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and penalty techniques are used to enforce displacement continuity and kinematical boundary
conditions. Classical Rayleigh damping is considered and solutions are obtained through the
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cases for multi-component, variable stiffness composite structures to be solved, providing the
same levels of accuracy as finite element analysis yet with a reduced number of variables and
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Nomenclature

global cartesian coordinate system

local curvilinear reference system

transformation matrices from the local to the global reference systems
position vector of a point on the shell’s reference surface
offset of the shell’s mid-surface

tangent vectors along the & and & lines

metrics of surface first fundamental form

unit vector normal to the reference surface

metrics of surface second fundamental form

principal curvatures of the shell

principal radii of curvature of the shell

shell reference plane

boundary of the shell reference plane

kinematically constrained and loaded part of shell boundary
common edge between pth and gth shells

coordinates of the Bézier net control points

displacement vector and its first time derivative
displacement components

translational displacement of the shell reference surface
rotational displacement of the shell reference surface

strain components

in-plane and out-of-plane strain vectors

generalized strains, shell curvatures, and generalized shear strains vectors
shell curvature operator matrices

in-plane and out-of-plane differential operators

in-plane and out-of-plane stress vectors

laminate fiber angle

in-plane and out-of-plane stiffness matrices

shell kinetic energy

shell internal energy

work of external forces
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work of dissipative forces

inertia matrices

laminate stiffness matrices

shear correction factor

generalized stresses, moments and shear forces

Boolean matrix operator

prescribed generalized displacements and rotations

forces and moments per unit area applied on the shell domain
resultant forces applied on the shell’s boundary

resultant moments applied on the shell’s boundary

Rayleigh dissipation

Rayleigh damping coefficients matrix

Rayleigh damping matrices

Rayleigh damping factors

matrices of penalty coefficients

trial functions

vectors of trial functions

matrix of trial functions

in-plane and out-of-plane discrete differential operators
vectors of Ritz coefficients

vector of Ritz coefficients of displacement trial functions and its time derivatives
vector of Ritz coeflicients of rotation trial functions and its time derivatives
vectors collecting Ritz coefficients and its time derivatives
system mass matrix

system damping matrix

system stiffness matrix

system penalty matrices for shell boundary conditions

system penalty matrices for shell continuity conditions
system domain and boundary loads vectors

number of polynomials used for displacement approximation

number of domains used in structure’s decomposition



Superscripts

ok = notation for quantities of kth shell domain

Subscripts

o, = notation for translational displacement related quantities
° = notation for rotational displacement related quantities

I. Introduction

v virtue of their high stiffness and strength-to-weight ratios, thin walled composite shell structures are common
B essential components of advanced aerospace, naval and automotive engineering structures. Furthermore, the
introduction of variable stiffness composites [1, 2] gave the designer a new way of tailoring the performance of laminated
composites by changing the lamination angle at the ply level within the planform of the structure. It is well established
that variable stiffness (VS) laminates can improve the buckling [3-5] structural response allowing additional weight
reduction to be achieved when compared to straight fiber laminates. On the other hand, the primary load carrying
structures in aerospace and automotive applications are subjected to dynamic loads under different operating conditions.
These structures when subjected to time-periodic loads can undergo resonance for certain combinations of excitation
frequency and amplitude of the applied load. Therefore, understanding the dynamic response characteristics of high
performance lightweight structures is important from both a theoretical and design point of view. This aspect becomes
even more important when considering VS laminates, as the fiber angle variation of the laminate can also be used to
improve the dynamic response by tailoring the structural stiffness [6], even though it implicitly causes a more complex
vibration response of the structure when it undergoes time-dependent loadings. The importance of these aspects is
supported by the presence of extensive literature devoted to the study of the dynamic response of VS plates and shells.
Referring to the analysis of plates within the finite element (FE) framework, Ribeiro and Akhavan[7] used a p-version
FE formulation to carry out the free vibration and transient analysis of VS composite plates using a first order shear
deformation theory and taking geometric non-linearity into account. Also, a p-version FE with a third-order shear
deformation theory description has been used by Akhavan and Ribeiro [8] to study the linear free vibration of VS
composite plates. The same framework has been used later by Ribeiro and Yazdani [9] to perform linear free vibration
analysis of thick composite laminates with curvilinear fibres using a layerwise description. Ribeiro and Akhavan also
presented a FE approach along with a shooting method to find periodic solutions of the equations of motion [10] and to
study the non-linear forced vibration problem of imperfect VS laminated plates [11]. More complex and specific case
studies have been also considered; Guenanou and Houmat [12] studied the free vibrations of symmetrically laminated
VS composite circular plates using hierarchical finite elements with first order shear deformation theory (FSDT). More

recently, Houmat [13] applied the p-version of the finite element method for the three-dimensional free vibration analysis



of VS plates. Samukham et al. [14] developed a FE analysis tool to study the dynamic instability of simply supported
VS composite plates with delamination around a cutout in the framework of the FSDT theory. Zhao and Kapania [6]
implemented a FE approach to study the vibration modes of a prestressed stiffened VS composite plate.

As an alternative to FE solutions for plate problems, Vescovini and Dozio [15] applied the variable-kinematic Ritz
approach within Carrera’s unified formulation (CUF) framework to study free vibrations of VS laminated plates.
Tan and Nie [16] studied the free and forced vibration problem of annular thin VS composite plates with elastically
restrained edges by the method of weighted residuals. Akbarzadeh et al. [17] used a hybrid Fourier-Galerkin method
with third-order shear deformation theory to retrieve the forced vibration response of moderately-thick VS composite
plates. Heydarpour and Aghdam [18, 19] presented transient analysis of VS composite plates in the framework of
three dimensional theory of elasticity implementing a layer-wise differential quadrature method (DQM) and a mixed
integral—differential quadrature method developing a new multi-step time integration method.

Focussing attention on the FE analysis of VS composite shells, FE solutions have been presented by Lo and Hyer [20]
for free vibration of thin-walled elliptical VS composite cylinders. Ribeiro and Stoykov [21, 22] implemented the
p-version finite element approach for the geometrically nonlinear free and forced vibration response of thin cylindrical
VS composite shells.

In the framework of generalised differential quadrature method (GDQM), solutions for the free vibration analysis of VS
composites conical shells treated by the FSDT theory have been presented by Wu and Lee [23]. Tornabene et al. [24]
applied the Local Generalized Differential Quadrature (LGDQ) in the Carrera Unified Formulation (CUF) framework
for the free vibration analysis of singly and doubly-curved VS panels. Recently, Tornabene et al. used the LGDQ
method along with the CUF formulation to solve the free vibration problem of doubly-curved sandwich shells[25].
Samukham et al. [26] presented GDQM solutions of the dynamic instability problem of VS composite thin shallow
shells. Venkatachari et al. [27] studied the free vibration characteristics of VS cylindrical and spherical composite
shells using of a higher-order structural theory with a Galerkin framework.

