Analysis and Mathematical Physics (2020) 10:69
https://doi.org/10.1007/s13324-020-00416-w

®

Check for
updates

Perturbed eigenvalue problems for the Robin p-Laplacian
plus an indefinite potential

Calogero Vetro'

Received: 17 September 2019 / Revised: 17 September 2019 / Accepted: 18 October 2020
© The Author(s) 2020

Abstract

We consider a parametric nonlinear Robin problem driven by the negative p-Laplacian
plus an indefinite potential. The equation can be thought as a perturbation of the usual
eigenvalue problem. We consider the case where the perturbation f(z, ) is (p — 1)-
sublinear and then the case where it is (p — 1)-superlinear but without satisfying the
Ambrosetti—-Rabinowitz condition. We establish existence and uniqueness or multi-
plicity of positive solutions for certain admissible range for the parameter A € R which
we specify exactly in terms of principal eigenvalue of the differential operator.
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1 Introduction

Let 2 € R be a bounded domain with a C2-boundary 8£2. In this paper we study
the following nonlinear parametric Robin problem

—Apu(@) + E@Nu@)IP2u(@) = Mu@)P2u(@) + f(z,u(@) in £,

9 P
37u+/3(2)|u|p7214=0 ondfR, u>0 reR. (P2)
np

In this problem A, denotes the p-Laplace differential operator defined by

Apu = div (|[Vu|P72Vu) forallu e WHP(2) (1 < p < 4o00).
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Also £(-) € L®(£2) is an indefinite (that is, sign changing) potential function,
A € R is a parameter and f(z, x) is a Carathéodory perturbation function (that is, for
allx € R,z — f(z, x) is measurable and fora.a. z € £2,x — f(z, x) is continuous).

d
In the boundary condition s denotes the generalized normal derivative defined by
np

9 9
VU2 (Vi gy = [VulP 22 forallu € WP (R2),
an,, on

with n(-) being the outward unit normal on d2. This kind of generalized normal
derivative is dictated by the nonlinear Green’s identity (see, for example, Gasinski—
Papageorgiou [8] (p. 211)). The boundary weight term 8 € C%*(32) (0 < a < 1)
and B(z) > 0 forall z € 952.

Problem (P;) can be viewed as a perturbation of the usual eigenvalue problem for
the Robin p-Laplacian plus an indefinite potential. We look for positive solutions and
we consider two distinct cases depending on the growth of the perturbation f(z, -)
near +00:

e f(z,-)is (p — 1)-sublinear.
e f(z,-)is (p — 1)-superlinear.

Let A € R be the principal eigenvalue of the differential operator u — —A,u +
£(2)|u|P~2u with Robin boundary condition. In the first case ((p — 1)-sublinear pertur-
bation), we show that for all A > /):1, problem (Py) has no positive solution, while for
A< /):1, problem (Py) has at least one positive solution. Moreover, this positive solu-

&0,

P or
x > 0. Inthe second case ((p — 1)-superlinear perturbation), the situation changes and
uniqueness of the positive solution fails. In fact the problem exhibits a kind of bifur-
cation phenomenon. Namely, for A > ’)':1 problem (P;) has no positive solution, while
ford < i problem (P;) has at least two positive solutions. Finally for both situations,
we establish the existence of minimal positive solutions. Our work here extends to the
p-Laplacian that of Papageorgiou—Radulescu—Repovs [20]. Eigenvalue problems for
the p-Laplacian plus an indefinite potential were studied by Papageorgiou—Radulescu
[18] (semilinear problems (that is, p = 2) with Robin boundary condition) and by
Mugnai—Papageorgiou [16] (nonlinear problems with Neumann boundary condition
(that is, 8 = 0)). Both works deal with nonparametric problems and prove existence
and multiplicity results under resonance conditions. We also mention the works of
Hu-Papageorgiou [10-12]. In [11] the authors treat superdiffusive logistic equation
with Robin boundary condition, while in [10,12], they deal with equations driven by
a nonhomogeneous differential operator.

tion is unique, if we impose a monotonicity condition on the quotient x —

2 Auxiliary results

In this section we present some auxiliary results and notions which we will need in
the sequel.
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First we deal with the following eigenvalue problem:

—Apu(z) + E@Nu@)IP2u(z) = Mu)|P2u(z)  in 2,

0
u—+,3(z)|u|1’_2u =0 on 9s2.
on

ey

Our hypotheses on the functions £(-) and S(-) are the following:

H(): € € L°(£2).
H(B): B e CY2(32) with« € (0, 1) and B(z) > 0forall z € 052.

In ¢ addition to the Sobolev space WLP(£2), we will also use the Banach space
C'($2) which is an ordered Banach space with positive cone C = {u € cl(2) :
u(z) > 0 for all z € £2}. This cone has a nonempty interior given by

D+:{ueC+ D u(z) >0f0rallze§}.

Also on 92 we consider the (N — 1)-dimensional Hausdorff (surface) measure o (-).
With this measure on 952, we can define the Lebesgue spaces LT (0§2) 1 < 7 < +o0.
We know that there exists a unique continuous linear map yo : W7 () — LP(382)
known as the “trace map” s.t. yo(u) = ulsq forallu € WHP(£2) N C(2). So, we
understand the trace map as representing the “boundary values” of a Sobolev function

1 : : T (N—-Dp
u € WHP(£2). We know that yq is compact into L*(9£2) forall t € | 1, N_p
—p
when p < N and into L¥(952) forall T € [1, +00) when p > N. Moreover, we have

: Lop 1 1.p
imyy= W»'"(352) ;4—?:1 and keryy = W7 (£2).

In the sequel for the sake of notational simplicity we drop the use of the trace map
0. It is understood that all restrictions of Sobolev functions on 352 are taken in the
sense of traces.

In what follows by 9 : WP (£2) — R we denote the C!-functional defined by

O (u) = ||Vu||§+/ §(z)|u|pdz+/ B()|u|Pdo  forallu € Whr(£2).
2 082

From Fragnelli-Mugnai—Papageorgiou [7], we have the following proposition
concerning problem (1) (see also Mugnai—Papageorgiou [16] and Papageorgiou—
Raédulescu [18] where special cases of (1) are investigated).

PropositionA1 If hypotheses H(£), H(B)1 hold, then problem (1) admits a smallest
eigenvalue A1 € R s.1.

A1 = inf |:ﬁ(u) cue WhP(R), u # 0:| ) 2)

p
lluell’p
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e Ay is isolated and simple.

e The infimum in (2) is realized on the one-dimensional eigenspace of /):1; the
elements of this eigenspace do not change sign and if | denotes the positive,
LP-normalized (that is, ||u1 |, = 1) eigenfunction, then uy € Dy.

- If’): > Ay s another eigenvalue and i € WhP(2) a corresponding eigenfunc-
tion, then @ € C'(R2) is nodal (that is, sign changing).

As a consequence of these properties, we have the following useful lemma.

Lemma 1 If hypotheses H(§), H(B)1 hold, n € L*°(£2), n(z) < /):1 fora.a.z € 2
and the inequality is strict on a set of positive measure, then there exists ¢ > 0 s.t.

