

dataset, 112 expertswere asked to rank 15Departmental initiatives (A toQ), competing
for limited funds. In this example, some ties occur, and some rankings are not complete.
This dataset has also been analyzed by Amodio et al. (2016). Table 3 shows the results
corresponding to the five weighting structures (conceptually equivalent to the ones
shown in the Table 1, but extended to 15 items). Note that items within the less and
greater signs are tied. The first Consensus, as expected, is the one found by Emond
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Table 3 Emond and Mason dataset: Consensus rankings

w1 (D, L,< E, M >,< A, B, P >,< C, N >, I , H , F,G,< O, Q >) 0.193

w2 (D, E, M, F,< A, B, L >, I , P,< C, N >, H ,G,< O, Q >) 0.212

w3 (D, E, M, P, F,< A, L >)

(D, < E, M >, P,< A, L >) 0.206

w4 (D, E, M, < A, F, L >) 0.247

w5 (D) 0.529

Table 4 APA 2008 and 2009:
Weighting vectors w1 0.25 0.25 0.25 0.25

w2 0.4 0.3 0.2 0.1

w3 0.334 0.333 0.333 0.000

w4 0.500 0.333 0.167 0.000

w5 1.000 0.000 0.000 0.000

Table 5 APA 2008: Consensus
rankings and τw

x
w1 (< C1,C2 >,< C3,C4,C5 >) 0.256

w2 (C2,C1, < C3,C4,C5 >) 0.256

w3 (C2,C1, < C3,C4,C5 >) 0.253

w4 (C2,C1,C4) 0.257

w5 (C2) 0.275

and Mason, while it changes as soon as the weighting structure changes, although D
is always in first position.

The third and, probably, more appropriate example relates to APA Election Data
(available at http://www.preflib.org/data/election/apa/). These datasets contain the
results of the elections of the American Psychological Association between 1998
and 2009. The voters are allowed to rank any number of the five candidates without
ties. The “PrefLib: A Library for Preferences” provides for data that have been imbued
with extra information. In these data, all incomplete, partial orders have been extended
by placing all unranked candidates tied at the end. Each of these elections has 5 candi-
dates and between 13,318 and 20,239 voters. In particular, the 2008 and 2009 datasets
are considered here (candidates are indicated as C1, C2, C3, C4 and C5).

These two years have been chosen because they are useful to show that, if one
candidate is clearly preferred over the others, weights cannot change these condition
(see the year 2009 dataset results); on the other side, the introduction of weights, or
better, giving a higher weight to the first position, can resolve some not so evident
situation (see the year 2008 dataset results). In particular, the results for the 2008
dataset (Table 5) with different weighing vectors (Table 4) show that the candidates
C1 and C2 are tied at the first position when all the positions are equally weighed (w1),
while, when a higher weight is given to position 1, candidate C2 is the only winner.
With 2009 dataset (Table 6), the candidate C1 is clearly preferred over the others and,
even changing the weights, he always stays, alone, in the first position.
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Table 6 APA 2009: Consensus
rankings and τw

x
w1 (C1,C3, < C2,C4,C5 >) 0.171

w2 (C1, < C3,C5 >, < C2,C4 >) 0.178

w3 (C1,C3, < C2,C5 >,C4) 0.172

w4 (C1,C3,C5) 0.185

w5 (C1) 0.209

7 Concluding remarks

In this paper, we provided a weighted rank correlation coefficient τw
x for weak order-

ings, as an extension of τw
x for linear orderings (Plaia et al. 2019). This extension

ensures greater applicability, since in many real cases rankings with ties are observed
and, with the methodology available up to now, they could only be ignored or elimi-
nated.

We demonstrated the correspondence between τw
x and the weighted Kemeny dis-

tance and, finally, we showed that, in the case of tied rankings andwi = 1
m−1 for all i ,

the weighted rank correlation coefficient τw
x is equal to the Emond and Mason’s rank

correlation coefficient τx . Moreover, we modified appropriately Amodio et al. (2016)
QUICK and FAST algorithms by including positional weights. A simulation study
was carried out to demonstrate that, through the use of these modified algorithms, it is
possible to find the consensus rankings that maximizes the weighted rank correlation
coefficient τw

x . The effect of different weighting vectors has also been studied. Three
real datasets were analyzed to show how the solutions usually change with the weight-
ing structure; in particular, more simple the weighting structure is more unstable is
the resulting solution, except when one item is strongly preferred over the others.
Some points are still open: to adapt the procedure to partial and incomplete rankings.
Moreover, we are looking for a more efficient implementation of the algorithms in R
language, and these will allow us to consider a much larger number of items. For now,
to cope with a larger number of items, two different approaches can be considered:
introducing position weights with some elements equal to 0, that reduces the size of
the rankings, or, alternatively, since the research of the consensus ranking requires
searching the space of all possible rankings of m objects, we can reduce the space
cardinality by considering the full space of linear rankings only, following the idea in
Amodio et al. (2016).
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