Despite many works discussing the linear and nonlinear dynamic analysis of VS shells, the literature survey shows
that most of the published works are limited to shells of revolution. With particular reference to the dynamic response
of VS shell structures, to the best of the authors’ knowledge no damping has been considered in previous works.
Furthermore, mesh-based approaches, when applied to VS laminates, often require a discretization of the fiber angle
variation as an element-wise constant value, making the solution even more mesh-size dependent whilst requiring ad-hoc
mesh data preparation routines. This aspect makes mesh-less techniques appealing, since in such methods no further
approximations need to be introduced to model VS composite layups and the fiber angle variation can be expressed as a
continuous function within the integration domain. Among various mesh-less approaches, the Ritz method has been
successfully applied to many static and dynamic problems. Gulizzi et al. and Oliveri et al. applied the Ritz method for

the linear buckling and geometrically nonlinear analyses of VS composite structures [28-30], showing its accuracy and



computational efficiency when compared to FE solutions. Focussing on Ritz solutions for the dynamic behaviour of VS
laminated composites, only two works have so far been proposed, Chen et al. [31] and Loja et al. [32], showing the
method’s potential robustness, even though their solutions are limited to flat plate configurations.

With these limitations in mind, the aim of this work is to develop an efficient Ritz analysis tool for the free vibration and
the linear transient analysis of variable stiffness doubly-curved laminated shell structures undergoing arbitrary loads and
boundary conditions. The shell model is based on first-order shear deformation theory and no further assumption is
made on the shallowness or on the thinness of the structure. General stacking sequences are considered and Legendre
orthogonal polynomials are employed to approximate the unknown displacement field. Stiffened variable angle tow shell
structures are modeled as an assembly of shell-like domains and penalty techniques are used to enforce the displacement
continuity of the assembled multi-domain structure and kinematical boundary conditions. For the forced vibration
response, classical Rayleigh damping is considered and solutions are obtained through the Newmark integration scheme
[33]. This approach has: (i) the advantage of simple preprocessing, as it only requires the geometrical information of
the shell and the function that analytically describes the fiber variation within the composite layup; (ii) the feature to
capture the geometrical description of the shell structure through a rational Bézier surface representation so that no
geometrical approximation is introduced; (iii) the versatility to model a wide range of configurations and load cases
for multi-component, variable stiffness composite structures, providing the same levels of accuracy as finite element
analysis with a reduced number of variables. The proposed solution is validated by comparison with literature and finite
elements analyses and original results are presented for the free vibration and linear transient solution of VS stiffened
shell structures showing the capability of the present method in modelling typical aerospace structural components such
as curved stiffened panels and nacelles.

The work is organised as follow: the geometrical description and the shell formulation is presented in Sec.II. Next,
details of the Ritz approximation procedure and the solution method are provided in Sec.IIl. Details of the model are
presented in Sec.IV. The validation of the proposed method and original results are discussed in Sec.V, followed by

concluding remarks in Sec.VI.

II. Formulation
The proposed modeling strategy relies on a decomposition of the entire structure into shell-like domains. In turn,
the entire thin-walled structure is assembled by enforcing the boundary conditions for each component; these are given
by displacement continuity and traction equilibrium along the edges joining different domains and by the external load
and kinematical constraint conditions. These constraints are introduced with a penalty approach in a similar fashion
to other works presented in the literature to assemble Ritz domains [34—37] and has been extended by the authors to
account for an FSDT description with six degrees of freedom [28-30]. Note that within this work the decomposition

of the structure into multiple domains has the sole purpose of enabling the modeling of complex multi-component



structures and the present Ritz approach relies on the number of polynomial trial functions used in the approximation of
the displacement field in order to improve accuracy of the results (see Sec. III).
Consider a thin-walled structure treated as an assembly of Rp quadrilateral composite multilayered shells, as shown in

Fig.1. Let the superscript k inside angle bracket denote quantities associated with the k-th domain. Each shell is an

Figure 1 Assembled structure reference systems

N-layered quadrilateral domain with thickness 4. Let us assume the layers have constant thickness and are made of
homogeneous and orthotropic material. The shell can be kinematically constrained on the lateral boundary and it is
subjected to domain and boundary loads as specified in the following Sections. The whole structure is referred to a

global cartesian coordinate system R whose axes are denoted by x;.

A. Shell’s surface mapping

Consider the k-th shell of the thin-walled structure as an isolated structural entity. In this subsection, the superscript
(k) is omitted to simplify visual complexity, but is restored later when relevant for the formulation development. Let the
domain occupied by the shell reference plane be denoted by Q with dQ as its boundary. A uniform thickness curved
shell domain is shown in Fig.2a, where (¢1,&,,7) denote the curvilinear coordinates spanning the reference surface
( = 0). The position vector of a point (£],&,,0) on the reference surface is denoted by r. The mapping of the shell
domain to the square domain [—1, 1] X [—1, 1] where integration rules are applied is done introducing a rational Bézier

surface representation [38] . The components of the position vector r of the shell’s reference plane are expressed as

o = Zn: isi,j(‘fl’fZ)xau a=1,273 (1

i=0 j=0
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where xo, ; are the coordinates of the Bézier net control points and

Bin B'm i, -1 > > 1
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In Eq.(2), Bp,4 (&) are univariate Bernstein polynomials and w), , are the control weights. Hence, the position vector r

of a point (£1,&,0) on the reference surface is expressed in compact matrix form as

r=(SE.&)X)" 3)

where X is a (n+ 1)(m + 1) X 3 matrix that collect the coordinates x,, ; of the control points and S isa 1 X (n+1)(m + 1)
vector that collect the functions S; ;. By differentiating Eq.(3) with respect to the & and &, coordinates it becomes
possible to obtain the vectors g, and g, tangent to the & and & lines and retrieve the first fundamental form quantities

defined as

“% =818 a% =8y8) axcos$ =g g 4)

From this point forward, we assume that & and &, are orthogonal such that &1 and &, curves are the lines of principal

curvature on the reference surface. Then

cosp = Er8s _ 0 5
ayar

Note that as Eq.(3) is a general parametric description of a surface that maps the shell domain into a unit square, the
orthogonality condition of the &) and &, coordinate lines, namely Eq.(5) has to be assessed in order to ensure that &; and
&, curves are the lines of principal curvature on the reference surface. The unit normal vector to the reference surface #

can be determined as

81%X8>
ayay

(6)
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Finally, considering the definition of the coefficients L and N of the second quadratic form of the reference surface [39],

namely
82
L=i- —~ (7a)
3|
32
N=h - (7b)
23)
and using Eq.(3), the curvatures k; and k, of the & and &; lines can be evaluated as
L
ky=-— (8a)
a



ky = —— (8b)

