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1. Introduction

In this paper we study the following parametric singular (p, ¢)-Dirichlet prob-

lem:
—Apu(z) — Agqu(z) = Mu(2) "+ f(z,u(z)) in Q, )
U,y =0 u>0,A>0,1<qg<p, 0<pn<l
In this problem  C R is a bounded domain with a C?-boundary 9. For
every r € (1,400), by A, we denote the r-Laplace differential operator defined
by

Avu = div(|Vu""2Vu)  for all u € Wy ().

So, in problem the differential operator is the sum of two such operators
and therefore it is not homogeneous. Operators of this kind arise in many
mathematical models of physical processes. We refer to the work of Bahrouni-
Radulescu-Repovs [2] and the references therein. In the reaction of , we
have a parametric singular term (u — Au~") and a Carathéodory perturbation
f(z,z) (that is, for all z € R, z — f(z,z) is measurable and for a.a. z € Q,
x — f(z,z) is continuous). We assume that this perturbation is (p —1)-linear as
x — +00. Our goal is to determine the precise dependence of the set of positive
solutions on the parameter A > 0. In this direction, we prove a bifurcation-type
theorem describing the changes in the set of positive solutions of as the
parameter A moves in I@Jr = (0,400). Also, we study the properties of the
solution multifunction and produce minimal positive solutions.

Recently Papageorgiou-Ridulescu-Repovs [I§] examined problem as-
suming that the perturbation f(z,-) is (p—1)-superlinear but without satisfying
the usual in such cases Ambrosetti-Rabinowitz condition. In fact the formula-
tion of the problem in [I8] is more general, since the differential operator is
nonhomogeneous including as a special case the (p, ¢)-Laplacian and the singu-
lar term is more general having as a special case the function x — Az~". For
the sake of simplicity in the presentation, we have decided to proceed with the
(p, q)-Laplacian and the standard singularity v — Au~". The work here can

also be extended to the more general framework in [I8].



Bai-Motreanu-Zeng [3] considered parametric singular equations driven by
the p-Laplacian and studied the continuity properties of the solution multifunc-

s tion. Our results in Section [4f extend their work to (p, ¢)-equations. Finally we
mention the nonsingular works on parametric (p, 2)-equations of Papageorgiou-
Rédulescu [12], Papageorgiou-Radulescu-Repovs [14] [T6] [17], Papageorgiou-Scapellato
[19], Papageorgiou-Vetro-Vetro [2I], Papageorgiou-Zhang [22].

2. Mathematical Background - Hypotheses

The main spaces in the analysis of problem (P,|) are the Sobolev space
W, P(€2) and the Banach space C&(Q) = {uec(Q): u‘aﬂ =0}. By |- | we
denote the norm of the Sobolev space W, ?(Q2). On account of the Poincaré

inequality, we have
lul = [|Vull, for all ue W,P(Q).
The Banach space C}(Q) is ordered with positive (order) cone
Cy ={ueCy(Q):u(z) >0 forall z € Q}.
This cone has a nonempty interior given by

ou
int = : for all Q, — .
int Cy {u€C+ u(z) > 0 for all z € Q, 6n’89<0}

By 2% we denote the normal derivative of u(-). We know that

ou

%(z) = (Vu(z),n)gy  for all z € 99, all u € W, *(2) NCH(Q)

s and n(-) is the outward unit normal on 9.
For every r € (1,+00) by A, : Wol’r(Q) — W&’T(Q)* = W’LT’(Q) +1=

1) we denote the nonlinear map defined by
(Ar(u), h) = /Q |Vu|""2(Vu, Vh)gndz  for all u,h € Wy ().

This map has the following well-known properties (see Gasinski-Papageorgiou

[5], Problem 2.192, p. 279).
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Proposition 1. The map A, : Wy (Q) — W=17(Q) is bounded (that is,
maps bounded sets to bounded sets), continuous, strictly monotone (hence max-
imal monotone too) and of type (S)y (that is, u, — u in Wy (Q) and

limsup,,_, 4 oo (Ar(Un), un —u) <0 imply up, — u in Wy ().

We will need some facts about the spectrum of the Dirichlet r-Laplacian.

So, we consider the following nonlinear eigenvalue problem

—Au(z) = Mu(2)["u(z) in €, u|aQ =0. (1)

We known (see Gasinski-Papageorgiou [4]) that this problem has a smallest
eigenvalue Xl(r), which has the following properties:

[Vl

[[ull7

o 0< A (r)=inf cue W (Q),u # 0] ; (2)

. Xl(r) > 0 is isolated in the spectrum &(r) of (1)), that is, there

exists € > 0 such that (A (r), A1 (r) +¢) N5 (r) = 0;

~

e \i(r) > 0 is simple, that is, if @,5 € W, " (Q) are eigenfunctions

corresponding to Ay (r), then @ = 1@ for some p € R\ {0}.

So, by this last property, the eigenspace corresponding to Xl(r) > (0 is one-
dimensional. The infimum in is realized on this eigenspace. Moreover, it is
clear that the elements of this eigenspace have fixed sign. By u; (1) we denote the
positive, L™-normalized (that is, ||tu1(r)]|, = 1) eigenfunction corresponding to
1 (r). The nonlinear regularity theory (see Lieberman [10]) and the nonlinear
moaximum principle (see Pucci-Serrin [23]) imply that @;(r) € int Cy.. Em-
ploying the Ljusternik-Schnirelmann minimax scheme, we can produce a whole
sequence of distinct eigenvalues {Xk(r)}kzl with Ay (r) = 400 as k — +o00. We
do not know if these variational eigenvalues exhaust the spectrum & (r). This
is the case if r = 2 (linear eigenvalue problem) or if N = 1 (scalar eigenvalue
problem).

An easy consequence of the above properties of Xl (r) > 0 is the following

result (see Mugnai-Papageorgiou [11], Lemma 4.11).



= Proposition 2. If gy € L®(Q), no(2) < A1 (r) for a.a. z € Q and g # M (r),

then ||[Vulll — [o,n0(2)|ul"dz > collu]|” for some co > 0, all u € Wy (Q).