Clull? < 9 (u) —f n(z)|u|Pdz forallu € whr ().
Q
Proof Let ¢ : W17 (£2) — R be the C'-functional defined by
C(u) = 0 (u) —/ n()|ulPdz forallu € WhP ().
Q

From (2) we have ¢ > 0. Suppose that the claim of the lemma is not true. Then we
can find {u,},>1 < Whr() st

C(uy) L 0 asn — 4o00. 3)

The p-homogeneity of ¢ (-) implies that we may assume that ||u, ||, = 1foralln € N.
Then clearly {u,},>1 C WP (£2) is bounded (see hypotheses H (£), H(f)1) and so
we may assume that

Uy — win WhP(£2) and u, — win LP(22) and in LP(382), ull, = 1. (4)
From (3) and (4), we obtain

0 (u) 5/ n@ulPdz < pllullh =%,
2

= 0(u) =7 (see (2),
= u = pu; with u # 0 (see Proposition 1). 5)

To fix things we assume that & > O (the reasoning is the same if i < 0). Then
from (5) and since u = uit; € D4, we have

D) < n

wich contradicts (2). O
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Let A : WhP(22) — WP (£2)* be the nonlinear map defined by
(A(u), h) =f |VulP~2(Vu, Vh)gndz forallu,h € WP ().
Q

From Motreanu—Motreanu—Papageorgiou [14] (p. 40), we have the following result
concerning this map.

Proposition 2 The map A(-) is bounded (that is, maps bounded sets to bounded sets),
monotone, continuous (hence maximal monotone too) and of type (S)4, that is, if
Up 5 uin WP (2) and lim SUP, s 1 ool A(up), uy —u) < 0, then uy — u in
whr ().

Recall that if X is a Banach space and ¢ € C 1 (X, R), then we say that ¢ satisfies the
Cerami condition (the C-condition for short), if the following is true:
“Every sequence {un},>1 < X s.t. {¢u,)}n>1 S R is bounded and (1 +
lun )@ (uy) — 0in X* as n — +o00, admits a strongly convergent subsequence”.
Let fo : 2 x R — R be a Carathéodory function s.t.

| fo(z, )| < az)(1+ |x|”"~1) foraa.ze 2, allx € R,

. nE ifp <N .
witha € L®(£2)4 and p* = L (the critical Sobolev exponent). Let
400 if N<p
Fo(z,x) = f(f fo(z, s)ds and consider the C'-functional g : W17 (£2) — R defined

by
1
wo(u) = —9(u) —/ Fo(z,u)dz forallu € Wl’p(.Q).
p 2

From Papageorgiou—Radulescu [17], we have the following result relating local min-
imizers of ¢y and which is an outgrowth of the nonlinear regularity theory. The first
such result was proved by Brezis-Nirenberg [4] for p = 2 and the space HO1 (£2).

Proposition 3 Ifug € WP () is a local C' (2)-minimizer of go, that is, there exists
61 > 0s.t.

@o(uo) < @o(uo +h) forallh € C'(2), Ikl ci(g < 81,

then ug € CHT(2) with © € (0, 1) and it is also a local WP (§2)-minimizer of gq,
that is, there exists 85 > 0 s.t.

@o(uo) < olug +h) forallh € WhP(2), ||| < 8.

To make good use of this result, we need a strong comparison principle. In this
direction we have the following proposition which is a special case of a more general
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result due to Fragnelli-Mugnai—Papageorgiou [6]. Given hy, hy € L°°(£2), we say
that 71 < hp if and only if for every K C £2 compact, there exists ¢ = ¢(K) > 0 s.t.

hi(z) + € < hy(z) foraa.z € K.

Note thatif i1, ho € C(82) and h1(z) < ha(z) forall z € £2, then hy < h».
Proposition 4 If &, hy, hy € L®(2), h1 < hy, u € C'(2)\{0}, v € D, and they
satisfy

— ApuR) +E@u()P?u(z) = hiz) foraa z e,

ad
— Apv(2) -l—E(z)v(z)p_1 = hy(z) foraa.z € 2, 8_1) <0onas2,
n

9 (v —
then (v — u)(z) > 0, for all z € 2 and % < 0 where Dy = {z € 052 :

n Do
v(z) = u(2)}.

Remark 1 If in C'(£2) we introduce the order cone
~ | = — dy
Cy=3yeC(£2):y(z) =0forall z € £2, ™ <0on Dy
n

then the above proposition says that v — u € int 6+. If Dy = ¢, then 6+ =C,.
For problem (P,), we introduce the following two sets:
L ={) € R: problem (P,) admits a positive solution},
S(1) = {set of positive solutions for problem (P;)}.

For the set S(1) we have the following general result.

Proposition 5 Ifhypotheses H (&), H(B)1 holdand f : 2 xR — Risa Carathéodory
function s.t. fora.a. z € §2, f(z,0) =0, f(z,x) > O0forallx > 0, f(z,x) = 0forall
x <0and f(z,x) <a()(1 +xp*71)for aa.z € 82,allx >0, witha € L°®(£2)4,
then S(A) € D (possibly empty).

Proof Suppose that u € S(1). Then

—Apu(z) + E@Qu)P~ = au()P7 + f(zou(z)) foraa z e 2,

0
o BuP~1 =0 on 9§2
onp

(6)

(see Papageorgiou—Réadulescu [17]). From (6) and Papageorgiou—Radulescu [19] we
have u € L°°(§2). Then Theorem 2 of Lieberman [13] implies that u € C1\{0}. From
(6) and since f > 0, we have

Apu(z) < (€lloo + IXDu(z)?™" foraa.z € £2,
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= u € D, (by the nonlinear strong maximum principle (see [8] (p. 738)).

m}

Proposition 6 If hypotheses H(§), H(B)1 hold, f : 2 x R — R is a Carathéodory
function s.t. for a.a. z € 2 f(z,0) = 0, f(z,x) > 0 forall x > 0, f(/g,x) <
a(z)(1 + xp*’l)for aa z € 2, all x > 0, witha € L*®(2)s+ and . > X\, then
S = 0.

Proof Arguing by contradiction, suppose that S(1) # ¢ and let u € S(A). From
Proposition 5 we know thatu € D. Also, letu] € Dy be the principal eigenfunction
from Proposition 5. Consider the function

AP
R(i1, u)(2) = Vi1 ()P — [Vu() [P~ (Vu(z) V( )(Z)) :
RN

From the nonlinear Picone’s identity of Allegretto-Huang [2] (see also Motreanu—
Motreanu—Papageorgiou [14] (p. 255)), we have

0 < R(uy,u)(z) foraa. ze S2.

Then we have

05/ R(ﬁl,u)dz
2

Ap
Lt
= ||Va |5 — /|W|P 2(w v( )) dz
up—1
RN

= ||Vay |5 — f( Ap)— dz+/ B()uldo
(by the nonlinear Green’s identity, see Gas1nsk1—Papageorgi0u [8] (p. 211))

= IVl — f(k £(2))u pdz—/ f(z, u) dZ+/ Byuydo

Ap
< 9 () — A (since f(z, u(z))—(z) > 0fora.a.z € 2 and |ui], =1)

:Al—kgo,

a contradiction. Therefore S(A) = @ for all A > ’):1. O

3 (p — 1)-sublinear perturbation

In this section, we deal with the case of a (p — 1)-sublinear perturbation f(z, -).
Hy: f : £2 x R — R is a Carathéodory function s.t. for a.a. z € £2, f(z,0) = 0,
f(z,x) > 0forall x > 0and
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(i) for every p > 0, there exists a, € L™(£2)1 s.t. f(z,x) <a,(z) fora.a.z € £,

all x € [0, p];
Sz, x)

(i) lim, o0 5
(iii) there exist§ > 0,qg € (1, p) and ¢; > 0 s.t.

= 0 uniformly for a.a. z € £2;

c1x?7! < f(z,x) foraa.ze 2, allx €[0,3].

Remark 2 Since we are looking for positive solutions and the above hypotheses con-
cern the positive semiaxis Ry = [0, +00), without any loss of generality we may
assume that f(z,x) = 0 for a.a. z € £2, all x < 0. Hypothesis H;(ii) says that for
a.a. z € §2 the perturbation f(z, -) is (p — 1)-sublinear near +o0c. Finally hypothesis
H; (iii) implies the presence of a concave term near 0.