B. First order kinematics
The first order shear deformation theory (FSDT) is considered and thus the displacement field referred to the

j'%(‘f],fz, ) coordinate system is given by

di = uy (£1,6,0) + (¢ + OB (61,6,1) (92)
d> = up (€1,6,1) + (£ + ) (£1,60,1) (9b)
dz = uz (£1,62,1) (9¢)

In Eq.(9), { is the offset of the shell’s mid-surface (¢ = 0) with respect to the reference surface (¢ = —Z). Hence, uy, up
are the displacement components of the points of the reference surface along the £ and &, axis, u3 is the transverse
deflection along the ¢ direction, ¢; and J, are rotations of the transverse normal around the & and &;-axis, respectively.
Egs. (9) can be compactly written as

d=u+(+0)LY (10)

where uT = {ul,uz,ug}T, ﬂT = {191,192,193}T and

1 00
L£=10 1 0 (11)
0 0 0

Note that with the definition of the matrix £ the introduction of the “drilling” rotation 3 = 93 (£1,&;) does not affect
the displacement field. In the framework of small deflections and rotations, the strain-displacement relations [39] can be

written in terms of generalized strains as

(3]

ep=epn( =2, e+ + k] (12a)
e
€13

en = =%y (12b)
€3

10



where the matrices 2, , 2, and the generalized strains are defined as

[ 1
[1+k1(2+2)] 0 0 0
_ 1
Z, = 0 TR 0 0 (13a)
0 0

1 1
[1+k1(2+D)] [1+ka(E+D)]

1
—L 0 0
7z, = |l (13b)

0 —L 0
[1+ka(¢+D)]
. 1 9 1 day
e ay 9&; @a; o, K
u
1 9ay )
&n ey ka
&= _ | araz 9§ az 98 w = Dp (14)
s __1_ 94 1 o 0
12 ajay 9% ay 9
u
1o 1 va |8
€21 apy 90&) ajay 0&]
) 1 9a
“u ay 9&1 a9 9
. Loa 1 s of [T
K= =| T “@ 98 9t = Dp g (14b)
1 aj 1 _0
k12 Tajay 95 ay & 0 9
© 1 .8 1 day 0 3
21 2 08 ajay 9§
]
Y13 —ki 0 arag | | 1 0 0ffn
Y= ya(=| 0 —ky 61]72% u(+t10 1 [VIRE) =9nuu+@n90 (14c)
0 0 0 0 u3 0 0 0f(Y

C. Shell Constitutive relations

Assuming plane stress conditions (0, = 0), the elastic constitutive equations for the generally oriented x—th

orthotropic lamina, referred to the laminate coordinate system, are written as

op,=0,ep (15a)

o,=0,e, (15b)

Note that the (3 x 3) matrix Qp, and the (2 x 2) matrix @, that contain the ply stiffness coefficients depend on the
fiber orientation 6 of each ply. For VS composite shells they can be considered as a function of the in-plane coordinates

of each layer being 6 = 6(£),&;) [28].
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D. Principle of Hamilton
The governing equations of the assembled structure are deduced through Hamilton’s principle [40]. According
to Rayleigh’s damping approach [41], a separate functional is introduced to account for dissipative forces. Then,

considering N, domains, Hamilton’s principle states that

n (Ro n (Ro
/ {Z [6K<k>+(6U<k>+6Ve<k>)]}dt—/ {25Vd<’<>}m:0 (16)
I3l k=1 I3}

k=1

where K (K is kinetic energy of the k-th shell, U‘*) is the strain energy, V§k> and V;H are the works associated with
external loads and dissipative forces respectively. In the following subsections the expressions of these energy quantities

are derived.

1. Kinetic energy of the shell
First we observe that the infinitesimal volume element of the shell, considering the standard procedures of differential

geometry, can be expressed as [39]

dV =1+ ki + D] [1 + ka(¢ + D) araz dédérdl =

a7
[1+ki(Z+ D] [1+ k(¢ + )] dQdl
The kinetic energy of the shell can be written as
1 . .
K=- / a (13p) ddv =
(18)

2 )y
: /Q [(i” Ioit) + (" 10) + (8" LT ) + (87 1,6) | a2

where p is the density and I° is a (3 x 3) identity matrix and d is the temporal derivative of the displacement field,

namely Eq.(10). The inertia matrices Iy, I1, I are defined as

10=/§(13p) [1+k (C+ )| [1+k (¢ + )] dC
I =/{(1%)L C+O [k (C+)][1+ka (¢ + )] dC (19)

12:/{LT (I3p)L({+Z)2[1+k1 (§+§‘)] [1+k2 (fﬁf)]d{
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2. Internal energy of the shell

The internal energy of the shell is written as

1
U =§[/ (eIT,crp + eZ(r”) dv =

1 [ [ i §

Efngh (ehory +ehoa) [14 ki (¢ + )] [1+ ko (¢ + )] dgd2 = (20)
fe=1 ¢ hic-1

i

3 /Q [sT (A& + Bk) + k" (Be + Dk) + y" (As7) ]dQ

In Eq.(20), resultant forces and moments acting over the shell’s modeling plane have been defined as

Iz =

0

Ny h/2 _
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np
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ne o Dy _
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where, Z, = [1+ ki + )] [1 + ko( + D] 2T and & = [1 + ki(£ + D] [1 + ka(¢ + §)] ZT. In Egs.(21), nyy is

the total number of plies within the laminate whereas hy_; and /i1 are the bottom and top face { coordinates of the

k-th ply, respectively. Also, in Eq.(21c¢), the shear correction factor K has been introduced. Finally, Egs.(21) can be

compactly written as

N A B O0f]|e
M(=|B D 0]« (22)

T| |0 0 Ag||y

13



3. Work done by shell’s external forces

The work done by external loads acting on the shell is written as

Ve=- / [uTq + 0Tm] dQ
Q
- /aQ [u” N +9" M| doQ (23)
1

- /a ) [uTﬁmTﬁ] 460

In Eq.23, the external loads and constraint reactions of the shell consist of the forces ¢ = {g1 ¢ ¢3}” and moments
m = {m; my 0}7 per unit area applied over the domain Q and the resultant forces N = {ZV | N> N; }T and moments
M= {M, M, 0}T per unit length applied on the boundary Q. On the loaded part of the plate boundary 9€};, is N=N
and M = M, where the overbar denotes prescribed quantities.
The essential boundary conditions of the shell are provided prescribing the generalized displacements on the part Q.
of the boundary and they read as

=,u ==Z,u on 0Q, (24a)
299 =Zpd  on Q. (24b)

where, again, the overbar denotes prescribed quantities and =, and =4 are suitable Boolean matrix operators that select
the constrained components of the generalized displacements vectors. It should to be mentioned that both external loads

and constraint reactions can depend on time.