We mention that \; (r) is the only eigenvalue with eigenfunctions of constant
sign. All the other eigenvalues have eigenfunctions which are nodal (that is, sign
changing).

We will also consider a weighted version of problem (2)). So, let m € L>()
such that m(z) > 0 for a.a. z € Q, m # 0 and consider the following nonlinear

weighted eigenvalue problem:

—Avu(z) = dm(2)|u(z)""2u(z) in €, 0. (3)

“|an =

Problem has the same properties as problem . In particular there is
a smallest eigenvalue Xl(m,r) > 0, which is isolated, simple and admits the

following variational characterization

[Vull;

Ai(m,r) =inf | —1—r .
Jom(2)|ul"dz

ue Wy (Q),u#0|. (4)

55 The infimum in (|4]) is realized on the corresponding one-dimensional eigenspace.
Using one can show the following strict monotonicity property for the map

m — A (m,r).

Proposition 3. If mi,ms € L>®(Q), 0 < my(z) < ma(z) for a.a. z € Q,

my Z 0, my Z mo, then Xl(mg,r) < Xl(ml,r).

For z € R, we set ¥ = max{+z,0}. Then given u € W, (Q), we define
ut(2) = u(z)* for all z € Q. We know that

ut e WeP(Q), u=ut —u”, Jul =ut +u".

Given hq, ho : Q — R measurable functions, we write h; < ho if for every

K C Q compact, we have
0 < ckx < ha(z) —hi(z) foraa. z€ K.

60 Evidently if hy, he € C(Q2) and hy(z) < ha(z) for all z € Q, then hy < ho.



Aset S C WO1 P(Q) is said to be “downward directed” if for every pair
(u1,u2) € S x S, we can find u € S such that u < uy, u < us.

Given u,v € W, P(Q) with u < v, we define

[u,v] = {h e Wy P(Q) s u(z) < h(z) <w(2) for aa. z € Q} ,

[u) = {h € Wy () : u(z) < h(z) for a.a. z € Q}

Let X be a Banach space and ¢ € C'(X,R). We say that o(-) satisfies the

“C-condition” if the following property holds:

65 “Every sequence {u, }n>1 € X such that {¢(u,)}n>1 € R is bounded and
(14 |lunllx)¥ (un) — 0 in X* as n — +oo, admits a strongly convergent

subsequence”.

We set K, = {u € X : ¢'(u) = 0}, the critical set of .
Our hypotheses on the perturbation f(z,z) are the following:
o H: f:QxR—Risa Carathéodory function such that

(i) for every p > 0, there exists a, € L>(§2) such that
0< f(z,z) <ap(z) foraa ze€Q, all0<a <p;

(#3) there exist functions 7,7 € L*°(2) such that

~

M(p) < n(z) <7i(z) foraa. 2 €Qn# (D),

< lim sup f(j’f) <7(z) uniformly for a.a. z € Q;

z—+oo TFT

(94) there exists a function ny € L () such that

no(z) < Xl(q) for a.a. z € Q, ny # Xl(q),
f(z,x)

T < no(z) uniformly for a.a. z € ;

lim sup
z—0+ T

(iv) for every p > 0, there exists gp > 0 such that for a.a. z € Q the function

x— f(z,z)+ prl’*l is nondecreasing on [0, p].
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Remark 1. Since our goal is to find positive solutions and all the above hypothe-
ses concern the positive semiaxis R} = [0, +00), without any loss of generality,

we may assume that
f(z,z) =0 foraa. €, all x <O0. (5)

Note that hypotheses H (iii), (¢v) imply that f(z,0) = 0 for a.a. z € Q.
Hypothesis H (iii) implies that f(z,-) is (p — 1)-linear near +o0o and also makes

the energy functional of the problem noncoercive.

By a solution of problem we mean a function u € I/VO1 P(Q) such that
w=h € L'() for all h € W, (Q) and
(Ap(u),h) + (Ag(u),h) =X | w"hdz+ | f(z,u)hdz for all h € WyP(Q).
Q Q
The difficulty we encounter in dealing with problem is that the energy
(Euler) functional @y : W, ?(Q) — R for the problem, defined by

1 1 A
ox(u) = S Vull2 + 2| Vult —/(qu)l_"dz— / F(z,ut)dz
p q 1-7nJq Q

for all u € WyP(Q), with F(z,z) = fox f(z,8)ds, is not C! on account of
the singular (third) term. Therefore the minimax techniques of critical point
theory are not directly applicable to the functional ¢, (-). We need to find ways
to bypass the singularity and deal with C*-functionals.
For this reason, first we consider the following purely singular auxiliary
Dirichlet problem
—Apu(z) — Aqu(z) = Au(z)™" in Q,

(Qx)

U,y =0, u>0,A>0,1<qg<p, 0<n<L

Consider the ordered Banach space Co(Q) = {u € C(Q) :u’(,jQ =0} with
positive cone Ky = {u€ Co(Q):u(z) >0forall z€ Q}. This cone has a

nonempty interior given by

int Ky = {uEK+:cuc/l\§ufor some ¢, >0},
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where c?(z) = d(z,00) for all z € Q. Lemma 14.16, p. 335, of Gilbarg-Trudinger
[6] implies that there exists § > 0 small such that d € C?(Qs) with Qs = {z €
Q: &\(z) < ¢}. Therefore d € int C and then using Proposition 4.1.22, p. 274,
of Papageorgiou-Radulescu-Repovs [I5], we see that given u € int Cy we can

find constants 0 < ¢; < ¢y such that
ad<u< 023,

Given s > N, we have u;(p)'/* € K and so on account of ({6) we can find

c3 > 0 such that

= u " <cqun (p)_"/s for some ¢4 > 0.
The Lemma in Lazer-McKenna [9] implies that
u~Te L*(Q) (s> N). (7)
For problem we have the following result

Proposition 4. For every XA > 0 problem (Q,|) has a unique positive solution
uy € intCy and the map X\ — uy from Ry = (0,400) into C¢(Q) is nonde-

creasing, that is, 0 < p < X\ implies u, < uy.