Example 1 The following functions satisfy hypotheses H;. For the sake of simplicity
we drop the z-dependence.

fix) =x?7! forallx > 0withl < ¢ < p,

x4=V —xT=1 ifx €0, 1],

withl <g<p,1<g<T.
InxP! if1 < x, T=pr0=4

)= {

Proposition 7 Q‘hypotheses H (), H(B)1, Hy hold and ) < ’):1, then S(A) # ¥ and
so L = (—00, A1).

Proof Letn > ||&]loo and consider the following Carathéodory function

.z, x) = [0 o =0, 7

A+ mxP~ + f(z,x) if0 < x.

Weset Gy (z,x) = fox 2:.(z, s)ds and consider the C'-functional ¢, : W7 (2) —
R defined by

1
on(u) = —9w) + z||u||§ —/ G(z,u)dz forallu € WhP(£2).
p p Q
Hypotheses Hj(i), (ii) imply that given ¢ > 0, we can find c; = c2(¢) > 0 s.t.

F(z,x) < 2xP + ¢y foraa ze, allx > 0. 8)
p

Then for all u € WP (£2) we have

1 n. A+e
mu)z;ﬁ(uH;nu I, — lut D —calRIn  (see (7), (8))
1 Ate
> ;ﬁ(u) - lull — c2182|n- ©)
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Here by | - |y we denote the Lebesgue measure on RY. Choosing & e (O,/)Tl —A)
(recall that A < A1), from (9) and Lemma 1, we have

o (u) > c3|lull? — 12|y forsomecz >0, allu € whr (),

= @, (-) is coercive.

Using the Sobolev embedding theorem and the compactness of the trace operator,
we see that

@, (+) is sequentially weakly lower semicontinuous.

Then invoking the Weierstrass-Tonelli theorem, we can find u; € whr(2)s.t.

0.0) = inf [ @) 1w e WP ()] (10)
Letr € (0, 1) be small s.t.
ti1(z) € (0,8] forallz € 2 (recall iy € D).

Here § > 0 is as in hypothesis H(iii). Then we have

—~ P tP 4 .
or(tu) < —9 W) — —A — —cilluy ||Z (see (7) and hypothesis Hj(iii))
p 4 q

P ~ IEEN .. ~
= —[A — A] — —ci|luy ||Z (see Proposition 1 and recall that [[uy ||, = 1)
p q

17 14 . ~ ~ 1
= —c4— —c5 withceg =A; — A > 0,c5 =cylurlly > 0.
p q

Since ¢t € (0, 1) and ¢ < p, by choosing ¢ € (0, 1) even smaller if necessary, we
have

(1) <0,
= @a(uy) < 0=9¢,(0) (see(10)),
= uy # 0.

From (10), we have

@, (up) =0,

= (A(up), h) + / (&) + M P 2uphdz + f B(@)|us|P~*us hdo
2 082

= / [+ m@HP™ + fz,u)Ihdz forallh e WP (£2). (11)
2
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In (11) we choose i = —u; € W'7(£2). Then

9 () + nlluy |l =0,
= cellu, |” < 0 for some cg > 0
(recall that > ||& ||« and see hypothesis H(8)1)
= uy >0, u) #0.

Then equation (11) becomes

<A(”*)’h>+/ E(Z)Mf_lhdw/ Bul " hdo
§2 EYe)

= / [Auffl + f(z,u;)lhdz forall h Wl’p(.Q),
Q

= —Apu(2) + E@Qua)” ! = 2 ()P F fzoun(z) foraa.z e £2,

a _
L B@ul™ =0 oo,
onp

= u; € S(A) € D4 (see Proposition 5 and so £ = (—oo,’)':l).
]
In fact we can show that problem (P;) for A < 1 has a smallest positive solution.

Fix A < ’):1 and r € (p, p*). Hypotheses H,(i), (ii), (iii) imply thaL we can find
¢7(A) > 0 with A — ¢7(A) bounded on bounded subsets of £ = (—o00, A1) s.t.

APV fzox) = exd = es(0)x" ! foraa.z e 2, allx > 0. (12)

This unilateral growth estimate for the reaction term of problem (/P ) leads to the
following auxiliary nonlinear Robin problem:

—Apu(@) +E@QuE@P ! = cu@? —e(Mu) in g,
8_”+,3(Z)up—1 =0 ondfR, u>0.
onp

(Auy)

For this problem we have the following existence and uniqueness result.

Proposition 8 If hypotheses H (&), H(B)1 hold, then for every A € R problem (Au;,)
admits a unique positive solution u;\ € D,.

Proof First we show the existence of a positive solution for problem (Au; ). To this
end, we consider the C!-functional Uy - WLP(£2) — R defined by
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C7()»)

n., _ 1
Ya(u) = =0 (u) + ;Ilu 5 — ;IIM*IIZ + lu™); forallu € WhP(£2)

!
p
- - + () +yr _ Sy 4na
> — [0 +nlu” 5]+ — 17( )+ ™1l —;llu llg- (13)

We have

C7( ) 1
*19( B+ =t = =g
)4 q

%

1
?Wwwﬂwamww;—?mmwﬂm—@wﬂﬂ(mmmm%ax@>m

1 e 1 [&
= ;IIVquIIﬁ + [Cs(l)lllﬁllp - ;Ilélloo - 9} a1l (14)

lut iy
Using (14)in (13) and recallingthatg < p < r, weinferthat ¥, (-) is coercive. Also,
it is sequentially weakly lower semicontinuous (use the Sobolev embedding theorem

and the compactness of the trace map). So, by the Weierstrass-Tonelli theorem, we
can find uf; e WhP () st

Vi) = inf [m(u) ‘ue W”’(.Q)]. (15)
Since g < p < r, as before (see the proof of Proposition 7), we can show that

¥ (u}) <0,
= ut #0.

From (15) we have

vl k) =0,
= (A(u), h) + / E)ut|P2uthdz + / B()uk|P2ut hdo
2 082

—n/.(Z(uf)p*Ihdz
=c1/ (uf)q—lhdz—m(x)/ W'y ~'hdz forallh e WhP(2).  (16)
2 2
In (16) we choose h = —u* € W'7(£2). Then

Pl ) +nlul 15 =0,
= clo||ui_ II” < 0 for some cjg > O (recall that n > ||€]loo),
= uk >0, ul #£0.
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Therefore Eq. (16) becomes

<A(u1),h>+/ s(z)(ui)f’—lhdH/ B(2) )P hdo
2 082

= cl/ W) hdz —cm)/ W) 'hdz forallh e WhP (),
2 2

= —Apul() +EQULP T = @1 — er(Wul(2) T foraaz e 2,
du’ y
au* + ,B(z)(ui‘)”_1 =0 ondf2 (seePapageorgiou-Radulescu [17]), (17)
np

= ui‘ is a positive solution of (Au;).

As before, the nonlinear regularity theory (see [13]) implies u* € C;\{0}.
Moreover, from (17) we have

Apu(2) < (1M [ul e ” + N1Ellso)ul ()P
< cnui(z)”_l fora.a.z € 2, some cy; > 0,

= ui € D/ (by the nonlinear strong maximum principle, [8] (p. 738)).

Next we show the uniqueness of this positive solution. To this end suppose that
vi‘ e WP (£2) is another positive solution of (Au;). As above we can show that
A
v, € D+.