4. Shell’s viscous damping

Rayleigh’s dissipation factor R; can be defined as [42]
1 T .
Ry= = / d Cddv (25)
2 Jv

where C is the damping matrix. This expression allows the work done by dissipative forces, namely V 4, to be written as:

R, .
vd=/dT (Q) dV=/dTCddV=
od 1%

[(u” Cott) + (u" C10) + (6" C1"4t) + (67 C20)]d0

(26)
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where d is the temporal derivative of the displacement field d, namely Eq.(10). The damping matrices Cy, Cy, C; are

defined as

Cy

Cll+ki(+)][1+ka (¢ + )] dC
CLL+)[1+k(C+)][1+k(¢+)]dt 27)

Cr=| LTCL(Z+ ) [1+k L+ )] [1 +ka (¢ +8)] dC

)
1l
N L

E. Edge continuity conditions

Let I',, be the common edge along the two contiguous shells denoted by (p) and (g). The joining conditions
along this edge require displacement continuity and traction equilibrium. The displacement continuity on I',, is
implemented requiring that: (i) the modeling plane translations of the two contiguous shells have equal components in
the global reference system R, (ii) the rotations around the global axes x; of the two contiguous shells are equal. These
considerations give

Aglp>u<p> — /\g’)u(q) on Tp, (28a)
/\g’):?(”> = /\gﬁz?(q) on Iy (28b)

where /\f,r> are suitable transformation matrices from the local to the global reference systems, which contain the
directional cosines between the axes x; and §i<k>. It is worth nothing that by introducing the drilling rotation, one
assumes that rotations around the local ¢ *?-axis of the shell are admitted despite their non-influence on the shell’s
displacement field. This process allows all of the possible cases of edge rotation continuity to be treated by a single
formula that is Eq.(28b). Indeed, in Eq. (28b) three-component rotations vectors are used and each rotation component
of the first shell can match a corresponding rotation of the second shell [43]. For the case of an edge shared across
multiple shells, Eqgs. (28) are written for all possible coupled combinations of shells consisting of a fixed domain and
others. Regarding traction equilibrium, these reduce to the equilibrium of the boundary resultant forces and moments

expressed in terms of their components along and around the global references axes, respectively. Therefore

S APN =0 (29a)
i

S AP =0 (29b)

where the summation involves all of the shells joined at the considered edge.
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F. Governing equations
Upon substitution of Eq.(18), Eq.(20), Eq.(23), Eq. (26) and Eq. (29) into Eq.(16), integrating by parts with respect
to time, invoking the condition of zero variation at the beginning and end of the time interval, the governing equations

of the assembled structure are written as
R

5] L ok
L2303
1 ko ek

5,,<k>T(,l<k>,-,-<k> +,2<k>,§<k>)] do+
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s k)
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k=199
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T ()T (k) (k). (k) , =T (k) (k). Tk
> [ [ (5 0 u) s 2 ol 2 Pu )+
k=1 c
T (T (k) 2(k) g(ky | (kYT (k) = (k) ok
590" (2007 0P 29" + 20" 0 29| do0r
Rp-1 Rp 1 T
/F : [ ALu®) AL | oD [ AL AL | ars
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et R L1 0 am) _ a@ra@ 1T ooa) [ Apdalp) Al gi@
/rpqi[/\ﬁﬂ —APID | oD [ AR 9P - AP | art dr =0

p=l g=p+1

where Rp is the number of shell-like domains used in the domain decomposition of the structure and w,ik>, wgd, w,ip )

and a)g’ ) are diagonal matrices containing the penalty coefficients. Note that the joining constraints are algorithmically
expressed considering all of the possible coupled combinations of shells in the structure through the double summation
introduced in Eq.(30); if the shells (p) and (g) do not share a joining edge then I',, has zero measure and thus the

corresponding constraint actually become meaningless. Similar considerations hold for the essential boundary condition

constraints, which are introduced for all of the shells and give no contribution if 6Q§k> has zero measure.

III. Ritz approximation

A. Generalized displacements and strain-displacements relations
The generalized displacements of the shell in the local fTQ(f 1,&2, ) reference system are approximated by a series of

trial functions as
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M. N;

7= 303 pilé1) pi(&2) Cry (1) = W61, £)C- (1)

i=1 j=1

3D

In Eq. (31) the 1 X N; M, row vectors W, with T € {uy,up, u3, 91, 9,93}, have components Yri-t)M,+j = pi(€)pi(&)

whereas the N; M, X 1 column vectors C,(¢) contains unknown coeflicients that are functions of time.

According to Section II.B, the generalized displacements are conveniently written as

u=10 Y, 0 |1Cu,(~|¢u,|U=2PuU

0 0 | [Cy b9,

d=10 W5 0 |(Co(=|0s,|O=Ps0O

0 0 Wy |[Cs b9,

From Eqgs (14) one deduces

& =9Pu u= [@pud)u] U= BPUU
K =Dpyi = D, 0 =B, 0

Y =Dnu+Ld=(9,,0,]U+[LDy]O=B,,U+B,,0
with the corresponding virtual variations

o =B,,6U
0k = =B,,60

5y =By, 6U + B, 660

B. Linear transient system of equation

(32a)

(32b)

(33a)
(33b)

(33¢)

(34a)
(34b)

(34c)

Upon substitution of Eqs.(32) and (33) into Eqs.(30) and considering the arbitrariness of the virtual displacements

sU %) and 60X the system of equations of the assembled structure needed for solution can be obtained and expressed

in its classical form as

KuX+KcX+KX=Fp+F,
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where, K 5y and K ¢ are block diagonal symmetric matrices, K is a block symmetric matrix and X, X and X are block
column vectors that collect all unknown Ritz coefficients and their first and second time derivatives. Likewise, F p and
F 1 are block column vectors. The total number of blocks of equations is equal to the total number of shell domains of

the assembled structure, Rp. Therefore, for the k-th domain, the k-th block of equations can be written as

Rp
(k) 5 (k) | g () 5 () (k) (k) (k.k) |y (k)
KMX +KC X '+ K0 +RY + E Pkr XV —

r=1

r#k for k=1,---,Rp (36)
B [ ks g () k) | i)
Y |pErx 0] =k < F
r=1

r;k

where
AVA T
Jottey @u O LR, KN dQ [y (@, 1y )Y dQ
K = (37a)
/ﬂ<k>(%<k>TII<k>q,u<k>)dg fﬂ<k>((p0<k>7—12<k>q)ﬂ<k>)dQ

NT . NT
Joty (@ BT CE 0D, a0 [ (@0 BT €109 ) dO
K& = (37b)
T k . T a
Jotoy @ ® T TH 0, 0y da [y @y 0T 0@y 0) a0

) T 4 (k) g¢k) W) T (k) (K ) T (k) (k) ) T 4 (k) g ¢k)
" otk (B,,U AR BE L BU Al >B,,U)dQ otk (B,,U BB+ Bl A >3,,@) do
Ko = (37¢)