Proof. The existence and uniqueness of the solution u, € int C'; follows from

Proposition 10 of Papageorgiou-R&dulescu-Repovs [I8]. We have
u,m€ L¥(Q) s> N (see (7). (8)
Let 0 < ¢ < A and consider the Carathéodory function w,(z, z) defined by

D)7 if x <, (2),
Wz, 2) = ue) <z (sce (§))- (9)

puy(z)~"if uy(2) <,

We consider the following Dirichlet problem
—Apu(z) — Aqu(z) = Wy, (z,u(z)) in Q,

U, =0, u>0, 1<q<p.



Again using Proposition 10 of [I8], we see that @ has a solution u,, € int C5.
We have

<Ap(ﬂu)7h>+<Aq(ﬂM),h>:/Q@M(zﬂ#)hdz for all h € WM(Q).  (10)

In we choose h = (U, — uy)T € Wy'’(€2). Then we have
(Ap (), (U — ux) ") + (Ag (W), (T, — uy) ")
:/Mg;"(ﬂu —uy)tdz  (see ([O))

Q
< / uy (U, —uy)Tdz  (since p < \)
Q

= (Ap(uy), (W — ux) ™) + (Ag(uy), (T —uy) "),

= 1w, <wu, (seeProposition ],

= U, =u, €intCy (from the uniqueness of the solution of (Q,)),
= u, <uy.
O
8 In the next section we will use this solution to isolate the singularity and

use the minimax techniques of critical point theory.

3. Bifurcation-Type Theorem

In this section we prove a bifurcation-type theorem which describes in a
precise way the changes in the set of positive solutions as the parameter A > 0
9 INnoves.

We introduce the following two sets

L ={X>0: problem (P)) has a positive solution},

Sy = set of positive solutions of (P]).

Proposition 5. If hypotheses H hold, then L # ().



Proof. For A > 0, let u, € int C'y be the unique positive solution of (@, (see
Proposition . We introduce the following truncation of the reaction in problem

(P
Aup(2)77 + f(z,27) i 2 < uy(2),
g (2,7) = (11)
Az + f(z,x) if uy(2) < =z,
(recall that u, (2)~" € L*(Q), s > N, see (8)). This is a Carathéodory function.
We set Gi(z, %) = [; ga(z,s)ds and consider the C''-functional @y : WP (Q) —

R defined by
~ 1 p 1 q 1p
oa(u) = ;HVqu + 5||Vu||q - QG)\(Z,u)dz for all u € Wy (Q),

(see also Papageorgiou-Smyrlis [20], Proposition 3).
Let r > p. On account of hypotheses H (i), (i), (i4i), given € > 0, we can
find ¢5 = ¢5(e, ) > 0 such that
1 .
F(z,z2) < =[no(z) + e]a? 4+ csa” for a.a. z € Q, all z > 0. (12)
p

Using and , we have

_ 1 1 )
oa(u) = ~[[Vul[f + = [HVUH?] - / mo(2)|ul?dz — €|U||g} — cgllul
p q Q
A
- )\/ uy Tudz — —— {ulfﬂ - g}("} dz (13)
{usu,} L= S, <uy

for some ¢g > 0, all u € WoP(Q).
From Proposition [2] we have
[Vull - / no(2)|ul?dz > c7[|Vul|]  for some c7 >0, all u € WP ().
Q

Therefore

13
[Vulld - / no(2)|u|%dz — eljul|l > |er — =—— | [Vul|?  (see [2))
Q Ai(q)

>0 choosing ¢ € (0, A1(q)cr]. (14)

10



Also we have

_ A _
A uy Tudz + —— wtmm — gi 77} dz
1_
{ufﬂx} n {gk<u}
A
< )\/ w T Mudz + ——— u""dz
{u<u,} =1 Ju,<u}
< Acgllul|*™" for some cg > 0. (15)

We return to and use and . We obtain

Pa(u) = %HUHP — cgllull” — Acsflu' 7" (16)
Choose p € (0,1) small such that

%p” —cgp” > pp >0 (recall p <r). (17)

We fix such a p € (0,1) and then choose Ay > 0 such that

Aespt ™ < % for all A € (0, Ag]. (18)
So, if in , we use , , then
Balu) > % >0 for all u € WIP(Q), ||lull = p. (19)

Let B, = {u € WyP(Q) : |jul| < p}. Since WyP(Q) is reflexive, by the
Eberlein-Smulian theorem the set Ep is sequentially weakly compact. More-
over, using the Sobolev embedding theorem, we see that ¥, (-) is sequentially
weakly lower semicontinuous. Therefore, by the Weierstrass-Tonelli theorem,

there exists u) € Ep such that
Pa(uy) = min[py(u) : u € B,). (20)
Let w € int Cy and choose t € (0, 1) small such that
tu <wy (recall u, € intCy). (21)
Then from and , we have
B (tu) = %HVqu + %nvung —/Q (A" (t) + F (2, tu)] d

< 9 [|Vull2 + [ Vull2] f)\t/ﬂg;”udz

(since t € (0,1),1 < g <pand F' > 0).

11



Since ¢ > 1, choosing t € (0,1) even smaller if necessary, we have

a(tu) < 0 and ||tul| < p,

= Palun) <0=5r(0)  (see (20)),
= uy #0.

On account of we have
lurll <p, ux#0.
From and , it follows that

Ph(ux) =0,

N (Ap(ux)7h>+<Aq(u,\),h>:/Qg,\(z,m)hdz for all h € WP (Q).

In first we choose h = —u; € W, ?(Q). We obtain
Jux [I” <0,
= wux>0, uy 75 0.
Next in we choose h = (u, —uy)* € Wy"*(€2). We obtain

(Ap(un), (g = ur)™) + (Ag(un), (uy — ur)™)

> / Muy T(uy —upn)Tdz  (since f > 0)
o

= (Ap(wn), (uy —ux) ™) + (Ag(wy), (uy —un) ™)

= wu, <wuy (see Proposition .

Then from and it follows that uy € Sy and so (0,\g] C L # 0. O

Proposition 6. If hypotheses H hold and X € L, then uy < u for all u € S.

Proof. Let u € Sy € WyP(Q). We introduce the function ey : Q x R, » R

defined by

Ax =" if 0 <z <u(z),

ex(z,z) =
Au(z)™" if u(z) < z.