We have

fg ((uf)lp—q - C7<k><ui>”’) (WP — WhP)dz

AP
- /Q (@™ = e Gty ) (ui - &%) dz

s
:/ (—Apui+é(z)(ui)p_l> (ui— )" )dz (see (17))
2

()=t

_ (hr
— rp—2 A A *
- /Q Vi (V”*’ v (“ (ui)P‘l))RN &
AVP
ot (- 22 )

Ayp
+ /Q B@ ! (ui - (;g’;‘i_l)d"

(using the nonlinear Green’s identity, see [8] (p. 211))

= |Vulllh = IVoilh + / R}, ul)dz + / E(@) (WP — WhHP)dz
2 2

+ / B(@) ()P — (wHP) do. (18)
2
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Interchanging the roles of u’ and v’ in the above argument, we also have
‘1 Ayr— A A
/Q (W - C7()»)(U*)r p) ((U*)p - (M*)p) dz
— 1905 = 1V + [ Rz + [ 6 (7 = wh)?) s
+/ B(2) ((W))P — w})P) do. 19)
2

Adding (18) and (19) and using the nonlinear Picone’s identity, we have

0 5/ (RWY, ul) + R, v})) dz
2

1 1
- /9 ( (mnp_q B W-q) = 1) ()77 = <vi>’*p>) (@)? = @)?) dz.
' 20)

Since the function x —
(20) we infer that

g ¢ (A)x"~P is strictly decreasing on (0, +00), from

This proves the uniqueness of the positive solution u? € D of problem (Auj). O

Remark 3 There is an alternative approach to the uniqueness of the positive solution
u’ € D of problem (Au; ) which does not use the nonlinear Picone’s identity. For this
we need to assume that B(z) > Oforall z € 3. Firstnote that,if p = [|u? ||, then we
can ﬁndgp > 0s.t. fora.a. z € £2, the function x — c1x9~ ! —c7(W)x" ! +§pxp_1 is
nondecreasing on [0, p]. As before let v € D be another positive solution of (Au;,)
and let # > O be the biggest real s.t.

< uk. (21)

) —

We assume that r € (0, 1). We have

— Ap(tv}) + (E(2) + &) (tv})P !
= "= Apl 4+ G +E) NPT
=" e )T — e (WD T+ E, ()P
< ()T — 700 @) T +E,(1v})P! (sincer € (0, 1) andg < p <)
<1t — )@l T+ E, P! (see (21)
= —Aput 4 (£) + E)W)P7! foraa z e 2.
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Invoking Proposition 4 (recall § > 0), we have

W — 1ot e Dy, (22)

~ _ — 0
where we recall that C; = {y € cl(2): y(z) > 0forall z € £2, a—u‘m < 0}.
n

Evidently (22) contradicts the maximality of # > 0. Therefore we must have ¢ > 1
and so

vk <ul (see (21)).

Interchanging the roles of u* € Dy and v} € D, in the above argument we also
have

So, again we have proved uniqueness of the positive solution of problem (Au;).
Recall that A — ¢7(A) is bounded on bounded sets of A € R. So, if B C R is bounded,
¢7 > c7(0) forall A € B andw € Dy is the unique positive solution of the auxiliary
problem

—Apu(z) +E@Qu)P ! = cu@)? ' = Gu)’ ! in 2,
b

L BuP~1 =0 on 082,
onp

(see Proposition 8), then 77 < u’ forall A € B.

Next using ui € D4, we can have a lower bound for the elements of the set S(4).
This fact will be used to produce the smallest positive solution for problem (P;) when
A< ’)t].

So, we have the following result.

Proposition 9 If hypotheses H (&), H(B)1, Hy hold and ) < A1, then ui < u forall
ueSQH).

Proof Asbeforeletn > ||&]|o0. For u € S(A) we consider the following Carathéodory
function

0 ifx <0,
2.z, x) = c1x97 ! — 7 ()x" ! 4 pxP ! if0<x<u(z), (23)
cu@? = Wu@ "+ qu)P Tt ifu(z) < x.

We set ’G\)L (z,x) = f(f 23.(z, s)ds and consider the C'-functional fﬁ\;\ cwWhr(2) >
R defined by

—~ 1 ~
Y () = —0(u) + 2|Iu||§ —/ G, (z,u)dz forallu e WhP(£2).
p p 2
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From (23) and since 1 > ||£]|o0, We see that the functional fﬁ\,\ is coercive. Also, it
is sequentially weakly lower semicontinuous. So, we can find 7 € WP () s.t.

V@) = inf [0 u e WH(@)). (24)
As before, since g < p < r, we have that

Y (@) < 0= 93(0),
= #0.

From (24) we have
VL@ =0,
= (AG}), h) + / (E@) + [uk|P*ukhdz + f B[l |P *ahdo
2 082

:/ng(z,ﬁi)hdz forall h € Wh?(£2). (25)

In (25) first we choose h = —ﬁf € WP (£2). We obtain

9@y ) +nlliwy I =0 (see (23)),
= cpo|[@t ||” <0 for some cjp > O (recall that n > [|€]/00),
= >0, u#0.

Next in (25) we choose (@} — u)™ € W!P(£2). We have
A@), @ — ) + /Q @) + @ @ — uytdz
+ [ pe@ @ - utdo
082
= /Q(quq—l — 7 P @ — wytdz (see (23))
< /Q P 1 Fzow) + P D@ — u)tdz (see (12)
= (A@w), @ —w)*) + /Q E@) +mul ™ @ —uwytdz
+ /8 . B(uP~ @ — u)*do (recall that u € S(1)),
= (A@H) — A(w), @, —w)™) + /ﬂ E@ +m@)"" —uP @k —wytdz

- f B (@)~ —uP~N@: —uytdo <0,
082
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= ﬁi‘ <u (since n > ||€|oc and B > 0, see hypothesis H(8)1).
Therefore, we have proved that

e 0,u]={ve WhP(£2):0 <v(z) <u(z)foraa z € 2}, u: #0,
= ﬁ;\ is a positive solution of (Au;) (see (25) and (23)),

= @ =u’ € D4 (see Proposition 8).
Finally we have
ut <u forallu € S().
O

Proposition 10 If hypotheses H (&), H(B)1, Hi hold and » < A1, then problem (P)
admits a smallest positive solution u) € D4.

Proof As in Filippakis—Papageorgiou [5], we have that S(A) is downward directed,
that is, if uy, up € S(1), thereisu € S(A) s.t. u < uy, u < uy. Invoking Lemma 3.10
of Hu—Papageorgiou [9] (p. 178), we can find {u,},>1 € S(A) decreasing s.t.
inf S(A) = inf u,,.
n>1
We have

(Alun), h) + / £(ul " hdz + / Bl hdo = / Gl ™ 4 £ o))z
2 082 22
26)

forall h € WhP(£2). Since u, < u; € S(1) C D, from (26) and hypotheses H (§),
H(B)1, H1(1) it follows that

{(n}n=1 € WP (£2) is bounded.
So, we may assume that
Up — 1, in WHP(2) and u, — @ in LP(2) and in L? (982). (27)

In (26) we choose h = u,, — u, € WhP(2), pass to the limit as n — 400 and use
(27). Then we have

llm <A(un)7 Up — ﬁ)\> = 01
n—-+00

= u, — u;, in W"P(£2) (see Proposition 2). (28)
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If in (26) we pass to the limit as n — 400 and use (28), then

(A(uy), h) / E(ul lhdz—i-/ B)u "hdo :/ (uf ™ "4 f(z w)hdz

forallh € WhP(£2),
= u) > 0is a solution of problem (P,).

From Proposition 9 we have
ul <u, foralln €N,

= ut <, (see (28)).
Hence u, # 0 and so we conclude that

u) € S(A) € Dy and u, =inf S(1). O
Next we examine the map A — @@, from (—oo, A1) into C!(£2).