&) T T gy (k) k)T 4 (k) (K k) T k) gk k)T 4 (k) gy (K
Jato (BS BOTBY, + B TARBE) Jdo [ (BS, DO BS) + B ANB) ) do

T ST (k) ok
R Jya (‘I’V =4 wf,)=f,)®u)d69 0 -
= c
0 T glT k) =200 g®)) 150
/asz<Ck> v T Yo Zo Do
T (T
s g (@A 02D AL @) ar 0 o
) €
" 0 (I><V>TA<r)T (Pq)A(S)(I)(S) dr
frpq 9 9 Py 9 9

ot (d)ngq(k)) aQ
F& = : 37)
Jott) (‘Dfak> m<k>) aQ

T (k) - (k) (T 5k
k) @ =, u + xy @ N
F(k) _ /HQE- )y Pu u '/8Q§ )y Pu

L (37g)

)T = (k) g(k) )T 42 (k)
Syt @5 =y 9 +/aQ§k> oy M

Thus Eq.(35) can be solved with the Newmark numerical time integration method. Note that by using the penalty
method [44] to enforce natural boundary conditions the dimension of the stiffness operator remains unchanged. In fact,
only the sparsity of the resulting stiffness matrix K reduces due to the presence of off-diagonal terms. Furthermore,

properties including symmetry and positive-definiteness remain.
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C. Linear free vibration system of equation

The undamped free vibration eigenvalue problem is straightforwardly retrieved from Eq.(35), namely
[K—aﬂKM]X —0 (38)

where the eigenvalue w? is the circular frequency and the eigenvectors X are the Ritz coefficients associated with the

vibration mode. As for Eq.(35), for the k-th domain, the k-th block of equations can be written as

Rp
(k) k (k,k) 2 g (k) k
K+ RO+ PED _ 2k ()| x®) -

r=1
r+k

Rp
5 -
r

r=1
r#

for k=1,---,Rp 39

IV. Implementation and modeling strategies
The proposed Ritz approach has been implemented in an analysis tool with the following features. The trial
functions y;(£1,&,) are constructed by using orthogonal polynomials whose efficiency and performances for this kind of

formulation are well established [45]. In particular, one sets

l!/(nMer) = Qan(fl)Xm(fZ) n= 07’N’ m = 09--~3M (40)

where M and N are the order of the approximated variable expansion and ¢, (£1) and yx,,(&;) are one-dimensional

orthogonal polynomials. For the present paper, ¢, and y,, are chosen as Legendre orthogonal polynomials

o) = ) = o (2= 1)' @

Jacobi and Chebyshev orthogonal polynomials [46] have also been tested without appreciable variations in results. The
trial functions provided by Eq.(40) generally do not satisfy the kinematic boundary conditions, which are explicitly
imposed as a constraint in the variational statement (see Eq.(30)). Different approximation schemes based on trial
functions that satisfy the kinematic boundary conditions could also be employed. Nevertheless, the trial functions given
by Egs.(40) and (41) allow simple implementation and efficient evaluation of the line integrals involved in the system
matrices. The penalty coefficients are chosen considering them as artificial springs distributed along the shell joints,
whose stiffnesses per unit length are set as 105-times the mean of a representative stiffness coefficient, evaluated for the
involved contiguous shells. Actually, for the translational springs the representative stiffness coefficient is chosen as the

maximum Young’s modulus of the laminate, whereas for the rotational springs it is chosen to be the maximum value of
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the laminate Young’s modulus times the square of the shell thickness. As with literature findings [47, 48], sensitivity
analyses showed that the results do not appreciably vary for S between 3 and 7; therefore in the implementation of
the numerical tool a value S = 5 has been used. Offsets £ can be used to define the relative position along the
thickness of contiguous shells. They also select the modeling plane that defines the physical meaning of the generalized

displacements and on which loads, kinematic constraints and edge continuity are applied (see Fig.3). The domain

a)

AcC
\
- i (q)midplane
A ) /
1
___________________ [ Q-
_@ /
!
| I
‘\ E(P) l |
\ .
B bbb (@ v modeling
\
(D) midplane 1 (P)
an

Figure 3 Edges of contiguous shells and offsets

integrals as well as the boundary integrals are numerically computed by Legendre-Gauss quadrature formulae whose
order is suitably set according to the order of the employed polynomials for satisfactory accuracy [49]. Their evaluation
requires the description of the shell’s constitutive law that for VS laminates depends on the reference surface coordinates

through the variation of the fiber orientation 6 that is assumed to be

9<k>(x1<k>’ x2<k>) _ 9<k>(§1<k>’ §2<k>) = 6,0 & iwi<k>céf> (42)

i=0
where Gék> is a constant fiber angle. The unknown coeflicients Cy, are determined by collocation of Eq. (42) at a
set of (M + 1) reference points in the shell domain where the fiber angles are given as input data. In the current
implementation of the computer code, linear variation (M = 1) of fiber orientation angles is considered although more
general distribution can be straightforwardly considered. In particular, fiber angle variations as introduced in Ref. [2]
are considered. Considering the possible complexity of fiber orientations in thin-walled structures, to simplify the data

ék>, which is tangent to the

preparation, the fiber angle variation of each shell of the structure is referred to the vector #
modelling plane in the point Py and together with the surface normal in P defines the zero fiber orientation plane I'y.
Hence, referring to Fig.4, let us consider a reference curvilinear axis r as the intersection between the reference surface
of the shell and the plane I" which is obtained by rotating I'y along the normal in Py by an angle 8y. Consider a point A

to be the origin of the axis  and 6, be the angle between the fiber and the direction r at the point A. Moving along the

r-axis, at a characteristic distance d from the point A, the fiber angle becomes 67, at the point B. The fiber angle along
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the r-axis is assumed to vary as

’ ’ i ’
0(r) = 60 + (0 = 0))= + 04 (43)

where 7 can be specified as 7 = r or 7 = |r|. It is worth noting that these definitions allow both symmetric and
nonsymmetric variations of the fibres angle to be described with respect to the chosen starting point. Eq. (43) defines
the fiber angles on the r-axis; it is assumed that the fiber orientation at other points in the domain is obtained by
shifting this basic path in a direction perpendicular to the r-axis. Thus the fiber orientation becomes a function of both
local in-plane coordinates, namely 6 = 6(¢£1,&,). According to this kind of fiber pattern, a VS ply is described by the
notation 6y + (0,05 ) if 7 = |r| or 6 + ((0,10%)) if 7 = r. The laminate layup is then described by the conventional
representation assuming that a + sign in front of either 6y or (0’,0) or ((0’,10};)) means that there are two adjacent

layers with equal and opposite variation of the fiber angle. This notation actually extends that introduced in Ref. [2]. In

Figure 4 Shell with fiber orientation angle definitions

the implementation of the linear transient solution procedures, the following assumptions are considered: (i) the model
used for structural damping is viscous and frequency dependant; (ii) the approach is formulated for the linear response
of the structure. Hence, in the framework of the Rayleigh damping model, the damping matrix of the system, namely

K ¢ in Eq.(35), is numerically evaluated as a linear combination of the mass and stiffness matrices as

Kc =aKy + K (44)
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The coeflicients a and g are determined from user-specified damping ratios ; and {; for the i-th and j-th modes
respectively by solving the system

wil| | i
Z = (45)

wi| |\B gj

_
g~

&l

which then allow for the evaluation of damping ratios for all natural modes of vibration of the structure. Finally, the

linear transient governing equations are solved by commonly used Newmark time integration schemes.

