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Abstract

In the field of soil hydrology, the Richards equation is commonly used to model water flow in
unsaturated soils. The high nonlinearity of the Richards equation makes it very challenging to solve
analytically, for situations that are meaningful in practical applications. In this paper, an exact and
simple analytical solution of the Richards equation under gravity-driven infiltration and constant
rainfall intensity is derived. First, the solution is presented under Torricelli’s law, which mimics the
soil hydraulic conductivity function and also describes the empting or filling process of non-linear
water reservoirs. Then, following a similar approach, the solution is extended to the Brooks and Corey
soil hydraulic conductivity function, which is generally considered to describe soil hydrological
characteristics well. The approach followed in this study is a simple hydraulic approach, thus the
derived solutions are not affected by uncertainty as long as the hypothesis of the gravity-driven
infiltration is satisfied for the selected soils. A comparison with the solution numerically derived by
the Richards equation where the gravity-driven assumption is relaxed, is performed and discussed.
Interestingly, the comparison showed that the suggested solution delimits the solution domain of the

Richards equation.
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1. Introduction

Infiltration is the process where water enters into the soil surface as rainfall and then vertically
moves through the soil profile under the influence of gravity (Brutsaert 2005; Smith et al. 2012).
When this movement takes place in the absence of gravity forces, it is considered a “sorption process”
(Assouline 2013). Infiltration is a key component of the hydrologic cycle, partitioning rainfall into
surface runoff and that flowing into the soil. Knowledge of the infiltration process makes it possible
to determine the runoff hydrograph, soil moisture patterns and groundwater recharge, because of
infiltration’s interaction with the other components of the hydrologic cycle. The infiltration process
is affected by various factors, including soil hydrological properties, rainfall intensity, antecedent soil
moisture content (Tramblayet al. 2010, Baiamonte and Singh 2016; 2017), and by additional factors
that could be related to biological activities in the soil column (Singh 1996; Assouline 2013). Because
of the fundamental role that it plays in applied hydrology and soil science, the infiltration process has
been widely studied, and a multitude of models have been introduced and compared (Brutsaert 2005;
Singh 2010; Cui and Zhu 2018; Vand et al. 2018).

The vertical movement of water into porous media is theoretically represented by the Richards
equation (Richards, 1931) and theoretically based are all the simplified models that derive by the
Richards equation, although under simplified assumptions (Philip 1957a; 1969; Green and Ampt
1911). As an example, the Green-Ampt infiltration model (Green and Ampt 1911) was derived from
the Richards equation under ponding conditions and by assuming a delta function diffusivity
(Parlange, 1971). Indeed Philip (1957b) showed that this formulation of the infiltration process may
be derived from the governing diffusion equation of Richards (1931), if the diffusivity is taken to be
a delta function of nonzero value only at a relative soil saturation equal to 1. The delta function
formulation is, of course, only an approximation of the rapid rise in diffusivity near saturation and it

has been widely discussed in the hydrologic literature (Milly 1985, Parlange 1975, Govindaraju et al.
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1992, Russo and Dagan 1993). Other infiltration models are empirical (Kostiakov 1932; Horton 1938;
Holtan 1961; Overton 1964, Soil Conservation Service — Curve Number, SCS — CN 2004; Singh and
Yu 1990), thus they could be applied under the conditions for which the models were derived.

An important aspect is related to the model’s application scale. For example, the SCS-CN
model, which does not definitely serve as an infiltration model, was developed for runoff estimation
at the relatively large basin scale, whereas the classic GA infiltration model (Green and Ampt 1911)
could be applicable in principle at the point spatial scale. However, because of their simplicity and
the few parameters required, simplified infiltration models have also been applied at spatial scales
much larger than the point scale, providing satisfactory results (James et al. 1992; Grimaldi et al.
2013). Moreover, models that were derived from empirical and theoretical formulations have also
been compared (Rawls and Brakensiek 1986; Ficklin and Zhang 2013; Sihag et al. 2017). Recently,
Baiamonte (2019a) used the SCS-CN and Green and Ampt models jointly in order to analytically
establish connecting relationships that allow the positive features of both models to be taken into
account in applications. Baiamonte (2019a) showed that the suggested procedure made it is possible
to move from the empirical model to the theoretical one and vice versa, according to the derived
equations linking the relative parameters.

Hooshyar and Wang (2016) provided a physical basis for the SCS-CN method and its
proportionality hypothesis from the infiltration excess runoff generation perspective. To achieve this
purpose, Hooshyar and Wang (2016) derived an analytical solution of the Richards equation for
ponded infiltration in shallow water table environments and under specific boundary conditions.

Although, simplified empirical and theoretical formulations describing infiltration have been
widely used and tested, the limits of both have also been noted (Triadis and Broadbridge 2012; Barlett
et al. 2016). Thus, infiltration models purely based on the Richards equation have also been widely
considered, since they can be applied in any kind of soil, regardless of the simplified assumptions
taken into account and can also be extended to cases that consider root water uptake according to the

root depth and/or the water content (Broadbridge et al. 2017). The latter is another important issue,
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since it makes it possible to study the role of soil’s physical ability to store and provide water to plant
roots for both forest and agricultural soils (Cullotta et al. 2016).

Many efforts have been made in order to derive exact solutions of the Richards equations in a
linearized form and under steady-state conditions (Raats 1976; Batu 1978; White and Broadbridge
1988) as well as under time-dependent conditions (Broadbridge and White 1988; Sander et al. 1988).
Recently, exact solutions were introduced of the Richards equation with nonlinear plant-root
extraction, as a function of the soil water content (Broadbridge et al. 2017).

When the sorption component is neglected, the infiltration process is dominated by gravity and
modeled by capacitance models, also known as tank or bucket models (Manabe 1969, Struthers et al
2006; Romano et al. 2011), which are commonly employed in hydrological prediction because of
their conceptual simplicity and their ability to describe fundamental constrains on hydrological
behavior. For example, they might be pertinent when the prediction of groundwater recharge is not
the primary modeling objective. The latter was observed by Kim et al. (1996), whose framework
reasonably agreed with the Richards equation’s numerical solution, for a wide range of soils and
climates, although it included the important simplifying assumption of considering water
redistribution to be instantaneous within the unsaturated zone, and thus only considered the total
storage in the soil water reservoir. In fact, the fundamental limitation of the capacitance approaches
lay in their inability to replicate time delays between input fluxes to the soil system and the generation
of output fluxes. However, the ability of capacitance models to replicate internal travel times may be
improved through the discretization of the soil profile into multiple tanks connected in series
(Struthers et al 20006).