12

(25)



This is a Carathéodory function on € x HQQJF. We consider the following

Dirichlet (p, ¢)-equation

—Apu(z) — Aqu(z) = ex(z,u(z in Q,
pt(2) (2) = exlz,u(2)) TR

Uy =0, u>0,A>0,1<qg<p.

Invoking Proposition 10 of Papageorgiou-Radulescu-Repovs [18], we see that

problem (F,|) admits a solution uy € Wol’p(Q), uy > 0, uy # 0. We have
(Ap(@r), (I —u) ™) + (Aq (@), (@x —u)™)
= / Au"M(uy —u)tdz  (see (25))
Q
< / A=+ f(z,u)] (U —u)Tdz (since f > 0)
Q

= (Ap(u), (U —u)") + (A, (u), (@y —u)*) (since u € Sy),

= uy <u.
So, we have proved that
uy € [0,u], wy #D0. (26)
From , and Proposition 4] it follows that

ﬂ)\ = Uy € int C+,

= uy, <u forallues,.
o5 O
Proposition 7. If hypotheses H hold, then Sy C int C,.

Proof. Let u € Sy. From Proposition |§|, we know that u, < u, hence u™" €
L*(Q), s > N (see (8)). Then we have

—Apu(z) — Aqu(z) = Au(z) ™"+ f(z,u(z)) for a.a. z€ Q. (27)
Consider the linear Dirichlet problem

—Av(z) = u(z)™" inQ, v|,,=0. (28)

[219]

13



Using Theorem 9.15, p. 241, of Gilbarg-Trudinger [6], we have that problem
admits a unique solution vy € W2*(Q). Since s > N, by the Sobolev
embedding theorem we have that vy € CL%(Q) with a = & € (0,1). Let

S

wy = Vuy. Then wy € C%*(Q,RY). Using w,(-), we rewrite as follows

—div (|VulP2Vu+ |[Vu|7?Vu —w,)) =0 in Q, 0. (29)

ulpq =
From and Theorem 7.1, p. 286, of Ladyzhenskaya-Ural'tseva [§] we
have that u € L>°(£2). Then the nonlinear regularity theory of Lieberman [10]
implies that v € Cy \ {0}. Moreover, from we see that
Apu(z) + Agu(z) <0 for a.a. z € Q,

= weintCy (see Pucci-Serrin [23], pp. 111, 120).
O
Proposition 8. If hypotheses H hold and \ € L, then Sy C C(Q) is compact.

Proof. First we show that Sy € W, () is bounded.
We argue indirectly. So, suppose we can find {u, }n>1 C T/Vol’p () such that

lun|| = +o0  as n — +oo. (30)

Let y, = n € N. Then ||y,|| = 1, y, > 0 for all n € N. So, we may

Un
lunll?

assume that
Yn =y in WyP(Q) and y,, — y in LP(Q) as n — 400, y > 0. (31)
For every n € N, we have

(A (), B) + (Ag(tn), ) = /Q D + £z, un)] hdz for all h € WaP(),

> (Ao )+ T (e, 1) = [ [A L JEm) g

lun [P~ [unlP= " flun [P~

for all h € WyP(Q).

14



On account of hypotheses H (i), (ii), we have

0< f(z,2) < co[l + 2P~ for a.a. z € Q, all 2 > 0, some cg > 0,

= {W} C L7 () is bounded. (33)
U,
From and hypothesis H (ii), we infer that at least for a subsequence we
have
W L )y()P in P (Q) as n — +oo, (34)
Up

with n(z) < 7(z) < 7(z) for a.a. z € Q (see Aizicovici-Papageorgiou-Staicu [II,
proof of Proposition 16). In (32)), we choose h =y, —y € WP (), pass to the
limit as n — +oo and use (30) (recall that ¢ < p), (31)) and ([34). We obtain

n—-+oo

=y — y in Wy P(Q) (see Proposition , hence ||y|| =1, y > 0. (35)

So, if in we pass to the limit as n — +oo and use , and ,

then we have
(Ap(y), h) = /Qﬁ(z)yp_lhdz for all h € Wy* (),
S S A() =P i Q, yl,, =0
On account of Proposition [3] we have

M@ p) < M(Ap,p) =1 (see and hypothesis H (iii)),
= y#0, (see (35)) must be nodal.

100 This contradicts (35).
Therefore S, C VVO1 P(Q) is bounded. As before (see the proof of Proposition
7)), using the nonlinear regularity theory (see [§] and [I0]), we see that we can
find 8 € (0,1) and c¢19 > 0 such that

u e CHP(Q)NCLQ) and [ull s @) < c1o-
The compact embedding of C*#(Q) N C}(Q2) into C () implies that

Sy C C§(9Q) is relatively compact.

15



But clearly the set Sy C C3(9) is closed. Therefore we conclude that Sy C
C}(Q) is compact. O

Next we show that £ is connected (that is, £ is an interval).
Proposition 9. If hypotheses H hold, A € L and 0 < p < A, then p € L.

Proof. Since A € £ we can find u € Sy C int C; (see Proposition [7). We have
u, < uy < u (see Propositions [4] and @ Hence we can define the following

truncation of the reaction in problem (P,)
pay, (2)77 + f(20,(2) iz <w,(2),
ku(z, @) = S pz=" + f(z,z) if u,(z) <z <wu(2), (36)
pu(2)™"+ f(z,u(z)) if u(z) < x.

This is a Carathéodory function. We set K, (z,2) = [ ku(2,s)ds and con-
sider the functional o, : Wy () — R defined by

1 1
7ulu) = |Vl + [ Vul - /QKM(z,u)dz for all u € WLP(Q).