V. Validation and results

In this section, free vibration and linear transient analyses of VS shell structures are carried out and results are
compared with literature and FE solutions. To show the capabilities of the present method, original results of free
vibration and transient analyses of VS stiffened shell structures are presented for two case studies: a VS stiffened
doubly-curved shell and a VS stiffened variable curvature shell. Those geometries are chosen as representative of typical
aerospace structures such as generally curved stiffened aircraft panels and nacelles. Due to absence of literature results
for VS stiffened shells, the results are compared with FE. Note that the chosen layups and structural configurations
do not represent optimized designs for the chosen load-cases, rather serve to demonstrate the robustness and wide
applicability of the modelling approach. All the reported FE and Ritz results follow a convergence study that is not fully

reported in the following for the sake of conciseness.

A. Free Vibrations
In order to benchmark the proposed method, a convergence analysis is carried out first considering simple cylindrical

shell geometries. The general cylindrical shell geometry is depicted in Fig.5. Two test cases TC1 and TC2 with

Ty

a \xl

Figure 5 Cylindrical shell geometry
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different radius/thickness ratios are studied. For both TC1 and T C2, the material properties CFRP; shown in Table 1
are considered and a fully clamped boundary condition holds along all of the edges. Details about the geometry and
layups are shown in Table 2 and Table 4 for TC1 and T C2 respectively. Referring to Fig. 5, all fiber angle variations are
considered with respect to a direction vector iy tangent to the curved edge of the cylinder in x; = 0 and the characteristic
distance d starts from the edge midpoint and equals half of the curved edge’s length. Values of the first ten natural
frequencies of the shell TC1 are reported in Table 3 for increasing number of polynomials Rp = {8, 10,12}, while
values of the lowest ten natural frequencies of the shell 7C?2 are reported in Table 5 for increasing number of domains
Rp = {1,2,4} and Rp = 8. The multi-domain analyses are carried out considering equally sized domains. Note, this
convergence study varying Rp and Rp is carried out just to verify the ability and the accuracy of the penalty method
herein employed to apply continuity conditions between Ritz domains. In fact, according to the essential idea behind
the Ritz method, the present approach relies just on the number of trial functions used in the approximation of the
displacement field in order to improve the accuracy of the solution. The analysis of the results shows that the maximum
relative difference with respect to literature results is 0.5% for TC1 and less than 1.0% for TC2 for most of the first ten
natural frequencies. It is emphasized that for 7C?2 a difference of 2.2% is observed between the present results and [50]
where a thin shell formulation is considered. Comparing the two sets of results from Table 3 and Table 5, it is evident
that the result of increasing Rp or Rp is similar in terms of the convergence trend. However, increasing Rp is more
efficient rather than increasing the number of domains Rp. In fact, the solution converges uniformly by increasing Rp
and Rp = 12 with Rp = 1 also being adequate to obtain good accuracy in the higher frequency range. This discussion
highlights that the best modeling strategy for the proposed approach is to model the structure with the minimum number

of domains and use higher Rp to achieve converged results.

Table 1 Mechanical properties of material CFRP,

E, E> G2 vi2 o
126.3[GPa] 8.765[GPa] 4.92[GPa] 0.3 1600.0[%/, ;]

Table 2 Geometry, layup and boundary conditions of a VS shallow cylindrical shell

Geometry: a=1.0[{m] b=2.0[{m] R=4.0[m] h=0.01[m]
Layup:  [(22.5]45)/(-22.5| - 45)]

uy=up=uz3 =19 =h =0atx; = %/,

s

BC:
Uy =uy =uz = =ﬁ2=03t)€2=ib/2

In order to show the capability of the present method for complex VS structures, two geometries, representative of
typical aerospace structures, are studied, namely a variable curvature VS stiffened shell, TC3, shown in Fig.6 and a

spherical stiffened shell, T7C4, shown in 8. Referring to the stiffened variable curvature shell TC3, details of geometry
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Table 3 Natural frequencies (Hz) of a VS shallow cylindrical shell for increasing number of domains Rp and
fixed RP =8.

Mode Rp=1 Rp=2 Rp=4 Ref [24] Ref. [50]

1 11424 1141.8 11404 1145856 1154
2 12507 1249.8 1249.0 1252760 1258
3 13455 13443 13444 1346969 1350
4 1360.7 13603 1361.0 1362.994 1366
5 14817 14777 14774  1480.398 1485
6 14972 1487.77 1487.6 1490.168 1493
7 16837 1645.1 16439 1648.284 1652
8 17346 16464 1646.2 1649.568 1654
9 1906.8 18337 1832.8 1838.291 -
10 2150.0 1834.7 1833.0 1838.769 -

Table 4 Geometry, layup and boundary conditions of a VS cylindrical shell

Geometry: a=b=10[m] R=25[m] h=0.01[m]
Layup: [(90|45)/<—90| - 45)]

up=up=uz =9 =h =0atx; = =%/,

)

BC:
Uy =ur =uz =t =ﬂ2=03t)€2=ib/2

Table 5 Natural frequencies (Hz) of a VS cylindrical shell for increasing number of polynomials Rp.

Mode Rp=8 Rp=10 Rp=12 Ref. [24] Ref. [50]