Several studies (Milly, 1994; Farmer et al., 2003) have shown that capacitance models can be
efficiently employed for predicting some components of the soil water budget, as they provide results
similar to those observed in the field or to those simulated by models that are much more detailed in

their description of soil water dynamics, and in soils with specific climatic regimes, and also include
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accurate descriptions of plant ecology (Guswa et al., 2002). This probably explains why the
capacitance approach is still applied, investigated and interpreted (Romano et al., (2011).

In this paper, an exact and simple to use analytical solution is derived of the Richards equation
under gravity-driven infiltration and constant rainfall intensity. First, the Richards equation solution
is presented under Torricelli’s law, which mimics the soil hydraulic conductivity function and
interestingly describes the empting or filling process of a non-linear water reservoir. Then, following
a similar approach, the solution is extended to the Brooks and Corey soil hydraulic conductivity
function (Brooks and Corey 1964), which has been tested and used in similar contexts (Severino et
al. 2005, Severino et al. 2006; Nasta et al. 2013; Xing et al. 2018).

Although the plant-root extraction component was not considered in this study, the easy-to-
apply derived approach, could also be used to take into account the water uptake by plant roots in
different dimensions (Vrugt et al. 2001) and in terms of the complexity and degree of
mechanical/biological principles explicitly accounted for (de Willigen et al. 2012; Javaux et al. 2013).
Because of gravity-driven infiltration was assumed, the procedure is better suited to be extended to
the case in which water root uptake is modeled by the soil water content alone, since the instantaneous
redistribution limitation was assumed, which is typical of the capacitance approach.

The paper is organized as follows. Following this introduction, section 2 discusses the solution
of the Richards equation under Torricelli’s law. The solution is extended to the Brooks and Corey
soil hydraulic conductivity function in section 3. Applications for both cases are performed in section
2 and 3. In section 4, a comparison between the present solution and a numerical one derived by the

Richards equation is performed and discussed. The paper is concluded in section 5.

2. Gravity driven infiltration under Torricelli’s law

Consider an open cylindrical tank of soil and water of unit cross sectional area, 4, unit height

Z =1 m, and radius R, as displayed in Fig. 1. A small circular hole (much smaller than that in the
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figure) with radius 7 is made at the bottom of the tank. A stationary and uniformly distributed rainfall
intensity, 7, is applied over the tank. For a homogenous and isotropic soil, the tank water level mimics
the actual volumetric soil water content, ® = (0 — 0,.,)/A0, which is normalized with respect to the
effective porosity, AB = 05 — B¢, where 0 (cm® cm™) is the actual volumetric soil water content, and
05 (cm® cm™) and O, (cm® cm™) are the saturated and the residual volumetric water content,
respectively. Thus, ® = 0 and ® = 1 (Fig. 1) indicate that the soil is completely dry or saturated,
respectively. Moreover, the outflow rate corresponds to the water infiltration rate at the bottom of the
soil layer.

For one-dimensional infiltration, the Richards equation is written:

H_Dh_0 K(h)(@ﬂj (1)
ot oh ot oz oz

where ¢ is the time, K(%) (m s™) is the soil hydraulic conductivity as a function of the soil matric
potential 4 (m) and z (m) is the elevation.
Under gravity-driven infiltration, i.e. by assuming that the matric potential gradient is negligible

compared to the gravitational potential gradient, we can write (Severino et al. 2005; Baiamonte et al.

2019):

0 oh dh db

—(z+h)=1 = — =<1 2
52( ) 0z db dz = @)

In other words, it is assumed that the distribution of the water content along the vertical may
generate lower/larger humidity gradients, so that when adopting a gravity-dominated model, the key
assumption is that the slope dh/d6 of the retention curve, 4(0), is low enough (irrespective of the order

of magnitude of 06/0z). Therefore, neglecting the matric gradient (compared with that of the
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gravitational one) is purely a retention property and unrelated to the permeability. Under the

aforementioned assumptions, Eq. (1) reduces to the simple 1D continuity equation:

20 _ oK (h)
ot 1974

(3a)

that according to the sketch displayed in Fig. 1 and considering the inlet rainfall intensity, i, becomes:

AZdo=(iA-Q)dt = Z0 —=[i—2j (3b)

where O (m® s™!) is the outflow discharge at the bottom of the soil layer and, by neglecting the residual
water content, ® = 0/0; is the saturation degree, as previously defined. Eq. (3b) denotes the continuity
equation, establishing that during a rainfall event with constant intensity, i, the water volume exiting
the jet in time df is equal to the water volume removed from the tank in the same time dt.

The outflow discharge per unit tank cross-sectional area, Q/4, is denoted as f (m/s), which

mimics the soil infiltration rate and can be expressed according to Torricelli’s law:

:ccﬁ(2g®)l/2:cc r*2(2g®)1/2EKS 0"’ (4a)

/= 4

Nl

where g is gravity’s acceleration, 4y is the hole cross-sectional area, 7+ is the ratio between the circular

hole radius » and that of the water tank, R, and c. is the contraction coefficient that is close to the

)1/2

unity, since R is much larger than 7, and K, (m s), which equals 7+* (2 g)"?, mimics the saturated

hydraulic conductivity, i.e. the maximum value of the soil infiltration rate, f, for cc. =1 and ® = 1.
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According to Eq. (4a), the soil infiltration rate normalized with respect to the saturated soil

hydraulic conductivity, f+ can be expressed as:

1/2
C)

IR

_ S
Fex (4b)

With p denoting the rainfall intensity, i, normalized with respect to K (m/s), and assuming a
unit height (Z= 1000 mm), and substituting Eq. (4b) in Eq. (3b), yields the dimentionless differential

flow equation:
—=p-0 (%)

where 1 is the time, 7, normalized with respect to the time, 7. (s), representing a characteristic time of

the infiltration process:

P (6)

From a physical point of view, #. could also be expressed as the travel time required for the
water particle to cross the entire soil layer of unit length, under saturated and steady state conditions.
Of course the more 7+ increases the less the travel time will be.