We have o, € C'(W,?(Q),R) (see also Papageorgiou-Smyrlis [20], Propo-
sition . From it is clear that o,(-) is coercive. Also, it is sequentially
weakly lower semicontinuous. By the Weierstrass-Tonelli theorem, we can find
u, € Wy () such that

o,,(u,,) = min [au(u) Lu€ W&@(Q)} :
= o, (u,) =0,

= (Ay(up), b + (Ag(u,), hY = /Q k(2 u,)hdz  for all h € WHP(Q). (37)
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In first we choose h = (u,, —u,)" € WP (). We have
(Ap(up), (MM - u;t)+> + (Ag(up), (MM - uu)+>

:/ [,u,g;n +f(z,g#)] (u, —u,)Tdz  (see (36))

> / pu, " (w, —uy)tdz  (since f > 0)

= (Ap(u,), (u, — u,) ) + (Ag(u,), (uw, — u,)*)  (see Proposition [4)),

. <y (see Proposition [1f).
Next in we choose h = (u, —u)t € Wy P(Q). We have

), (e = u)™) + (Ag(up), (uy = u)™)

pu”" + f(z,u)] (uy —u)tdz  (see (BG))

u), (wy —u)") + (Ag(w), (uy —u) ™) (since u € Sy),

Ap(uy
/ M+ f(z,u)] (u, —u)Tdz  (since p < A)
(Ap(
u <u (see Proposition [1]).

=
So, we have proved that
uy, € [u,,,ul. (38)
105 From , and it follows that u, € S, CintCy andso p € L. O
A byproduct of the above proof is the following corollary.

Corollary 1. If hypotheses H hold, A € L, uy € Sy CintCy and 0 < p < A,

then p € L and we can find u, € S, € int C4 such that u, < uy.
In fact we can improve this corollary as follows.

wo Proposition 10. If hypotheses H hold, A € L, uy € Sy CintCy and 0 < p <

A, then p € L and we can find u, € S, C int C such that uy —u, € int C.

Proof. From Corollary [I} we know that u € £ and that there exists u, € S, C
int Cy such that

Uy < U (39)
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Let p = [Jux|lco and let Ep > 0 be as postulated by hypothesis H (iv). We
have
— Apup(2) = Agup(2) + L (2)7 7" = Ay (2)
= 1= N (2) 77+ £ (2,0 (2)) + G (2)7 ™
< flzua(2)) + Epux(z)pfl (see hypothesis H (iv) and recall p < \)
= —Apux(z) — Agur(z) + E,,ux(z)pfl —Adux(2)™" foraa. z€ Q.  (40)
Note that 0 < [\ — ,u]u;". So and Proposition 7 of Papageorgiou-
Radulescu-Repovs [18] imply that uy —u, € int Cy. O
Let \* =sup L.
Proposition 11. If hypotheses H hold, then A\* < +oo.

Proof. On account of hypotheses H (iii), we see that we can find X > 0 such
that

>)

~

A"+ f(z,x) >

12(p) xpf 1

Let A > A and suppose that A € £. Then we can find uy € Sy C int Cy (see

for a.a. z € , all z > 0. (41)

Proposition . Let Qo CC Q with a C?-boundary 9 and let my = minuy > 0
Qo

(since uy € int Cy). For 6 € (0,1) we set md = mo + 6, p = max{||ux oo, my}

and let pr > 0 be as postulated by hypothesis H (iv). For § € (0, min{1,mg}],

we have
— Apm{ = Agmi + &, (md)P™ = Amj) ™"

X1(17)] p—1

<

£+ 5| ™o T x(6) — %m&" with x(6) = 0" as § — 0F

N A N
< fz,mo) + Emb " 4 x(8) — Ema" (see and recall A < \)

< flz,un(2)) —|—§pu,\(z)p_1 for § > 0 small

= —Apux(z) — Agur(z) + gpux(z)p_l —Aup(z)™" fora.a. z€Qy.  (42)
Note that for § > 0 small, we have
Amg™ = x(08) > fig > 0.

18



Then from and Proposition 6 of Papageorgiou-Radulescu-Repovs [I8],
we have

md < ux(z) forall z € Qp, § > 0 small,

a contradiction to the definition of mg. Therefore \* < < +00. O

Proposition 12. If hypotheses H hold and X\ € (0, \*), then problem has

at least two positive solutions ug,u € int Cy, ug < U, ug # u.

Proof. Let 0 < A < ¥ < A*. We have A\, ¢ € L and using Proposition [10] we can

find up € Sy Cint Cy and uy € Sy C int C such that
uy — ug € int Cy. (43)

Also from Proposition |§| we know that uy, < ug and so uy,"” € L*(Q), s > N

(see (8))). We introduce the following Carathéodory functions:

Aug(2) 7"+ f(z,uo(2)) if 2 <wug(z),

Br(z,z) = (44)
Az 4 f(z,x) if ug(z) <z,

~ Z,T if z < wuy(z2),

Brea) = |0 = (45)

Br(z,ug(2)) ifug(z) <.

We set Bx(z,2) = [ Br(z,s)ds and Bi(z,1) = Iy Bx(2, s)ds and consider
the C'-functionals vy, Yy : Wolp(Q) — R defined by
1 1 -
Ya(u) = 2—)||VuH£ + 6||Vu||g — | Ba(z,u)dz for all u € Wy*(Q),
Q
~ 1 1 ~
n(u) = 5||VuH§ + 6||Vu||g — / Bi(z,u)dz for all u € WyP(Q).
Q
Using , and the nonlinear regularity theory, we show that

Ky, C [ug) Nint Cy., (46)

K5, C [ug,uy] Nint C.. (47)
From and , we see that we may assume that
K., is finite and K, N [ug, uy] = {uo}. (48)
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Otherwise, we already have a second positive smooth solution, bigger than

ug and so we are done. Also, it is clear from and that

=7 and  ~) ‘ = A} . 49
7’\‘[o,uﬁ] %‘[om] MMiowo] — ™ {0,00] (49)
From and it follows that

Ky = {uo). (50)

Evidently 7 (+) is coercive (see (45))) and sequentially weakly lower semicon-

tinuous. So, we can find & € W, ?(Q) such that

(@) = min [%\(u) ue Wol’p(Q)} , (51)

= uEKq

A0

= uU=up€cintCy (see (50)).
From , and we infer that

up is a local C(Q)-minimizer of v, (),
= g is a local Wy (Q)-minimizer of ~(-) (52)

(see Papageorgiou-Radulescu [I3], Proposition 2.12).