1 1032.1 1016.1 1014.0 1018.500 1024
2 10669 1062.5 1061.7 1063.787 1068
3 15115 1467.0 1460.9 1471.628 1482
4 18212 1813.7 1808.6 1807.712 1827
5 18945 18775 1873.0 1876.093 1899
6 2203.6 2063.5 1998.5 2007.346 2040
7 27958 2317.0 2255.6 2255.490 2300
8 29922 27454 2648.9 2651.875 2709
9 31295 3082.4 2922.4 2893.899 -
10 32729 3093.9 3061.1 3060.272 -
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are shown in Table 8 and in Fig.6. The layup angle is considered to vary along the x; direction (see Fig. 6) only for the
panels with a reference distance d starting from the edge midpoint and equal to half the panel width. A straight fiber
layup having a reference direction along the x; axis is considered for the stiffeners. A ply thickness of p;;, = 0.25 [mm]
is assumed for all layups and details of the lamination scheme for each domain of the entire structure are reported
in Table 8. The material properties CFRP; are shown in Table 1. The shell structure is clamped on all of the outer
edges and the analysis is conducted considering the entire structure to be subdivided in to nine shell domains (Rp = 9),
namely one domain for each panel, one domain for each stiffener web and two domains for each stiffener flange. For all
domains Rp = 10 is considered as it provides converged results for the range of frequencies studied with a total number
of degrees of freedom that is DOFr = 9 X (10 x 10 x 6) = 5400. In order to verify the accuracy of the solution, Abaqus
FE results are taken as reference since no published data was found for stiffened VS shells. In order to model VS shells,
the finite element model is generated using a subroutine that assigns an independent constant fiber angle for each mesh
element. In particular, a mesh of 25600 S4R elements is used for the analysis, resulting in a total number of degrees
of freedom of DOFr = 155574, providing converged results. Table 7 shows the first eight free vibration frequencies.
The maximum relative difference with finite element solutions is smaller than 1.5%. Note that the proposed method
requested a number of DO Fy, that is less than 4% of the degrees of freedom required by FE analysis with a substantial
reduction of computational time and without any noticeable loss of accuracy. The good agreement between FE and Ritz

results is also shown in Fig. 7 where the first eight mode shapes are presented.

Figure 6 Geometry of a stiffened variable curvature shell

Referring to the stiffened spherical shell 7C4 shown in Fig.8, the angle of the curvilinear fibers is considered to vary

only along the x| direction with a characteristic distance d starting from the edge midpoint and equal to half of the panel
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Table 6

Geometry, layup and boundary conditions of a VS stiffened variable curvature shell.

a=0.1[m] b=02[m] p; =0.25[mm]

Geometry:  R(x;) = 0.00929 x;2 + 5.989 x| + 275.408 [mm)]
ws =0.012[m] hy =0.007 [m]
left shell [((45]90))/((—45] — 90))/0, ]
central shell [(45]90)/(—45| — 90)/0,|

Layup: right shell [((90]45))/((=90] - 45))/0,]

stiffener flange | + 90/04/790/+45/90/0,/90/%45]
stiffener web [ +45/90/0]

S

BC: u1=u2=u3=191=192=0atx1=ia/2

ul=u2=u3=ﬂ1=192=0atx2=ib/2

Table 7 Natural frequencies [rad/s] of a VS stiffened variable curvature shell.

Mode Rp =10 FE diff%
12660.4 12553.1 0.85
18606.9 18543.5 0.34
205739 202519 1.58
25225.7 24969.3 1.02
26883.7 26780.1 0.38
343347 342000 0.39
34926.2 344155 1.48
35768.9 355904 0.50

00 N N kR W=
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(d) mode 4

(a) mode 1

(e) mode 5 (f) mode 6 (g) mode 7 (h) mode 8

(i) mode 1 (j) mode 2 (k) mode 3 (1) mode 4

(m) mode 5 (n) mode 6 (0) mode 7 (p) mode 8

Figure 7 Natural mode shapes of vibration of a stiffened VS curved shell: present (Fig.7a to Fig.7h); FE (Fig.7i
to Fig.7p);

27



width. A straight fiber layup is considered for the stiffeners, whose zero angle reference direction is taken along the x»
direction. A ply thickness of p,;, = 0.25 [mm] is considered and a detailed description of the layups is reported in Table
8. The material properties CF RP; are shown in Table 1. Symmetry restraints are imposed along the edges parallel to
the x; direction and a clamped boundary condition is imposed along the edges parallel to the x; direction, as shown
in Table 8. The analysis is conducted considering the entire structure subdivided in to nine shell domains (Rp =9),
following the same multi-domain scheme of 7C3. For all domains Rp = 10 as it provides converged results. As for
TC3, this multi-domain Ritz model has a total number of degrees of freedom DO Fg = 5400. To compare the results,
an Abaqus finite element model with a converged mesh of 12800 S4R elements is used. The FE has a total number
of degrees of freedom DOFr = 78174. The values of the first eight free vibration frequencies are shown in Table 9.
Also reported is the relative difference with finite element results that is in any case smaller than 1.4%. The excellent
agreement with FE results in also shown in Fig.9 where the corresponding mode shapes are presented along with FE
results. Note that the proposed method requested a number of DO Fp that is less than 8% of the degrees of freedom
required by FE, without any significant loss of accuracy and with a substantial reduction of computational time.

This last analysis completes the validation of the proposed approach for the free vibration of VS doubly curved stiffened

shell structures.

Figure 8 Geometry of a stiffened spherical shell

B. Transient analyses

To show the accuracy of the proposed method for the linear transient analyses of complex multi-part structures
used in aerospace applications, original results for the dynamic response of the VS stiffened shell geometries discussed
in Sec.V.A are considered. Different time dependant loading conditions are studied and the results are validated by

comparison with finite element results.
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Table 8

Geometry, layup and boundary conditions of a stiffened VS spherical shell.

a=b=04[m] R =R, =04[m] pm =0.25[mm]
ws =0.05[m] hy =0.03[m]

left shell [((45]90))/((—45] - 90))/0, ]

central shell [(45]90)/(—45| — 90) /0]

Layup: right shell [((90]45))/((=90] - 45)) /0]

stiffener flange [ +90/04/790/+45/90/0,/90/%45]
stiffener web [ +45/90/ 0]

Geometry:

S

BC: u1=ﬂ2=0atx1=i“/2

u1=u2=u3=191=192=0atx2=ib/2

Table 9 Natural frequencies [rad/s] of a VS stiffened spherical shell.

Mode Rp =10 FE diff%
10998.3 11108.0 -0.98
11139.5 11229.9 -0.80
113252 114335 -0.94
11595.7 11755.8 -1.36
11773.0 11802.9 -0.25
12061.5 12207.6 -1.19
12339.8 12369.1 -0.23
12669.9 12791.3 -0.94