Soil characteristics are assumed to be spatially constant and according to the diagram
displayed in Fig. 1, runoff is generated through a fast or slow mechanism of runoff generation
(Baiamonte et al. 2015; Baiamonte and Agnese, 2016; Baiamonte, 2019b), depending on whether the
normalized rainfall intensity exceeds or falls behind the unity, i.e. when i > K; or i < Kj, respectively

(Baiamonte, 2016).
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The differential Eq. (5) could be integrated, by fixing the initial condition:

®=0 for T="1To (7

on the assumption that during the close interval [t9, T] the normalized infiltration rate (Eq. 4b) is

constant:

T (€]
do

j dt= j e (8)
_@l/2

‘EO ®(J p @

Two different cases can be distinguished:

1) p # 0. In this case, for 19 = 0, the integration of Eq. (8) gives an explicit t solution:

-0
TzZ(plog Z_\/\/g —(\/5—\/@_0)] (9a)

that can also be written in terms of f+ by using Eq. (4b):

~(fx = 1 )} (9b)

where f is the antecedent infiltration rate normalized with respect to K.
Eq. (9a) shows that for p < 1, the time to equilibrium, Teg, i.€. the time needed to achieve the

steady state condition of the infiltration process, cannot be achieved in a finite time, so that the water
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content asymptotically attains an equilibrium value, ®«, whereas for p > 1, e, 1s achieved in a finite
time at the soil saturation condition, which can be derived by imposing ® = G¢q = 1:

®, =p Pl Ty~ (10a)

=0

_(1_\/@—0)} p>1 Ocq=1 (10b)

Teq :2(plog

ii ) p = 0. This case describes the recession of the infiltration process, starting at the end of the rainfall
at the time, 71/, i.e. 79 = T, and @y = ©,, with O, denoting the normalized water content at the end of

the rainfall period. Thus, Eq. (8) can be rewritten as:
T ®V @
T, (C]
which once integrated provides the following explicit solution in t or in ®, respectively:

r:‘cr+2(®lr/2—®l/2) (12a)

2
@:[@l“—f‘;rj (12b)

Eq. (12a) allows to the time required for the zero flux condition, 1. i.e. for ® = 0, to be determined:

rzf:rr+2®1r/2 (13)
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For the case p < 1, the time to equilibrium can also be established as the time for which the
normalized infiltration rate achieves a high fraction of the asymptotic value. The latter, using Egs.

(4b) and (10a), matches p, thus e, can be expressed as:

reqzmin {r:f*ZBp} p<l (14a)

in which 3 could be chosen as equal to 0.95. Imposing Eq. (14a) in Eq. (9a) yields:

P—y0
p(1-p)

@pﬁ%ﬂ p<l1 (14b)

Teg =2[plog

The assumption made to derive Eq. (14b) agrees with Saghafian and Julien (1995), who observed that
the equilibrium time on pervious watersheds is seldom attained, because the infiltration rate could
reach saturated hydraulic conductivity after a time that is much longer than the duration of the rainfall.
Accordingly, Eq. (14b) denotes a time to virtual equilibrium that may serve as a measure of the
response time of pervious watersheds subject to uniform or distributed rainstorms (Baiamonte and
Singh, 2016), although it provides an approximated rather than an exact time.

For both cases p > 1 (Eq. 10b) and p < 1 (Eq. 14b), the dependence of 1., on p shows the non-
linearity of the studied process. For p <1 and p > 1 and under zero antecedent soil moisture conditions

(ASMC), ®9 =0, Eq. (14b) and Eq. (10b) can be rewritten, respectively:

t, =2|plog

(l%ﬁ)‘—ﬁp] p<l  Ou=(p) (152)

Il
—_

(15b)

T, =2 plongFi] —IJ p>1 Ocq
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For ®p = 0 and for different p values, the normalized water content, ®, calculated by Eq. (9a),
versus 1 is plotted in Fig. 2, which makes it possible to confirm that for p > 1, equilibrium is achieved
in a finite time, 1., (Eq. 15b), whereas for p < 1, ® asymptotically attains the equilibrium conditions
@x = p%. For p <1 and by assuming B = 0.95, Fig. 2 also illustrates the virtual time to equilibrium
calculated by Eq. (15a), corresponding to @, = (B p)*.

For the case p > 1, the time to equilibrium can also be seen as the time to ponding (Broadbridge
and White 1987), i.e. the time that is required for the runoff generation process. In fact, starting from
this condition, the infiltration rate achieves its maximum value, K, and under a constant rainfall with
indefinite duration, the overland flow occurs with a constant rainfall excess, i — K;. Contrarily, for p
< 1 rainfall excess cannot be generated.

In order to investigate the influence of the AMSC on the time to equilibrium, for different ®
values and for both p <1 and p > 1, Fig. 3a and Fig. 3b plot 1., versus p, respectively, showing that
for an increasing p, for p <1, 1., increases, whereas for p > 1, 1., decreases. Moreover, for any p at
an increasing ®y, as expected, 1., decreases. However, the influence of ®y on 1., seems to be much
more important for p <1 than for p > 1.