Prop05|t|on 1 Ifhypotheses H(&), H(B)1, H1 hold, then the map . — u, from
= (—o0, M) into C1(2) is nondecreasing (that is, if . < p, then u, < u,) and
left continuous.

Proof Supposethat A, u € L = (—oo,’)tl) and A < p. Letu, € S(u) be the minimal
positive solution of problem (P,,) (see Proposition 10). For n > ||£||o we introduce
the following Carathéodory function

0 ifx <0,
ez, x) = O+ xP~ 4 f(z, %) if0 <x <u,(2), (29)
A+ 0P+ f(z,u,(2)  ifH,(2) < x.

We set E (z, x) = f(f e, (z, s)ds and consider the C'-functional J,\ WP (2) >
R defined by

U (u) = ;1?(u)+—||u||p /E;L(z,u)dz forallu € WHP ().
fo)

From (29) and since n > [|£]|~0, We see that 1% is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find u; € whr(2) st

T (uy) = inf [%(u) ‘ue W”’(.Q)] . (30)
Let m;, = mingu, > 0 (recall that u, € D) and choose t € (0, 1) small s.t.

ti1(z) < min{m,, §} forall z € 2 (here § > O is as in hypothesis H|(iii)). Because
q < p and by choosing ¢t € (0, 1) even smaller if necessary, we have that

U (tiy) < 0,
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= 5. (u3) < 0= 1;(0) (see (30))
= uy #0.

From (30) we have
U (u3) =0,
= (A(up), h) + f (@) + Muzl?2urhdz + f B()|us|P~*us hdo
2 082

:/ e, (z, u)hdz forallh € WhP (). (31)
2

As in the proof of Proposition 9, using this time (31) and (29), we show that

w, € 0,1, =fv e WHP(2):0 <v(z) <uu(z) foraa z e ), up #0,
= u; € S(A) € Dy (see (29), (31)),

= U) = Uy.

This proves that A — u), is nondecreasing.

Next we show the left continuity of this map. So, let {%,, A},>1 € £ and suppose
that A, — A~ . From the first part of the proof we have u;, < u; foralln € N and so
we infer that {u;, },>1 € WLP(£2) is bounded. So, we may assume that

Uy, L TinwhP(2) and U, — uin LP($2) and in L”(3£2). (32)

We have

@) 0+ [ s@ul hae+ [ gt hdo = [ G, + g, s
2 902 2
(33)

forall h € WhP(£2), all n € N. In (33) we choose h = u, —u € whr (), pass to
the limit as n — +o00 and use (32). Then

lim (A(uy,),uy, —u) =0,
n——+00

= u;, — U in WHP(£2) (see Proposition 2). (34)

So, if in (33) we pass to the limit as n — 400 and use (34), then
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(A@), h) +/ E()uPhdz +/ B(2)u" ' hdo =/ (aP ™! + f(z, )hdz
2 00 2
(35

forall h € WP (£2). N N
Set B = {Ap}n>1andletc; > c7(A) forall & € B (recall that A — c7(}) is bounded
on bounded sets). Consider w € D the unique positive solution of

—Apu(2) + E@Qu)P ! = cu@)? = Tu@)’ ! in R,
d

—u+,3(z)w"_1 =0 on 042,
onp

(see Proposition 8 and the Remark following it).
We know that

u<u,, forallneN,

= U < u, thatis, u # 0.

Then from (35) we infer that 7 € S()). .
Suppose that & # u;. Then we can find zg € £2 s.t.

3 (z0) < 1(20). (36)

From Theorem 2 of Lieberman [13], we know that there exist M > Oand 7 € (0, 1)
S.t.

i, €CVT(R) and @y, llcregg <M foralln e N. (37)

Exploiting the compact embedding of C1-7(£2) into C!($2) and using (34), from
(37) we have

w, — i inC'(Q), (38)
= Uy, (z0) > uy(z0), foralln >ng (see (36)),

which contradicts the monotonicity of A — u; (recall A, < X foralln € N). Therefore
= u; and  so from (38)_we conclude that the map A — u;,, is left continuous from
L = (00, A1) into C1(£2). O

If we strengthen the conditions on the perturbation f(z, -), we can have uniqueness
of the positive solution for problem (P;), A < Y

The new hypotheses on f(z, x) are the following:
Hy: f : 2 x R — R is a Carathéodory function s.t. for a.a. z € £2, f(z,0) = 0,
f(z,x) > Oforall x > 0, hypotheses H>(i), (ii), (iii) are the same as the corresponding
hypotheses H (i), (ii), (iii) and

f(z,x)

(iv) for a.a. z € §2 the function x — =
-

is strictly decreasing on (0, +00).
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Example2 The function fi(x) = x?~! forall x > 0 with 1 < ¢ < p satisfies
hypotheses H>. On the other hand the function

x4~V —x™1 ifx €0, 1],
xP~1 if1 < x,

falx) = withl <¢g < p,q <,

need not satisfy hypotheses H; unless additional restrictions are imposed on the expo-
nents g, v

Proposition 12 If hypotheses H (&), H(B)1, Hz hold and ) < /):1, then problem (Py)
has a unique positive solution u; € D4.

Proof Existence follows from Proposition 7. The uniqueness is proved as in the proof
of Proposition 8 using the nonlinear Picone’s identity (for an alternative approach, see
the Remark following the proof of Proposition 8). O

In this case, because of the uniqueness of the positive solution, Proposition 11 takes
the following form:

Proposition 13 If hypotheses H (§), H(,B)], H> hold, then the map A — u;_is nonde-
creasing and continuous from L = (—o0, Al) into C1(£2).

In fact, by strengthening hypothesis H ()1 (since we will use Proposition 4) and
with an additional condition on the perturbation f(z,-) we can improve the mono-
tonicity property of the maps A — u; in Proposition 11 and of the map A — u; in
Proposition 12.

So, we introduce the following conditions on the functions 8(z) and f(z, x):
H(B): B € CY(32) with e € (0, 1) and B(z) > O0forall z € 952.

Hs: f : £2 x R — R is a Carathéodory function s.t. for a.a. z € £2, f(z,0) = 0,
f(z,x) > Oforall x > 0, hypotheses H3(i), (ii), (iii) are the same as the corresponding
hypotheses H; (i), (ii), (iii) and

(iv) for every p > 0, there exists Ep > 0 s.t. for a.a. z € £ the function x —

[z, x)+ prp !'is nondecreasing on [0, p].

We also introduce a corresponding strengthening of hypotheses H>.
Hy: f @ 2 x R — R is a Carathéodory function s.t. for a.a. z € 2, f(z,0) = 0,
f(z,x) > 0 for all x > 0, hypotheses Hu(i), (ii), (iii), (iv) are the same as the
corresponding hypotheses H»(i), (ii), (iii), (iv) and
(v) for every p > 0, there exists ép > 0 s.t. for a.a. z € £2, the function x —
f(z,x)+ §px/’ ! is nondecreasing on [0, p].

Proposition 14 Ifhypotheses H (&), H(,B)z, Hj hold, then the map » — u,_is strictly
mcreasmgfrom L = (—o00, )q) into C'(82) in the sense that . < . = Uy — Uy €
int C+ with Do = {z € 382 : u,,(z) = U (2)}.