Using 7 and Theorem 5.7.6, p. 449, of Papageorgiou-Radulescu-
Repovs [I5], we can find p € (0,1) small such that

Ya(ug) < inf [yx(u) : [Ju — ugl| = p] = ma. (53)
On account of hypothesis H (ii), we have

Yty (p)) —» —o0  as t — +oo. (54)

1o Claim: The functional ,(-) satisfies the C-condition.
Consider a sequence {u}n>1 C Wol’p(ﬂ) such that {yx(un)}n>1 C R is
bounded and

(1+ [[un VA (tn) — 0 in W=1P(Q) = Wy P(Q)* as n — +o00.  (55)
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From we have

[(Ap(an). 1) + (A (u /m (2. wa )z < 5””|Z| | (56)
n
for all h € W, *(2), with &, — 0*.
In first we choose h = —u,, € W&’p(Q). Using we see that
llup, I < ec11 for some c11 > 0, all n € N,
= {uy Yn>1 € W P(Q) is bounded. (57)

Next we show that {u; },>1 C W () is bounded too. Arguing by contra-

diction, suppose that
|uf|| — +oo asmn — +oo. (58)

4
We set y, = ﬁ, n € N. Then ||y,|| =1, yn > 0 for all n € N. So, we may

|
assume that

Yn <y in WoP(Q) and y, — y in LP(). (59)
From we see that

f(z,2) — c12 < Balz,2) < Aug(2) ™" + f(z,2) + c12 (60)

for a.a. z € Q, all x > 0, some ¢12 > 0,

= {ﬂk( U ( >)} C LPI(Q) is bounded (see and .
n>1

[y [P
Then (60) and hypothesis H (i7) imply that
Ba(,ur ()

Yo F ()P in LY
o Oy i L (61)

with n(z) < 7(z) < 7(z) for a.a. z € Q (see Aizicovici-Papageorgiou-Staicu [II,
proof of Proposition 16).

From and , we have

1 [ Ba(z,

Tk [=e (Ag(yn), h) t) — 5 hdz

o [t IIP !

(Ap(yn), h) + <e  (62)

for all h € W,P(Q), with &/, — 0T as n — +oo0.
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In we choose h =y, —y € T/Vol’p(Q)7 pass to the limit as n — o0 and
use , and . We obtain

hm <Ap(yn)7yn - y> = 07

n—-+oo

= y, —yin WiP(Q) (see Proposition [1), hence ||y| = 1, y > 0. (63)
0

In we pass to the limit as n — 400 and use , and . We

obtain

(Ay(y), h) = / M(z)y? " hdz for all h € WyP(Q),
Q

S A =P Q= 0. (64)
On account of Proposition [3] we have

M (7p) < M(ha(p),p) = 1. (65)

From , and , we infer that y must be nodal, a contradiction.
So, {u; }n>1 € WyP() is bounded, hence {uy}n>1 € Wy*(Q) is bounded (see
B7))-

We may assume that
Up ~ win WyP(Q) and  w, — uin LP(Q). (66)

In we choose h = u, —u € Wol’p(Q), pass to the limit as n — 400 and
use and (61). Then

m [(Ap(un), un — u) + (Ag(un), un —u)] =0,

n—+oo

= limsup [(Ap(un), un — u) + (Ag(w), un, — u)] <0 (since A4(-) is monotone),

n—-+oo

= limsup(4,(u,),u, —u) <0,
n—-+oo

= wu, = uin Wi*(Q) (see Proposition [I)).
0

Therefore «,(-) satisfies the C-condition and this proves the Claim.
From (53), and the Claim, we see that we can apply the Mountain Pass
Theorem. Therefore we can find @ € W, *(€) such that

u€ Ky, Clup)NintCy (see [46)) and my < v (). (67)
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From , and it follows that

ueS\CintCy, wg<u, U up.

Proposition 13. If hypotheses H hold, then \* € L.

Proof. Let A, € (0,A*), n € N, such that A\, T A* as n — 4o0. Using the
contradiction argument in the Claim in the proof of Proposition we can find
u, € Sy, CintCy, n > 1 with {u,}n>1 € WyP(Q) bounded. Subsequently
using Proposition [I} as in the proof of Proposition we show that at least for

a subsequence we have
Uy — Uy in WoP(Q) as n — +oo. (68)
From Propositions [4 and [6] we have

uy, <u, forallneN,

= Uy, < Uy (69)

From and , we conclude that

Uy € Sy, CintCy and so A\* € L.

‘We have proved that
L =(0,\].

130 Summarizing our findings in this section, we can state the following bifurcation-

type theorem.
Theorem 1. If hypotheses H hold, then there exists \* > 0 such that

(a) for every A € (0, \*) problem (Py) has at least two positive solutions ug,

ueintCy, up <u, ug # u;
135 (b) for X = X* problem (P)) has at least one positive solution u, € int Cy;

(¢) for every A > \* problem (P))) has no positive solutions.
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4. The Solution Multifunction

In this section we examine the continuity properties of the solution multi-
function A — Sy from £ = (0, A*] into 26\ {()}.

First we need to recall some continuity notions for multifunctions. For details
we refer to Hu-Papageorgiou [7].

Let X,Y be Hausdorff topological spaces and S : X — 2Y \ {(}} a multifunc-

tion. We introduce the following continuity concepts for S(-).
Definition 1. We say that S(-) is
(a) “upper semicontinuous” (“usc” for short) if for every C C Y closed,
ST(C)={z e X :S(x)NC # 0} is closed in X;
(b) “lower semicontinuous” (“Is¢” for short) if for every C' C Y closed, ST (C) =
{r € X :S5(x) CC} is closed in X;
(¢) “continuous” (or “Vietoris continuous”) if it is both usc and lIsc.

Remark 2. 1t is clear from Definition [1} that when S(-) is single-valued, then the
notions of upper semicontinuity and lower semicontinuity coincide with the usual
notion of continuity of a map between Hausdorff topological spaces. In general
the two notions of upper and lower semicontinuity are distinct. Upper semiconti-
nuity allows upward jumps (in the sense of inclusion), while lower semicontinuity
allows downward jumps (in the sense of inclusion), see Hu-Papageorgiou [7], p.

38.