From a practical point of view, it is interesting to derive the infiltration coefficient, d;, which
is denoted here as the ratio between the infiltration volume, 7, at the time #, and that of the rainfall.
Towards this aim, for time t < 1, (with 1, = #,/t.), the infiltration volume at the bottom of the soil layer,

I+, normalized with respect to the infiltration volume, K 7., can be expressed according to:

1
I =fo1- .[r(f*)df* (16a)
Lo



286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

The infiltration volume, K #,, which normalized the infiltration volume, I, represents, as f., a
characteristic value, i.e. the volume that infiltrates in saturated condition and in the time ¢ = ¢,

Substituting Eq. (9b) in Eq. (16a) yields:

’ p—/fs %
I =f*r—2pj log - 0\ g, +2j(f*-f*0)df (16b)
£y ) L

that once integrated becomes:

L=20%10g P20 21~ £ - (12 - 12) (16¢)

*

By using Eq. (4b), Eq. (16¢) can be rewritten in terms of ®:

p—0,

e o, -o-0,) (17)

I, =2p%log

For any time 1 > t,, Eq. (16c) needs to be modified by putting f+ equal to the infiltration rate
at the end of the rainfall, f+, and also by considering the additional infiltration volume, during the
falling limb, from the end of the rainfall to the time t > t,, which can be expressed by the following

integral on the right, according to Eq. (12b) and Eq. (4b):

f*()

I, =2p%log i

2

*p

olf -2 [f]d (18a)
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The integration of Eq. (18a) and using of Eq. (12a) yields:

*:ZPZZng:A_Zp(f*r_f*o)_(f*zr_f*zo) (18b)

As for 1 <1, (Eq. 17), Eq. (18b) can be rewritten as a function of ®, by using Eq. (4b):

P=\0
p-\O,

-20(/®, - /8, }-(e-0,) (19)

I, =2p%log

Thus, for both t < 1, and t > 1,, the infiltration coefficient, §;, referring to the bottom of the
soil layer, can be derived in terms of f+ or ® by dividing Eq. (16c) or Eq. (18b) and Eq. (17) or Eq.
(19), respectively, with respect to the rainfall volume V== p 7, which is normalized, as 7+, with respect

to the characteristic volume K; z.. In the following, d; is written with respect to ® for both cases;

3; —II/—: i{2p2 logpp__—\/% —2p(\/6—\/®_0)— (@—@O)} fort <7, (20a)
I, 1 p— C
=5 p—rr[%%g% -2l /0, - [0, )(@%)} fort>t  (20b)

where in Eq. (20b), V- is the normalized rainfall volume at the end of the rainfall. Checking the water
balance requires that the rainfall volume, V., equals I + Z (6 — 09) whereas, in dimensionless terms, it

requires ptT = I+ + (0 — Qy), i.e. 1 =3; + (O — Op)/(p7).
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Three practical cases, reported in Table 1, were considered in order to verify the consistence
of Eq. (20a) and Eq. (20b). The first two cases refer to the normalized rainfall intensity p > 1 and ®y
=0 and @y > 0, whereas the third case refers to p <1 and ®9 = 0. Fig. 4 shows the temporal variation
of the normalized water content, ® (Fig. 4a), the normalized infiltration rate, f+ (Fig. 4b), and the
infiltration coefficient, d; (Fig. 4c¢). In the same figures the characteristic times 1o, Tr, Tz, and the
corresponding normalized water content and infiltration coefficient are also plotted (Table 1). The
accuracy of the derived solutions is tested by the water balance of the inflowing and outflowing
volumes, corresponding to the condition &; = 1 at the end of the ®(t) falling limb, when the initial

conditions are re-established, so that when ® = @y, pt =/+and &;=I+/ (pt) = 1.

3. Gravity driven infiltration under the Brooks and Corey hydraulic conductivity function

Most of the results described in the previous section, although formulated for a simplified
hydrologic soil behavior, meet and extend the already known fundamentals of hydraulics (De Marchi
1954; Faber 1995) that govern the process of empting or filling a water reservoir where there is a
given inlet and outlet. However, the solutions derived in section 2 cannot be applied to actually
describe the soil hydraulic conductivity function, which is far from that described by Torricelli’s law.

In order to extend the previous approach to the soil infiltration process, Brooks and Corey’s

(1964) soil hydraulic conductivity function was considered here:

K(©)=K,0 (21)

where ¢ = A / (2 + (2 + [) M) is the pore connectivity index, which is a function of the pore size
distribution index, A, and of the tortuosity factor, /, which are characteristics of the soil hydraulic

functions (Assouline 2005) and sometimes are considered to be merely empirical coefficients
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affecting the hydraulic function (Simének et al. 2011). For example, Nasta et al. (2013) derived a
simple closed-form equation that predicts the saturated hydraulic conductivity, which uses a
tortuosity-connectivity calibration parameter to fit the measured K.

The comparison between Eq. (21) and Eq. (4b) shows that Eq. (20) fits Torricelli’s law for ¢
= 2, whereas according to the Brooks and Corey hydraulic conductivity function, ¢ values less than 2
should be considered. Therefore, the hydraulic conductivity function and the characteristic time of
the infiltration process previously introduced (Eq. 4b and Eq. 6, respectively) need to be extended to

any c value according to:

2

K(©)=K, 0" =i (2g)/0""

(22a)

76, 76, )
c Ks r*z (2 g)l/c

where the 7+ value that matches the saturated hydraulic conductivity of the Brooks and Corey model,

can be derived as:

Ty = . (23)

This consideration allows us to use a well-consolidated hydraulic approach, which is not
affected by uncertainties, to describe the infiltration process under the assumption of gravity-driven
infiltration. In other words, according to Eq. (23), the ratio between the radius of the circular hole and
that of the water tank, r+, can be associated to the saturated hydraulic conductivity, the high spatial
variability of which complicates its estimation (Leij et al. 2004; Fan et al. 2016; Baiamonte et al.

2017; 2019), and the described approach can thus be extended to describe soil behavior.
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In order to detect the 7+ value range that needs to be considered for common soils, by assuming / =1,
the dataset reported in Table 2 was taken into account (Brakensiek et al. 1981), showing that for soils,
the ¢ value is actually much less than 2. Fig. 5a shows the relationship between r+ and K for the ¢
values in the range 0.06 — 0.15, which cover the ¢ values reported in Table 2. As expected, at
increasing Kj, r+ also increases, since the larger the hole radius describing the soil behavior is, the
higher K, will be. Fig. 5a also plots the 7+ - K; relationship derived for a ¢ value higher than ¢ =0.15
(c = 0.2), which is typical of highly permeable soils, such as sandy soils (Matlan et al. 2014;
Baiamonte et al. 2019), which could better fit the gravity-driven infiltration assumption. For the same
c values, in Fig. Sb the Brooks and Corey hydraulic conductivity function is reported. For
comparison, the hydraulic conductivity function for ¢ = 2, according to Torricelli’s law is also
illustrated, indicating that ¢ = 2 provides normalized infiltration rates that are much higher than those
of the soils.  Accounting for Eq. (22a) rather than Eq. (4b) to describe the hydraulic conductivity
function, complicates the approach followed in section 2 to derive analytical solutions. In fact, the
differential equation and the corresponding integral form reported in Eq. (5) and in Eq. (8) need to be

rewritten according to any ¢ < 2:

L e (24a)
dt
(]
0= [y -do (24b)
6,P~©

As for ¢ =2, also for ¢ < 2, two different cases can be distinguished:

1) p # 0. The integration of (24b) gives an explicit t solution:

1/¢ 1/¢
1—1{8 2F1{1,c,1+c,® J—(ao 2171[1,c,1+c, % H (25)
P p p




398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

® k
where £ is the hypergeometric function , F(a,b,c,z)= Z% (Abramovitz 1972, p. 556).
k=0 %

Eq. (25) shows that, for ¢ = 2, it matches with Eq. (9b), demonstrating that Eq. (9b) is a
particular case of Eq. (25). The latter could be observed by putting ¢ =2 in Eq. (25), and considering

that, for ¢ = 2, the hypergeometric function >F/ (.,.) can be expressed according to (Abramovitz 1972,

p. 556, 15.1.4):

0% 2p o 12
2F1[ 1,23, ey plog o -0 (26)

For ®) =0 and ¢ <2, Eq. (10a) and Eq. (10b) were rewritten:

Il
—_

1
“ =E[2Fl(1,c,1+c,—j] o1 O (27b)

i1) for p = 0, as for ¢ = 2, integration of Eq. (24b) gives an explicit T solution that can be written in

terms of fx or ®:

e Ll (28a)
c-1
1-1/¢ _

=1, +L1(®r @H“j (28b)
—

Since the approach for ¢ < 2 is similar to that already described, only the final equations are

reported in the following. In particular, Eq. (17) and Eq. (19) become, respectively:
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pre/c+(e1/c-el/<lo, zFl[l,c,l+c, R ]+
Lol y P ) fort <71, (29a)
p c ey«
_ L fgive N Le2+e 2" —ehe R 1e2+c,—0
I+c¢ p p
1/¢
pr, @/ +(01/c /<)o, zFl[l,C,l+C, 0 J+
=L P for T > 1, (29b)
PI__1 | gu/e 0,/ 1+1/c Oy ¢
_HC{(B; ey 1,c,2+c,rT —®O+ Y 1,c,2+c,T +[*ﬁ111

In Eq. (29b), I+ denotes the infiltration volume during the falling limb, which in the case ¢ = 2 was
represented by the second integral on the right side in Eq. (18a) that was then incorporated into Eq.
(18b).

For the case ¢ < 2, I+ requires a separated derivation, since it needs to be recalculated

according to:

T

r

I*fall=It(f*)ir—(ﬁ<r—ﬁk)rr+(t—tr)ﬁ (30a)

T
Substituting Eq. (28a) into Eq. (30a) yields:

T
,

I*fa” - I[Tr +ﬁ(f*cr_l _f*c_l)]dt N (f*r _f*)1r + (T - Tr)f* (30b)

T

Eq. (30b) can be integrated, providing the following solution:
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that can be simplified in the following forms in terms of f* or ®:

f*c —c f* f*c;'—l

c—1

L g = + 5, +(’E—‘Cr)f* for t > 1, (30d)

1/cqyl—1/c¢
©—co!/cek

c—1

+0O, +(t—1:r)®l/" for t> 1, (30e)

Ls pury =

Therefore, also for the case ¢ <2, and for t < t, and for t > 1,, the infiltration coefficient, J;, referred
to the bottom soil layer, can be derived by dividing Eq. (29a) and Eq. (29b) with respect to the

normalized rainfall volume, V', and by using Eq. (30e):

1 1
6i:V* == fort <=, (31a)
x. P
I, I, ®- @1/0@1—1/0
8 ===~ ’p+% < — +0, +(t—1,J0V¢ for t > 1, (31b)
*r r -

First, an application was made for a fixed ¢ value (0.134), and by varying the normalized
rainfall intensity, p, for p >1 with ®p =0 and ®y > 0, and for p <1 with ®p = 0 (Table 3). For these
cases, Fig. 6 shows the time-varying normalized water content, ® (Fig. 6a), the normalized
infiltration rate, f+ (Fig. 6a), and the infiltration coefficient, ; (Fig. 6¢). The same figures also show
the characteristic times 1y, the normalized duration of rainfall, t,, and the corresponding normalized
water content and infiltration coefficient (Table 3).

As for ¢ =2, the accuracy of the derived solutions (Eq. 31a and Eq. 31b) is tested by the water

balance of the inflowing and outflowing volumes corresponding to the condition that the infiltration
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coefficient, J;, equals the unity at the end of the falling limb, ®(t), when the initial condition is re-
established. Fig. 6a shows that when ®9 = 0.2 (#1), the saturated condition is achieved quicker than
the case ®p = 0 (Table 3) and the corresponding infiltration volume also increases quicker (Fig. 6a).
Similar expected results are obtained by comparing, for ®9 = 0, the graphs for different p values (p <
1, #1 and p > 1 #2, #4).

Expected results were also obtained by varying ¢ values in the range 0.06 — 0.2, and by fixing
the normalized rainfall intensity (p =3 > 1, Fig. 7, Table 4 and p = 0.6 < 1, Fig. 8, Table 5). In both
Fig. 7 and Fig. 8, it is interesting to observe that the () rising limb is poorly affected by the ¢ value,
whereas the ©(t) falling limb, which requires much higher times than the rising limb, is strongly
affected by c. Of course, as ¢ increases, the O(t) falling limb becomes steeper, according to the shape
of the hydraulic conductivity function displayed in Fig. 5b.

No differences were observed in the @(t) falling limbs between Fig. 7 and Fig. 8, since it is
not influenced by the rainfall intensity but only by the soil’s hydrological characteristics, whereas
the O(1) rising limb, and the corresponding infiltration coefficient, appear steeper for p = 3 (Fig. 7)
than for p = 0.6 (Fig. 8).