Proof LetA,u e L = (—oo,/):l) with & < u. From Proposition 11 we know that

u) < ﬁﬂ.
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Let p = |luy|loo and let Ep > 0 be as postulated by hypothesis H3(iv). We set

gp = g,o + max{—u, 0}.
For § > 0 we define #} = uy + 8 € D;. We have
P+ (6(2) +8,) )"
< —Apuy + (¢(2) +§p)_p 't x(8) with x(8) - 0T asé — 07
= it~ 1+f(z W)+t + x(6)
—1 _p—1
= pirl "+ f@m) + 5 = (= 0m ! + x 0. (39)
Note that if u < 0, then Ep = Ep + || and we have
_ ~_ ) _ = _p-1 —p—1  —p—1
0= [f@m)+Ea " - b + &)+ ul + w@ ! -
_p—1 _ ~_
& il + [ )+l < pal Tt f(z ) + Epul!
If © > 0, then Ep = Ep and using hypothesis H3(iv) we have
—p—1 = = =p=l < P! p—1
nuy + f(z, u)»)““i:puk nu, + f(z, uu)‘i‘épu .

Returning to (39), we have

— Ay + () +E) @)
< Wil () + Epul ! (u =+ 1 (6)
= — Ayl + &l — (= WEl ! + x (). (40)

Since p > A and u) € D4, we have
0<im<(u—Nuz)? ! forallz e 2.
Then since x (§) — 01 as § — 0%, for § > 0 small we have
m— x(8) > 0.
Using this in (40) we have

W+ (E(2) +E)@HPT! < — Ay, + (E(2) + Epuy
fora.a.z € £2, all § > 0 small,

= U, —Uu) €int 6+, (see Proposition 4 and the Remark that follows).

In this case in the definition of a, Dy ={z€082 :u,(z) =u(2)} O
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Similarly we have:

Proposition 15 Ifhypotheses H(&), H(ﬂ)z, Hy hold, then the map ). — u,, is strictly
increasing from L = (—o0, Al) into C1(£2).

The next theorem summarizes the situation for problem (P, ) when the perturbation
f(z,+) is (p — 1)-sublinear.

Theorem 1 We have:
1. If hypotheses H(§), H(B)1, Hy hold, then

(a) forall » > ’):1 problem (Py) has no positive solution;

(b) forall » < /):1 problem (Py) has at least one positive solution and it admits a
smallest positive solution u) € Dy,

(¢) the map . — u), from L = (—00,3:1) into C1(2) is nondecreasing (that is,
if A < u, then uy < u,) and left continuous.

2. Ifhypotheses H (&), H(B)2, H3 hold, then the map ). — u),_from L = (—o0, kl)
into C1(82) is strictly increasing as in Proposition 14.

3. Ifhypotheses H(§), H(B)1, Hy hold and A < M, then problem (P;) has a unique
solution u) € Dy and the map A — u; from L = (—oo,/)cl) into C1(2) is
nondecreasing and continuous.

4, Ifhypotheses H(.’;:) H(B)2, Hy hold, then the solution map ) — u, from L =
(—o00, Al) into C! (2) is strictly increasing.

4 (p — 1)-superlinear perturbation

In this section we consider the case where the perturbation f (z, -) is (p—1)-superlinear.
In this case uniqueness of the solution fails and the problem exhibits a bifurcation-type
behaviour, namely there are no positive solutions for all A > 3:1 and there are at least
two positive solutions for A < Al
The new hypotheses on the perturbation term f(z, x) are the following:

Hs: f : 2 x R — R is a Carathéodory function s.t. for a.a. z € 2 f(z,0) = 0,
f(z,x) = 0forall x > 0, there exist 29 C £2 with [£2o|y > 0s.t. f(z,x) > 0 for
all z € £2¢, all x > 0 and

() f(z,x) < a@)(1 +x""" foraa z € 2,al x > 0, witha € L®(R),,

re(p,p*);
(i) if F(z,x) = f(f f(z, s)ds, then

. F(z,x)
lim

= 400 uniformly for a.a. z € £2
x—>+oo  xP

and there exists T € (max{1, (r — p)%}, p*) s.t.

- — pF
0 <% < liminf L& X~ PFE 0

x—+00 x7

uniformly for a.a. z € £2;
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>iii) lim,_, o+ f(z—’_)f) = 0 uniformly for a.a. z € £2.

Remark 4 As we did for the “sublinear” case, since we are looking for positive solutions
and the above hypotheses concern the positive semiaxis, without any loss of generality,
we may assume that f(z, x) = 0fora.a. z € £2, all x < 0. Hypothesis Hs(ii) implies
that fora.a. z € 2 f(z, -) is (p — 1)-superlinear. However, note that we do not use the
usual in such cases “Ambrosetti—-Rabinowitz condition” (the AR-condition for short,
unilateral version since we are looking for positive solutions), which says that there
existg > pand M > 0 s.t.

0<qgF(z,x) < f(z,x)x foraa.ze 2, allx > M, 41
0 < ess igf F(-, M) (42)

(see Ambrosetti-Rabinowitz [3] and Mugnai [15]). Integrating (41) and using (42) we
obtain

c13x? < F(z,x) fora.a.ze€ £2, allx > M, some c13 > 0. (43)

Hence from (41) and (43) we infer that near +o00, f(z, -) exhibits at least (g — 1)-
polynomial growth. Our hypothesis Hs(ii) is more general. Indeed, suppose that the
AR-condition holds. We may assume that ¢ > max{1, (r — p)%}. We have

f(z,x)x — pF(z,x) f(z,x)x —qF(z,x) F(z,x)
= +(q—p)

x4 x4 x4

F@x) e a1y
x4

>(@q—p)

> (g — p)ciz > 0 (see (43)),

— pF
- fiminf L& 0¥~ PEGEX)
x—+00 x4

= hypothesis Hs(ii) holds.

> (¢ — p)c13 > 0 uniformly for a.a. z € £2,

The function
fx) =xP"'n(1 +x) forallx >0
satisfies hypotheses Hs, but not the AR-condition (see (41)).
From Propositions 5 and 6 we have

S(A) € Dy forall x € R,
S() =0 forall A > A;.

It follows that £ C (—oo, ’).:1). In the next proposition we show that equality holds.

Proposition 16 If hypotheses H (&), H(B)1, Hs hold, then L = (—oo,/):l).
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Proof We fix A € (—o0, /):1) and consider the Carathéodory function k; (z, x) defined
by

(44)

b2 [0 ifx <0,
, X) =
re P F(zx) IO < x.

Weset K (z, x) = fox k; (z, x)ds and consider the C'-functional wy, : WP (2) —
R defined by

1
wy () = ;z?(u) + %||u_||§ — /Q K;(z,u)dz forallu e Wl”’(.Q).

As before n > ||€]|. Hypotheses Hs(i), (iii) imply that given ¢ > 0, we can find
c14 = c14(e) > O s.t.