Next let (Y, d) be a metric space and A,C CY. We set
h*(A,C) =supld(a,C) : a € A] =infle > 0: A C C,],

where C. = {y € Y : d(y,C) < €} (the open e-enlargment of C'). The Hausdorff
distance between A and C' is defined by

h(A,C) = max{h*(A,C),h"(C,A)} =infle >0: AC C., C C A.].
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Let Po(Y)={ACY :A#0, Aiscompact}. Then (Px(Y),h) is a complete
metric space and it is separable (resp. Polish), if Y is separable (resp. Polish),
see Hu-Papageorgiou [7], p. 15.

Let X be a Hausdorff topological space, (Y, d) a metric space and S : X —
2\ {0} a multifunction.

Definition 2. We say that S(-) is
(a) “h-usc” if for all zg € X, x — h*(S(x), S(zo)) is continuous;
(b) “h-1sc” if for all g € X, x — h*(S(zg), S(z)) is continuous;

(¢) “h-continuous” if it is both h-usc and h-Isc.

Remark 3. Note that h-continuity of S(-) is continuity from X into the pseu-

dometric space (2¥ \ {0}, h). In general we have
“usc = h-usc” and “h-lsc = lsc”

with the converse implications failing in general. However, if S(-) is Py(Y)-
valued, then the notions are equivalent and so “S(-) is continuous if and only if
S() is h-continuous” (see Hu-Papageorgiou [7], pp. 61-62).

According to Proposition [§] for the solution multifunction A — S from

L = (0, \*] we know that it is Px(C2(Q))-valued.

Proposition 14. If hypotheses H hold, then the solution multifunction A — S)
1S usc.
Proof. Let C C C}(Q) be closed. According to Definition [1| (a), we need to
show that S™(C) ={A € L:SxNC # 0} is closed in L.

Let {\,}n>1 € S7(C) and assume that A,, - A € L. Let u,, € Sy, Cint Cy,
u, € C. Then as in the proof of Proposition [L1| (see the Claim in that proof),

we show that

{tn}n>1 € Wol’p(Q) is bounded. (70)

Let 0 < A < A, for all n € N. From Propositions |4 and |§| we have

uy <wuy, forallneN. (71)
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From and the nonlinear regularity theory (see the proof of Proposition
7), we can find 7 € (0,1) and ¢13 > 0 such that

u, € Cy7(Q) = CLT(Q) N CL@Q), [unllor-@) < c13 forallmeN.  (72)
From and the compact embedding of C;"" (Q) into C4 (), we have that

un, — uin C§(Q), uz < u (see (71))) and so u # 0,
= weS\CintCy, wed,
= A€ S (C)andso S~ (C) is closed in L.

This proves the upper semicontinuity of the solution multifunction A —

Si. O

By strengthening the conditions on the data of (Py)), we can also show lower
semicontinuity of the solution multifunction.
The new conditions on the perturbation f(z,z) are the following:

H': f:Q xR — R is a function which is measurable in z € Q and such that
(i) |f(z,2)— f(z,9)] < k(z)|z—y| for a.a. z € Q, all 2,y > 0 with k € L>(Q);

hypotheses H’ (i3), (iii), (iv) are the same as the corresponding hypotheses
Remark 4. By taking y = 0 in hypothesis H' (i) (recall f(z,0) = 0 for a.a.
z € ), we have

0< f(z,2) < E(z)p foraa. ze€Q,all0 <z <p,
and so hypothesis H (i) holds.

Proposition 15. If hypotheses H' hold, then the solution multifunction A — S

1s lsc.

Proof. According to Proposition 2.6, p. 37, of Hu-Papageorgiou [7], it suffices
to show that if A,, — Ain £, A € £, then we have

Sy C liminf Sy, = {u € C}(Q) : u, € Sy, , up — u in CF(Q)}.

n——+oo
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LetuESAgintC+andO<X§)\nforalln€N. Thenxg)\andsowe

have

uz <u (see Propositions 4| and @,

= uw "Tel*(Q) s> N (see (8)).
We consider the following singular Dirichlet (p, g)-problem:

—Apup (2) = Aqup (2) = Apu(2) ™7 + f(z,u(z)) in Q,

“%89207 1<qg<p.

(73)

We have A\,u(-)™" + f(-,u(-)) € L°(Q), s > N, and so problem has

a solution uY € int C (nonlinear regularity, see [10], and the nonlinear max-

imum principle, see [23]) and this solution is unique on account of the strict

monotonicity of the operator u — Ap(u)+Aq(u) (see Proposition [1). Moreover,

since

0 < Au(2) ™"+ f(z,u(2)) < era [uz(2)7" +1]

for a.a. z € Q, all n € N, some ¢4 > 0 and gi" € L*(Q2), s > N, we have that

{ul},>1 C C5(Q) is relatively compact
(see the proof of Proposition . We may assume that
ud — uin C}(Q) as n — +o0, ux < U
Passing to the limit as n — +oo in and using (74)), we obtain
—Apu(z) — Agu(z) = Mu(2)""+ f(z,u(z)) in Q, ﬂ’aﬂ =
This problem has a unique solution v € Sy. Therefore
u=u€ Sy CintCy.

Hence for the original sequence we have

ud — u in CF(Q) as n — +oo.
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We consider the following singular Dirichlet (p, ¢)-problem:

—Apul(2) — Ajul(z) = \ul (2)77 z,ud (2 in

Up|pq =0, 1<g<p.
As above, we have that has a unique solution u} € int C; and
ul — uin C}(Q) as n — +oo0.
We continue this way and generate a sequence {uf};>1 C int Cy such that

—Apup(2) — Aquy (2) = Anup ™' (2) 77 + f(z,up 7 (2)) in ©,

(76)
u’;’{m =0, forallneN,
wo and for each k& € Ny, we have
uf — win C(Q) as n — 4o0. (77)

We consider the sequence {u* };>o and we show that it is bounded in W **(€2).