Finally, the effect of the ¢ parameter on the time to equilibrium, te;,, was investigated by
varying both the AMSC, ®y, and the normalized rainfall intensity, separately for p < 1 and p > 1.
Towards this aim, for any ®y, by using Eq. (25) and by imposing the normalized water content at the

equilibrium, @, Eq. (152) and Eq. (15b) were rewritten:

1 C G)})/c C
Yo = Bp) LA (Lel+ce,p)-0, ,F|Lel+e, ) p<1 Ocq= (B p) (32a)
1/¢
1 1 @y
Teg —E[ZFI(LC,1+C,EJ—®O 2F{1,c,1+c, 5 D p>1 Ocq=1 (32b)
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For ¢ =0.06, 0.08, 0.1, 0.15 and 0.2, Fig. 9 plots the time to equilibrium versus ®¢ and p, for
p <1 (Fig. 9a) and for p > 1(Fig. 9b). In any case, according to what was expected, T., decreases
with an increasing p and ®y. Interestingly, the influence of ¢ on 1., only appears high for low p values,
for both p <1 (Fig. 9a, 0.01 < p < 0.07) and for p > 1 (Fig. 9b, 1 < p <2). Moreover, for a fixed @9
and in the mentioned p ranges, for p > 1, at decreasing c, te; decreases, in agreement with the
corresponding hydraulic conductivity functions graphed in Fig. Sb, whereas for p < 1 the opposite
occurs. The latter results could be explained by the saturated hydraulic conductivity that is higher
than the rainfall intensity (p < 1), and does not reflect the trend of the infiltration rate with ¢, plotted
in Fig. 5b, which was normalized with respect to K.

Experimental validation might be appropriate to test the suggested procedure, however
discrepancies between this theory and any experimental results should be ascribed to the experimental
conditions, which wouldn’t be able to reproduce the gravity-driven assumption made in the present

work. Because it is based on analytical solutions, it should provide exact results.

4. Comparison between the present solution and the Richards equation’s numerical

solution

This section contains a comparison between the present solution (PS), and the more accurate,
but numerically demanding solution derived by the Richards equation (RCH), where the assumption
of the gravity-driven infiltration is relaxed (Eq. 2).

RCH solutions were obtained by using the HYDRUS-1D software application (Simtinek et al.
2011). The PS and RCH comparison was actually non-homogeneous, since the two procedures
require a different number of parameters, differ in the temporal variation of the volumetric water

content profile, and in the water redistribution dynamic within the unsaturated zone, which was
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assumed to be instantaneous in the PS. However, the comparison revealed interesting results, as will
be shown.

The RCH was applied by using the Brooks and Corey hydraulic conductivity function, which
was already considered in the PS. Furthermore, the corresponding water retention curve, which was

ignored in PS, was considered:

|och|_}L h< 1

0= “ (33)
1 h>——

o

where 4 is the matric water potential and a. is the reciprocal of the air-entry pressure head (m™).

For a set of soil hydrological characteristics, corresponding to a highly permeable porous
media, reported in Table 6 (run #1), the RCH application provided the water content profiles plotted
in Figure 10a, for different rainfall durations, starting from ¢# = 0, where an initial uniform water
content profile was assumed (09 = 0.1) until the end of the rainfall (#-= 10 h). As can be observed in
Figure 10a, for the time period 7 <4 h, the rainfall volume is stored in the soil layer Z =1 m depth,
whereas for # > 4 h, an infiltration process at the bottom of the soil layer (for the set free drainage
boundary conditions) occurred.

Figure 11 illustrates the corresponding cumulative infiltration volume storage into the soil
layer, Vi, and the infiltration volume at the bottom of the soil layer, /, which made it possible to check
that their temporal variation was consistence with the water content profiles described in Figure 10a.
Moreover, the water balance was also checked, giving a rainfall volume, ¥, (RCH), which was equal
to [ + Vy (Figure 11).

Under gravity-driven infiltration, the cumulative infiltration volume, / (mm), was obtained by
applying Eq. (29a), and considering that the latter referred to the dimensionless variables, f+ = f/Kj

and t, = t/t., thus:
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N

where Z equals 1,000 mm to obtain volumes that are also in (mm). The volume storage into the soil
layer during rainfall was obtained by calculating the volumetric water content with Eq. (25) and then

the corresponding integral storage volume, Vi
v,=2(0-6,)=26(0-0,) (35)

The uniform water content profiles corresponding to the storage volume, under instantaneous
soil moisture distribution throughout the tank, so that the newly infiltrated water is immediately
available for efflux, are illustrated in Figure 10b. In Figure 11, the cumulative infiltration volume,
1, and the cumulative storage volume, Vi, are compared with those corresponding to the Richards
equation application. The water balance was also checked in this case (PS), and yielded V. (PS) =1
+ Vi (Figure 11).

Interestingly, results showed the influence of assuming the matric potential gradient to be
negligible with respect to the gravitational potential gradient in the infiltration process dynamic. In
particular, when gravity-driven infiltration is assumed, infiltration at the bottom of the soil layer
increases more quickly than in the RCH and the storage volume increase more slowly, in agreement
with what expected.

Table 6 also reports the time to equilibrium, z.; = Teq %, calculated for p < 1 by Eq. (32a),
which needed to achieve f+ = 0.95 p (and ® = O, see Table 6) and was equal to 15.85 h.

Similar considerations can be done for Figure 12 and Figure 13, where for another set of soil
hydrological characteristics Table 6 (run #2), the RCH and PS water content profiles (Figure 12a

and Figure 12b, respectively) and the corresponding cumulative volumes (Figure 13) are plotted.
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For this case (run #2), rainfall duration was shorter than that in run #1 (¢- = 8 h, Table 6),
whereas soil hydrological parameters were similarly set. The tortuosity parameter and the saturated
hydraulic conductivity were set lower and higher, respectively, which resulted in a quicker response
of the infiltration process than run #1, for both RCH and PS, which is reasonable. Of course, for this
case, the time to equilibrium was lower than that for run #1 (Table 6).