F(z,x) < SxP + ciax” foraa.z e 2, allx > 0. (45)
p
Choosing ¢ € (O,’):l — A) (recall A < /):1), for every u € WP (£2) we have

1 _ _ 1 Ate
w;. (u) = » [9@™) +nllu”lIp] + ;ﬁ(f) - Tllu+||§ — crallu™

(see (44) and (45)).
> cisllull? — cigllul|”  for some cis, c16 > 0,

(use Lemma 1 and recall n > |[|£]|o0). (46)

Since p < r, from (46) we infer that u = 0 is a strict local minimizer of w,_. So,
we can find p € (0, 1) small s.t.

w; (0) =0 < inf [w;, : |lul| = p] = mi‘) 47)

(see Aizicovici—Papageorgiou—Staicu [1], proof of Proposition 29).
Hypothesis Hs(ii) implies that

w; (tu]) = —o0 ast — +o0. (48)

Claim: w;, satisfies the C-condition.
Let {u,}n>1 < WP (£2) be a sequence s.t.

|lwy (uy)| < My forsome My > 0, alln € N, (49)
(14 lup Dw) (un) — 0 in WHP(2)* as n — +oo. (50)

From (50) we have

'(A(un),h)Jr/ E(Z)|un|p72unhd2+/ B(@)|un|”*uphdo
2 982
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- / ;)" hdo — f ko (2. Yz
2 2

enllhll
L fluall

forall h € WhP(£2) with g, — 0. (51)

In (51) we choose h = —u,, € wlr (). Using (44) we obtain

|0 uy) + nlluy, |15 <&, foralln €N,
= c17llu, II” <e, foralln € N, some c17 > 0 (recall that n > [|&]lc0),
= u, — 0in WhP(8). 52)

From (49), (52) and (44) it follows that

B ut) — /Q[,\(u,j)l’ + pF(z,u)]ldz < My forsome My > 0, alln € N. (53)

In (51) we choose h = u;" € WP (£2). Then
— z?(u;f) + /Q[)L(uf{)p + f(z, u,‘l‘)u,‘:']dz <e¢g, foralln € N. 54)
Adding (53) and (54) we obtain
/Q[f(z, u,'f)u;lF — pF(z, u,T)]dz < M3 forsome M3 >0, alln € N. (55)

Hypotheses Hs(i), (ii) imply that we can find Eo € (0, E) and c1g > 0 s.t.
EoxT —c1g < f(z,x)x — pF(z,x) foraa.z € £2, allx > 0. (56)
Using (56) in (55), we infer that
{uf}n=1 € L7(2) is bounded. (57)

First suppose that N > p. Clearly in hypothesis H5(ii), we can always assume that
T <r < p* (recall that p* = 400 if p > N). Lett € (0, 1) be such that

11—t 1
- = + —. (58)

From the interpolation inequality (see, for example, Gasinski—Papageorgiou [8] (p.
905)), we have

+ T
ey Il < oty g ™" ety s

= lu || < Ma|lu) " for some My > 0, alln € N (59)
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(see (57) and use the Sobolev embedding theorem).

In (51) we choose h = u;" € WP (£2). Then

Ol —/ AuH? + fz,uHutldz <, foralln e N (see (44)),
2

= W) <cio(1+ |luf|7) forsomecig >0, alln € N
(see hypothesis Hs(i) and recall that r > p),
= ﬂ(u:[) < cyo(1 + ||u,'f||") for some cyg > 0, alln € N (see (59)). (60)

From hypothesis Hs(i) we see that we can always take r € (p, p*) close to p* and
asr — (p*)~, we have t > p. So, there is no loss of generality in assuming that
T > p. Then from (60) and (57), we have

S ) + 0l 1l < co(1+ llu,l ') for some ¢z > 0, alln € N,

= lluy 117 < e2a(1 + Jlu, ") for some c22 > 0, all n € N (recall that n > [1€ [loo)-

(61)
From hypothesis Hs(ii) and (58) we see that
tr < p,
= {u}p=1 € WHP(2) is bounded (see (61)),
= {uplu>1 C WP (§2) isbounded (see (52)). (62)

If N < p, then p* = 400, while the Sobolev embedding theorem says that
WP (2) — L4(2) forall g € [1, +00). Letg > r > 7 and choose 7 € (0, 1) s.t.

11—t 1
- = +_7
r T q
=900 (63)
q—f
Note that
W=9 L oasg— pt= oo (64)
q—T

Since by hypothesis Hs(ii) we have r — t < p (recall N < p), for the previous
argument (case N < p) to work, we use ¢ > r big s.t. trr < p (see (63), (64)). Then
again we conclude that (62) holds. Because of (62) we may assume that

Uy — uin WhP(2) and wu, — uin LP(£2) and in L?(382). (65)
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In (51) we choose h = u,, —u € WP(£2), pass to the limit as n — 400 and use
(65). Then we have

lim (A(up),u, —u) =0,
n——+00

= u, — u in WHP(£2) (see Proposition 2),

= w),_ satisfies the C-condition.

This proves the Claim.
Then (47), (48) and the Claim permit the use of the mountain pass theorem (see, for
example, Gasifski—Papageorgiou [8] (p. 648)). So, we can find u; € whr(2) st

up € Ky, = v e WhP(£2) : w,(v) =0} and w,(0) =0 < m’s < wy(u).
(66)

From (66) it follovy\s that u) # 0 and u; € S(A) € D4 (see Proposition 5).
Therefore £ = (—00, A1). O

In fact as we did in the “sublinear” case, we can produce the minimal positive
solution for problem (P;), A < A1.

Proposition 17 If hypotheses H (&), H(B)1, Hs hold and A € L = (—00,3:1), then
problem ( Py ) has a smallest positive solution u) € D.

Proof We argue as in the proof of Proposition 10. Recall that S(1) is downward
directed (see Filippakis—Papageorgiou [5]). Using Lemma 3.10 of Hu-Papageorgiou
[9] (p. 178), we can find a decreasing sequence {u,},>1 € S(X) s.t.

inf S(A) = inf u,.
n>1
We have

(A(un),h>+/ E(z)ufflhdz+/ B(z)ul " hdo =/ Dl ™+ f(z, un)lhdz
2 082 2

(67)
forallh € WhP(£2), alln € N.
In (67) we choose h = u,, € WL-P(£2), we obtain
O (un) = Alunllh +/ f(z, up)u,dz foralln € N, (68)
2

Recall that

0<u, <uyeDy forallnmeN. (69)
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From (68) to (69) it follows that
{untn=1 C Wl’p(.Q) is bounded (see hypotheses H(£), H(B)1).
So, we may assume that
Up — W, in WP(2) and  wu, — @ in LP(£2) and in LP (382). (70)

In (67) we choose h = u,, — ;. € WhP(£2), pass to the limit as n — +o00 and use
(70). Then

lim (A(up), up —u;) =0,
n—+o00o

= u, — U, in Wl’p(.Q) (see Proposition 2). (71)

Passing to the limit as n — +o0 in (67) and using (71), we obtain

<A(m),h>+/ é(z)ﬁf_lhdz—ir/ By’ hdo
2 92

=/ il + f(z, m)lhdz  forallh € WhP(82),
2

=> U, is a nonnegative solution of problem (P;).

If we can show that u) # 0, thenu; € S(A) € D.. Arguing by contradiction, suppose
that u,, = 0. Then

lunll — O (see (71)).

n

We set y, = h n € N. Then for all n € N we have ||y,|| = 1, y, > 0. So, we
u
may assume thatn

yu — yin WhP(2) and y, — yin LP(£2) and in LP(382). (72)

From (67) we have

(AGm), ) + / £y hdz + / By hdo (73)
2 082

4 N
= / [,\y{,’ "4 L”)l] hdz forallh € WhP(82), alln € N.
2 lluan 1P~

Here N¢(y)(-) = f(-,y() forall y € WP (£2). We set p = |lui]loo. Hypotheses
Hs (1), (iii) imply that

0< f(z,x) < c3xP™1 for aa. z € 82, all x €0, p], some cx3 > 0,
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{ Ny (un)
I

— } C LP(£2) isbounded.
lunllP=" ) 51

Then by passing to a suitable subsequence if necessary and using hypothesis Hs(iii),
we have

Ny (upn) :
W B0 inLP(R2) (74)

(see Aizicovici—Papageorgiou—Staicu [1], proof of Proposition 14).
In (73) we choose h = y, — y € WhP(82), pass to the limit as n — 400 and use
(72) and (74). Then

lim (A(y.),yn —y) =0,
n——+o00

=y, —> yin Wl'p(.Q) (see Proposition 2), |y =1, y > 0. (75)

So, if in (73) we pass to the limit as n — 400 and use (74) and (75), then

Ao+ [ s@yr haz+ [ pyr o =5 [ 37 haz
2 a2 Q

forall h € Wh?(£2).
Choosing h =y € WP (£2), we obtain
9 (y) = Alyllh < xllyllh (see (75) and recall < A1),

a contradiction to Proposition 1. Therefore

u; # 0,
= u); € SA) and u; =inf S(L).