00 N N kR W =
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(a) mode 1 (b) mode 2

(e) mode 5 (f) mode 6 (g) mode 7 (h) mode 8

(i) mode 1 (j) mode 2 (1) mode 4

1
%J

(m) mode 5 (n) mode 6 (0) mode 7 (p) mode 8

Figure 9 Natural mode shapes of vibration of a stiffened VS spherical shell: present (Fig.9a to Fig.9h); FE
(Fig.9i to Fig.9p);
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First, the variable curvature VS stiffened shell, 7C3, shown in Fig.6 is considered. Details of geometry, layup and
material are the same as in Sec.V.A and are detailed in Table 6 and Table 1. The shell structure is clamped on all of the
outer edges and the analysis is conducted considering the entire structure to be subdivided in to nine shell domains
(Rp =9), following the same multi-domain scheme described in Sec.V.A. The structure is subjected to a uniform
pressure load varying with time as P(r) = 0.2sin (w1 1) [V /,m2], Where w; = 12660.4["“¢ /] is the fundamental
circular frequency of the structure. All of the analyses are carried out by using a Newmark time integration scheme
with a fixed time step 7, = (ST‘/ 400) , where T is the oscillation period of the fundamental frequency of the structure.
The total analysis time is set equal to 57;. In addition to the undamped case, two damped transient analyses are
carried out by considering two different values for the damping coefficients {; and {s associated with the second and
sixth natural frequencies, namely & = ¢ = {0.01,0.02} (see Egs.(44) and (45)). For all Ritz domains Rp = 14 is
chosen as it provides converged results; this multi-domain Ritz model has a total number of degrees of freedom that is
DOFg = 10584. In order to verify the accuracy of the solution, Abaqus FE results are taken as reference and a finite
element model with a mesh of 25600 S4R elements is used for the analysis, resulting in a total number of degrees of
freedom of DOFF = 155574. This FE solution follow a convergence study that considered both S4R and S8R meshes
and it is chosen as a reference as it gives the converged FE solution with the minimum number of degrees of freedom.
A comparison of FE and Ritz results is shown in Fig.10 in terms of the time history of the vertical displacement of
the midpoint of the shell in between the two stiffeners. The vertical displacement is normalised with respect to the
shell thickness and the time in abscissa is normalised with respect to 77. The structural response shown in Fig.10 is
characterized by the typical resonance behaviour: exponentially growing amplitude related to the first natural mode of
vibration. Indeed, setting the excitation frequency equal to the fundamental frequency is done in order to show the
accuracy of the present approach for resonance analysis. Comparing the results shown in Figs.10a, 10b and 10c, the
influence of increasing the damping factor is clearly displayed by the variation of the amplitude’s extrema: higher
damping factors lead to lower amplitudes in the dynamic response. Generally, the results show excellent agreement with
FE results for all analyses, by using a number of DO FF, that is less than 7% of the degrees of freedom requested by the
FE.

Referring to the VS stiffened spherical shell, 7C4, shown in Fig.8, the linear transient response of the structure
undergoing a step uniform pressure is studied. This particular loading condition leads to a complex time response of
the structure resulting in a more computationally expensive analysis. This test case is specifically chosen to challenge
further the present method. The considered geometry, layup and material are the same as in Sec.V.A and are detailed
in Table 8 and Table 1. As described in Sec.V.A, symmetry restraints are imposed along the edges parallel to the x,
direction and a clamped boundary condition is imposed along the edges parallel to the x; direction of the shell structure.
The analysis is conducted considering that the entire structure is subdivided in to nine shell domains (Rp = 9) and for

each of those Rp = 22 is used as this provides converged results; this multi-domain Ritz model counts a total number of
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Figure 10 Stiffened VS variable curvature shell: time history of vertical displacement.
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degrees of freedom that is DOFg = 26136. The structure undergoes a uniform pressure step load P(t) = 1.0 [N /2]
for ¢ > 0. In addition to the undamped response, the damped linear transient response has been studied by considering
two different values for the damping coefficients ¢, and {s associated with the second and sixth natural frequencies,
namely & = {¢ = {0.01,0.02}. To compare results, FE Abaqus solutions are considered. In particular a finite element
model with a mesh of 12800 S4R elements was used which has a total number of degrees of freedom DOFf = 78174.
Also in this case, this FE solution follows a convergence study that considered both S4R and S8R meshes and is used
as a reference as it results in the converged FE solution with the minimum number of degrees of freedom. Both FE
and Ritz analyses are carried out with a fixed time integration step #; = (5T1/400) , where T is the oscillation period of
the fundamental frequency of the structure and the total analysis time is set equal to 57} in order to focus attention
on the transient regime. The results are shown in Fig.11 in terms of the time history of the vertical displacement
of the midpoint of the shell in between the two stiffeners. As shown in Fig.11, the dynamic structural behaviour is
characterized by the contribution of different high frequency natural modes to the transient response of the structure.
This behaviour was anticipated by the high density distribution of the natural modes of the structure in the frequency
domain, as shown in Table 9 for the free vibration case study. Comparing the results shown in Figs.11a, 11b and 11c it
is evident that increasing values of the damping factors leads to a reduction of the amplitudes of the response. This
effect is more pronounced for the amplitudes of high frequency modes which, accordingly to the Rayleigh damping
model herein adopted, suffer more dissipation. The converged Ritz solution is obtained using a number of DO F that is
less than 34% of the degrees of freedom needed by the converged FE model and, as shown in Fig.11, the presented
results show an excellent agreement with finite element solutions. However, despite the significant reduction of degrees
of freedom needed for the analysis, the Ritz solution has a comparable computational time to that of Abaqus FE. In this
regard, it is known that parameters like sparsity and bandwidth of the structural matrices play an important role for the
overall computational time[51]. Hereof the numerical integration adopted determines the loss of any sort of sparsity of
the structural matrices and increasing the number of Rp, leads to the presence of off-diagonal blocks due to the penalty
terms that enforce structural continuity. Note, if an issue, the bandwidth of the stiffness matrix could be reduced with
an appropriate assembly and reordering strategy. Finally, it should be mentioned that the developed Ritz tool is not
computationally optimized and that a faster tool could be obtained using more efficient programming languages (i.e.

Fortran, C++) and using pre-compiled routines.

VI. Conclusion
In this work, a Ritz analysis method for free vibration and linear transient analysis of generally laminated, variable
stiffness, doubly-curved shell structures is presented. Complex structural geometries are modeled as an assembly of
shell-like domains. The doubly curved orthogonal shell kinematics is based on first-order shear deformation theory

and no further assumption is made on the shallowness or on the thinness of the shell. The proposed formulation
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models general variable stiffness stacking sequences, arbitrary loads and boundary conditions. Furthermore, any
geometrical approximation is introduced in the modeling technique by using a rational Bézier surface representation
for the geometrical description of the shell structure. Following a Ritz discretization technique, Legendre orthogonal
polynomials are employed to approximate the unknown displacement field and penalty techniques are used to enforce
the displacements continuity of the assembled multi-domain structure and to apply the kinematical boundary conditions.
For the linear transient solution, classical Rayleigh damping is considered and time integration is performed through the
Newmark integration scheme. An analysis tool has been implemented that models a wide range of configurations and
load cases for multi-component, variable stiffness composite structures, providing the same levels of accuracy as finite
element analysis with a reduced number of variables and simplified data preparation. The efficiency and versatility
of the analysis tool are shown along with original results for linear transient and free vibration analyses of variable
stiffness, stiffened shell structures that, to the best of the authors’ knowledge are presented here for the first time. The
excellent properties of Legendre orthogonal polynomials for capturing local responses with few terms allow a significant
reduction in the number of unknowns without any significant difference in the accuracy of the solution, when compared

to finite elements procedures.
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