Although the suggested solution is applied under the restricted conditions of assuming that
infiltration is gravity-driven and that the soil moisture is distributed evenly and instantaneously
throughout the tank, it also sheds light on an important issue for the general RCH model, since it
detects the RCH operation domain, delimiting the boundary outside which the RCH model cannot
find solutions.

In Figure 13, the light and dark gray areas indicate the Richards solutions domains, for the
storage and the infiltration volumes, respectively. In fact, the lower boundary of the light gray area
shows the minimum storage volume, whereas the top boundary of the dark gray area corresponds to
the maximum storage volume.

Following this simple to apply approach, may even open doors and lead to deriving RCH
solutions under the assumption, opposite to that considered in the present study, that the gravitational
gradient is negligible compared to the matric potential gradient, further delimiting the Richards
solution domain described here (Figure 13). In fact, it is expected that under the latter condition, new

upper and lower bounds for the storage and infiltrating volume, should emerge.

5. Conclusions

The most important points covered in this paper are summarized as follows:

1. An analytical solution of the Richards equation under gravity-driven infiltration and constant

rainfall intensity is suggested.
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The approach followed is a hydraulic approach that is first introduced under Torricelli’s law,
which mimics the soil hydraulic conductivity function and which could be used to describe
the empting or filling process of a non-linear water reservoir.

The same approach is applied to the Brooks and Corey hydraulic conductivity function, which
has been recognized as describing the soil hydraulic conductivity function well, especially

under gravity-driven infiltration.

. A relationship linking the saturated hydraulic conductivity to the hole radius characterizing

the outlet of the non-linear reservoir is presented.

Time to equilibrium for rainfall intensity both exceeding and non-exceeding the saturated
hydraulic conductivity is derived, which shows how important the roles are of the antecedent
soil moisture condition and of the rainfall intensity.

The reliability of the derived solutions is demonstrated by the positive verification of the water
volume balance, according to a number of applications under both Torricelli’s law and Brooks
and Corey’s hydraulic conductivity functions.

A comparison was performed and discussed between the present solution and the more
accurate, but numerically demanding, solution derived by the Richards equation where the
gravity-driven assumption is considered. Interestingly, the comparison showed that the

suggested solutions delimit the solutions domain of the Richards equation.

. Finally, the fundamental limitation of this capacitance approach should be noted, which

relates to its inability to replicate time delays between input fluxes to the soil system and the

generation of output fluxes.

Further research on the issues explored in this paper is suggested:

The water uptake by plant roots was not considered in the suggested procedure, however this
simple approach could also be extended to address this issue, since it could make it possible
to study the role of soil’s physical quality in storing and providing water to roots for both

forest and agricultural soils.
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2. RCH solutions under the opposite assumption, to that considered in the present study, i.e. that
the gravitational gradient is negligible compared to the matric potential gradient, could further
delimit the Richards solution domain described here. In fact, it is expected that under the latter
condition, new upper and lower bounds for the storage and infiltration volume, should emerge.

3. Although the suggested procedure is not affected by uncertainties, experimental verification
would be advisable in order to investigate the suitability of the gravity-driven assumption for

selected soils.

Data Availability Section

All data, models, and code generated or used during the study appear in the published article.
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Notation

The following symbols are used in this paper:

A = base area of the tank %
Ao = hole cross-sectional area [L?]
c = pore connectivity index

Ce = contraction coefficient
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831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

Ir

Vi

AB

0o

o,

(OF

duration of rainfall (7]
storage water volume into the soil layer [L]
rainfall volume at the end of rainfall with duration t, [L]

(p ) rainfall volume at the end of rainfall normalized with respect to the volume K t.

elevation [L]
depth of the soil layer [L]
reciprocal of the air-entry pressure head [L]

correction factor of the asymptotic equilibrium condition (f+= S p, for p < 1)

infiltration coefficient

infiltration coefficient at the end of the rainfall

effective porosity [LT!]

pore size distribution index

volumetric water content [ L3L'3]
volumetric water content at the end of the rainfall [L°L?]
residual volumetric water content [L°L7]
saturated volumetric water content [L°L7]
antecedent volumetric water content [L°L7]

normalized volumetric water content

antecedent normalized volumetric water content

normalized volumetric water content at the equilibrium condition

normalized volumetric water content at the end of the rainfall

asymptotic normalized volumetric water content



853

854

855

856

857

858

859

860

To

T

Tof

rainfall intensity normalized with respect to K

time normalized with respect to t.

normalized time at the antecedent condition

time to equilibrium normalized with respect to t.

duration of rainfall normalized with respect to t.

time normalized with respect to t. for the zero-flux condition



861  Table 1 — Rainfall and soils parameters considered in the applications illustrated in Figure 4

#| ¢ i(mm/h) Ks(mm/h) Ks(m/s) P I+ ® fro o OF frr S, Tof
30 25 6.944E-06 1.2 | 1.252E-03 0.2 0.447 0.763 0.620 0.787 0.541 2.338
2 30 25 6.944E-06 1.2 | 1.252E-03 O 0.000 0.987 0.620 0.787 0.477 2.562
3 10 11.1 3.086E-06 0.9 | 8.347E-04 O 0.000 0.919 0.400 0.632 0.516 2.184
862
863

864  Table 2 — Saturated hydraulic conductivity values, pore size distribution index, A, and pore
865  connectivity index, c.

Textural class Ks (m/s)  Ks (mm/h) A c

Sand 4.20E-05 151.13 0.546 0.150
Loamy Sand 1.10E-04 395.49 0.449 0.134
Sandy Loam 2.63E-05 94.64 0.378 0.121
Loam 9.05E-06 32.59 0.246 0.090
Silt Loam 2.28E-06 8.21 0.207 0.079
Sand Clay Loam 6.86E-06 24.68 0.345 0.114
Clay Loam 5.33E-06 19.18 0.259 0.093
Silty Clay Loam 1.57E-06 5.65 0.164 0.066
Silty Clay 3.27E-06 11.79 0.186 0.073
Clay 1.65E-06 5.93 0.187 0.073