As in the “sublinear” case, we have:

PropOSItlon 18 Ifhypotheses H (&), H(B)1, Hs hold, then the map A — u, from
= (—o0, )»]) into CH(2) is nondecreasing and left continuous.

Again by strengthening the conditions on the functions B(-) and f(z,-) we can
improve the monotonicity of the map A — u;.

The new hypotheses on the perturbation f(z, x) are the following:
Hg: f : 2 x R — R is a Carathéodory function s.t. for a.a. z € 2, f(z,0) = 0,
f(z,x) > 0 for all x > 0, there exists 29 C §2 with f(z,x) > 0 for all z € £,
all x > 0, hypotheses Hg(i), (ii), (iii) are the same as the corresponding hypotheses
Hs(i), (i), (iii) and
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(iv) for every p > 0, there exists Ep > 0 s.t. for a.a. z € £2, the function
x — f(z,x) +'§,,xl’*‘

is nondecreasing on [0, p].

Proposition19 If hypotheses H(§), H(B)2, He hold, then the map % — u, from
L = (=00, A1) into CL(R) is strictly decreasing.

In fact under these stronger conditions on $(z) and f(z, x),A we can produce a
second positive solution for problem (P, ), when A € L = (—o00, A1).

Proposition 20 If hypotheses H (&), H(B)2, Hg hold and A € L = (—oo,’)tl), then
problem ( Py ) admits at least two positive solutions

U, iy € Dy, up <y, uy # .

Proof From Proposition 16 we already have a positive solution u; € Dy. We may
assume that u; is the minimal positive solution, that is, u, = u; (see Proposition 17).
We introduce the following Carathéodory function

A+ QP+ fzun@)  ifx <ua(2),

1 . (76)
(A +mxP™" + f(z, x) if u(z) <x,

Oz, x) = {

with n > |||l as always. We set Z; (z, x) = fg 5.z, s)ds and consider the C'-
functional j, : WP (£2) — R defined by

1
) = S0 + L)l —/ Zi(zw)dz, forallu e WP(2),
)4 p 2

From (76) it is clear that

with w;, € CH(W!P(£2)) as in the proof of Proposition 16. From (77) and the Claim
in the proof of Proposition 16, it follows that

J» satisfies the C-condition. (78)

Claim: We may assume that u; € D is a local minimizer of j.
LetA < < Ay andletu, € S(u) € D (see Proposition 16). We consider the
following truncation of &, (z, -)

¢(z,x) ifx < uu(2),

79
(@up@)  ifuu(z) < x. (79

Tz, x) = {
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Evidently this is a Carathéodory function. We set Z Wz, x) = f(f a(z, s)ds and con-
sider the C!-functional j; : W7 (£2) — R defined by

—~ 1 ~
P = ~ow + Lt —/ 2, (c.wdz forallu € WP ().
p )4 2

IfK; ={ue wWhr(2): }K(u) = 0}, then we will show that
K= Clup,uul ={uc Wl’p(.Q) qu(2) < u(z) <uy(z) foraa. z e 2}

Jr —

So, letu € Kﬁ. Then

D=0

= (A(u), h) + f (@) + mlulP *uhdz + / B@)|ulP*uhdo = / (2, w)hdz
2 082 2
(80)
forallh € WhP ().

In (80) we choose h = (u; — u)™ € WLP(§2). Then

(AQ), (up, —u)™) + /Q (E@) +mlul”2ulu, —u)tdz + /d Qﬂ(Z)IuI”_zu(ux—u)J’dO
= /Q[(,\ +ul ™ 4 2wl —w)Tdz (see (76) and (79))
= (A@p), (up —w)") + fg E@) +mul~ w, —wtdz
+ fm B@ul  uy —uytdo (since uy € S(L)),
= (Aw) — A@w), (wy —u)™) + fﬂ E@ +m@] ™ = ulP2u)u — u)dz

+ / B — P25, — uyTdo =0,
082

= u; <u (recall that n > |||~ and see hypothesis H(8)).

Also in (80), we choose h = (u — uﬂ)+ € WhP(£2). Then

(A(w), (u — uﬂ)+) +/ @+ n)upfl(u - uu)+dz +/ ﬂ(z)upfl(u - uM)ercr
2 982
= /Q[(A + n)u,’i*] + fzup)(u — uu)+dz (see (76), (79))
< /Q[(u ol ) — )Tz (since b < )

= (A, (w—u)ty + /Q(E(z) +mud ™ =) Tdz + /m B@ul ™ w—uy)tdo
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(since uy, € S(u)),
= (A(w) — A(uy), (w—uw) ") + /Q(é(z) P =l = )tz
+/ B@WP™ —uf, Y —up)tdo <0,
30
=u=uUy.
So, we have proved that
u € [u, uyl,
= Kﬁ C [uy, uyl. (81)

Since > ||€ |00, from (76) and (79) it follows that ﬁ is coercive. Also, the Sobolev
embedding theorem and the compactness of the trace map imply that j, is sequentially
weakly lower semicontinuous. So, from the Weierstrass-Tonelli theorem, we can find

i, e Whr(2) st

R =inf [ ue W),
= il € K5 Cluz.uul (see (81)).

If 4, # u;,, then from (76), (79) and (82), we see that
iy € S(A) S Dy, uyp <y, Uy #uy.

So, this is the desired second solution of (P,) and we are done.
Therefore, we assume that i, = u;_. From Proposition 19, we have

u, —u) € int 6+ (recall that u; = u;).
From (76) and (79) it is clear that
jl‘[o,u,l] = Jx [0,,,]°
From this equality and (83) we infer that

u;, is a local C'(§2)-minimizer of j,,

= u; is a local W1 (§2)-minimizer of Jn (see Proposition 3).

This proves the Claim.
In proving (81), we established that

Kj, Cluy) ={ue WEP(2) s up(z) < u(z) foraa. z € 2},

(82)

(83)

(84)
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We assume that K j, is finite or otherwise (84) implies that we already have a whole
sequence of distinct positive solutions of (Py), all bigger that u;,, hence we are done.
Then we can find p € (0, 1) small s.t.

Jnwp) < inf [jp() : lu —up]| = p] = mj, (85)

(see Aizicovici—Papageorgiou—Staicu [1], proof of Proposition 29). Note that hypoth-
esis Hg(ii) and (76) imply that

Ja(tu)) — —o0  ast — +oo. (86)

From (78), (85) and (86) we see that we can apply the mountain pass theorem and find
U e Whr(2) st

i, € Kj, and m) < j, (). (87)
From (76), (84), (85) and (87), we infer that

u; € S(A) € Dy, uy < Wy, 1 #£ Uy. O

So, summarizing the situation for problem (P,) when the perturbation f(z, -) is
(p — 1)-superlinear, we have the following theorem

Theorem 2 If hypotheses H (&), H(B)>, Hg hold, then

(a) forall A > ’):1 problem (Py) has no positive solution;
(b) forall & < X\ problem (Py) has at least two positive solutions

uy,uy € Dy, uy <uy, Uy #uy;

(c) forall » < /):1 problem (Py) has a smallest p(ﬁitive solution u) € D4 and the
map A — 1y, from L = (—o0, A1) into C'(2) is strictly increasing and left
continuous.
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