Arguing by contradiction, suppose that

|uf|| = 400 as k — +oo (n € N). (78)

3 =

u
[

Let y, = k € Nog. Then ||yx]| = 1, yx > 0 for all £k € Ny. We may

3%

[K
assume that

Yp —yin WP(Q) and gy — y in LP(Q) as k — +o0. (79)
We have
(Al 1)+ (Ao ) = [ D)7 4 Flew )] s
for all h € WyP(Q),
> A ) + oy (o))

ukfl —n Z’ukfl
:/Q [An (”:k”p)_1 + f||(uk||z—1)} hdz for all h € WiP(Q).  (80)
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Without any loss of generality we may assume that {|[uf||};>0 is nonde-
creasing (see (78)). On account of hypotheses H' (i), (ii), we have
0< flz,ulb™1) <5 1+ uﬁ_l(z)p_l]

for a.a. z € Q, some c15 > 0,

1
Fuh1() | 1N B
&[T =45 | TakpT b1 (2)"

[l

1 _
<eas | T yr_1(z)P7|  fora.a. z € Q,
[ |

N {f(,u%‘l())} C LP/(Q) is bounded. (81)
[|uk [P )

From hypothesis H' (i) we have

fub(2)  REub(z) =i~ (2)] _ f(zub(2)

KC [[uk||P—1 G
k % k k=1
AEuE) e w6 e sy
[[ugl[? ([ugl[?

From , and using hypothesis H' (i), we have that
fCoun™'()

[l [P~
with n(z) < 77(z) < 7(z) for a.a. z € Q (see [1]). In first we choose
h=y,—y€ Wol’p(Q), pass to the limit as k& — +o0o and use , . We

obtain

)yt in L (83)

lim (Ap(yx),yx —y) =0,

n—-+oo

=y —y in WyP(Q) (see Proposition [1), hence [jy|| =1,y > 0. (84)

Then if in we pass to the limit as £k — 400 and use 7 and ,

we obtain

(A, (y),h) = /Qﬁ(z)yp_lhdz for all h € Wy* (),

= = Ay(2) =02)y()P T inQ, yl,, =0

As before (see, for example, the Claim in the proof of Proposition, using
and Proposition [3] we infer that y must be nodal, a contradiction to (84).
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Therefore we have that
{uF} >0 € Wy P(Q) is bounded.

From this, via the nonlinear regularity theory (see [8] and [10]), we obtain
that

{uF} >0 C CA(Q) is relatively compact.
So, we may assume that
uf = u, in CH(Q) as k — 4o0.
From we see that

= Dpun(2) = Aguun(2) = Antin (2) 7"+ f(2,1n(2)) in Q] =0,

= u, €95, CintC;y forallneN.

From and the double limit lemma (see Hu-Papageorgiou [7], Proposition
A.1.107, p. 901), we have

up — u in C3(Q) as n — +oo,

= u € liminf S)

n——+00

= A= Syislscon £ =(0,\*].

n?

O

Then from Propositions and it follows that under hypotheses H’,

105 the solution multifunction is Vietoris continuous. Since the multifunction is
Pp(CY(Q))-valued, it is also h-continuous.

Summarizing our findings for the solution multifunction A — Sy on £ =

(0, A*], we can state the following theorem.

Theorem 2. If hypotheses H' hold, then the solution multifunction X — S,

w0 from L = (0, \*] into Py(CL(Q)) is Vietoris continuous and h-continuous.
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5. Minimal Positive Solutions

In this section we show that for every A € £ = (0, A\*] problem (Py) has a
smallest positive solution v} € int C (that is, vl < u for all u € Sy) and we

examine the monotonicity and continuity properties of the map A — uj.

205 Proposition 16. If hypotheses H hold and X € L = (0, \*], then problem

admits a smallest positive solution u} € int Cy.

Proof. From Proposition 18 of Papageorgiou-Radulescu-Repovs [18], we know
that S) is downward directed. Then using Lemma 3.10, p. 178, of Hu-Papageorgiu

[7, we can find {u, },>1 € Sy decreasing such that
uy < u, <up forallneN, igfl U, = inf Sy. (85)
We have
(Ay(tn), B + (Ag(un), ) = /Q Vi + £(z, un)hdz for all h € WIP(9). (86)
If in we choose h = u,, € Wg’p(Q) and use , we obtain that
{tn}n>1 € WyP(Q) is bounded.
We may assume that
Up > u} in Wy P(Q) and  u, — u} in LP(S). (87)

From as in the proof of Proposition [12| (see the part of the proof after
(66))), we obtain that
w, — u} in Wy P(). (88)
Passing to the limit as n — +o0 in and using and , we have
(A3 1)+ (Ay(u3)oh) = [ IN3) 7+ £z u3)hd for all b€ W3(9)
Q
uy < uy.

It follows that

uy € Sy CintCy and wu} =inf S).
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Next we determine the monotonicity and continuity properties of the map

A — u} from £ into C3(Q).

Proposition 17. If hypotheses H hold, then the minimal positive solution map
A — u} from L = (0,\*] into C}(Q) has the following properties:

(a) it is strictly increasing, that is,
0<pu <A< AN =u) —u, €intCy;
(b) it is left continuous.
Proof. (a) According to Proposition we can find v € S, C int Cy such that

uy —u € int Cy,
* * . . *
= wu)—u, €intCy (since uj, < u),

=\ — u} is strictly increasing.

(b) Let {An}n>1 € £ = (0,1*] and assume that A, — A7. Let u, = u} €
Sy, C int C4 be the minimal positive solution of (Py, ) produced in Proposition

[[6l We have

uy, <uy <ul. foralnel,

= {uptn>1 C Wol’p(Q) is bounded.

From this as before (see, for example, the last part of the proof of Proposition

B), from the nonlinear regularity theory of Lieberman [I0] we have that
{u}n>1 C C5(Q) is relatively compact.
Since {u} }n>1 is increasing (see part (a)), we have
uf — U} in C3(Q) as n — +oo. (89)
We claim that u} = 3. If this is not true, we can find 2y € Q such that
i (20) < 3 (20),

= uX(20) < up(z0) forall m > ng (see (89)),
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which contradicts part (a). Therefore u§ = u} and this proves that the map

A — uj is left continuous.

O

We can state the following theorem.

Theorem 3. If hypotheses H hold and A € L = (0, \*], then problem has

a smallest positive solution u} € int C and the minimal positive solution map

A = uX from L into CL(Q) is strictly increasing and left continuous.
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