866  Source: Data from Brakensiek et al. (1981).
867

868  Table 3 — Rainfall and soils parameters considered in the applications illustrated in Figure 6

i ) () (i) P r % fo w6 B
1 60 30.0 8.33E-06 2 4.38E-08 0.2 6.15E-06 0.442 1 1 0.095
20134 60 30.0 8.33E-06 2 | 4.38E-08 0 0 0542 1 1 0077
3 10 16.7 4.63E-06 0.6 3.27E-08 0 0 0.834 0.500 5.70E-03 0.001
4 30 25.0 6.94E-06 1.2 4.00E-08 0 0 0.501 0.600 2.22E-02 0.002
869
870

871  Table 4 — Rainfall and soils parameters considered in the applications illustrated in Figure 7

i Ks Ks

# (mm/h) (mm/h)  (mfs) P " @ fo @ O fr &

1]0.060 20 6.7 1.852E-06 3 2.298E-14 0 0 0.341 1 1 0.023
2 (0.080 20 6.7 1.852E-06 3 1.134E-11 0 0 0.343 1 1 0.029
310.100 20 6.7 1.852E-06 3 4.681E-10 0 0 0.343 1 1 0.036
410.134 20 6.7 1.852E-06 3 2.043E-08 0 0 0.350 1 1 0.046
51(0.150 20 6.7 1.852E-06 3 6.680E-08 0 0 0.351 1 1 0.051
6(0.200 20 6.7 1.852E-06 3 7.981E-07 0 0 0.356 1 1 0.064

872
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877
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879

880

881

Table 5 — Rainfall and soils parameters considered in the applications illustrated in Figure 8

i Ks Ks

LS (mm/h) (mm/h) (m/s) P " & fo “ o f o

110.060 20 33.3 9.259E-06 0.6 | 5.138E-14 0 0 1.586 0.921 0.255 0.031
2|0.080 20 333 9.259E-06 0.6 | 2.535E-11 0 0 1.605 0.912 0.316 0.053
310.100 20 33.3 9.259E-06 0.6 | 1.047E-09 0 0 1.633 0.903 0.359 0.078
410.134 20 33.3 9.259E-06 0.6 | 4.569E-08 0 0 1.690 0.887 0.409 0.124
510.150 20 333 9.259E-06 0.6 | 1.494E-07 0 0 1.713 0.880 0.426 0.144
610.200 20 33.3 9.259E-06 0.6 | 1.785E-06 0 0 1.806 0.858 0.464 0.208

Table 6 — Rainfall data and soil hydrological parameters considered for the
comparison between the present solution (PS) and that derived by the Richards

equation (RCH).
Run #
Parameters Unit dn
1 2
Rainfall intensity and i (mm/h) 10 10
duration, and normalized t: (h) 10 3
rainfall
p=i/Ks 0.005 0.00333
Volumetric water contents 0o 0.1 0.1
(cm3 cm3) and normalized 0 0 0
res
water contents
s 0.437 0.437
®o 0.229 0.229
@res 0 O
Os 1 1
®eq =(0.95r)¢ 0.403 0.343
Parameters of thelBrooks 2 0592 0.592
and Corey hydraulic
conductivity function / 0.5 0
2/h+1+2 5.878 5.378
1/c 5.878 5.378
c 0.17 0.186
Ks (mm/h)® 2000 3000
Reciprocal of the air-entry
pressure head, o (cm?) 0138 0.138
Time scale of the infiltration 02185 0.1457
process, tc (h) (Eq. 21b)
Time to equilibrium
15.85 12.49
teq (h) (Eq 323)
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Figure captions

Figure 1 — Hydraulic sketch reproducing the infiltration process under gravity-driven infiltration

Figure 2 — Temporal variation of the normalized water content, for different p values. Time to
equilibrium, teq, for p > 1, and for p < 1, and for the latter case, the corresponding asymptotic ®

value, O, are also illustrated.

Figure 3 — Time to equilibrium, Teq, a) for p < 1 and b) for p > 1, versus the normalized rainfall

intensity, for different antecedent moisture conditions, ®.

Figure 4 — Temporal variation a) of the normalized water content, ®, of the normalized infiltration
rate, f+ and c) of the infiltration coefficient, d;, for the application parameters reported in Table 1.
The characteristic times, 19, T, Tz, and the corresponding normalized water content and infiltration

coefficient are also plotted.

Figure 5 — a) Relationship between 7+ and K; for different ¢ values (Table 2). For the same c values,
b) illustrates the corresponding hydraulic conductivity function according to Brooks and Corey. b)

also plots the Torricelli’s law for ¢ = 2 (dashed line).

Figure 6 — Temporal variation a) of the normalized water content, ®, of the normalized infiltration
rate, f+, and c¢) of the infiltration coefficient, o;, for the application parameters reported in Table 3. The
characteristic times, o, T, and the corresponding normalized water content and infiltration coefficient

are also plotted.
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Figure 7 — Temporal variation a) of the normalized water content, ®, of the normalized infiltration
rate, f+ and c) of the infiltration coefficient, d;, for the application parameters reported in Table 4. The
characteristic times, To, T, and the corresponding normalized water content and infiltration coefficient

are also plotted.

Figure 8 — Temporal variation a) of the normalized water content, ®, of the normalized infiltration
rate, f+, and c) of the infiltration coefficient, o;, for the application parameters reported in Table 5. The
characteristic times, Ty, T, and the corresponding normalized water content and infiltration coefficient

are also plotted.

Figure 9 — For different ¢ values, time to equilibrium, teq, versus the normalized rainfall intensity, p,

and versus the antecedent water content, ®, a) for p < 1 and b) for p > 1.

Figure 10 — Water content profiles corresponding to the set of parameters reported in Table 6 (run

#1), a) for the Richards equation and b) for the present solution.

Figure 11 — For the set of parameters reported in Table 6 (run #1), cumulative rainfall volume, V.,

cumulative storage volume, Vy, and infiltration volume at the bottom of the soil layer, V.

Figure 12 — Water content profiles corresponding to the set of parameters reported in Table 6 (run

#2), a) for the Richards equation and b) for the present solution.

Figure 13 — For the set of parameters reported in Table 6 (run #2), cumulative rainfall volume, V.,

cumulative storage volume, Vy, and infiltration volume at the bottom of the soil layer, V;. Light and



932  dark gray areas indicate the Richards solutions domain of the storage and infiltration volumes,

933  respectively.
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