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Abstract: The coefficients of a quantile regression model are one-to-one functions of the order of
the quantile. In standard quantile regression (QR), different quantiles are estimated one at a time.
Another possibility is to model the coefficient functions parametrically, an approach that is referred to
as quantile regression coefficients modeling (QRCM). Compared with standard QR, the QRCM approach
facilitates estimation, inference and interpretation of the results, and generates more efficient estimators.
We designed a penalized method that can address the selection of covariates in this particular modelling
framework. Unlike standard penalized quantile regression estimators, in which model selection is
quantile-specific, our approach permits using information on all quantiles simultaneously. We describe
the estimator, provide simulation results and analyse the data that motivated the present article. The
proposed approach is implemented in the qrcmNP package in R.
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1 Introduction

Conditional quantile functions fully describe the distribution of a response variable-
given covariates. Quantile regression (QR; Koenker and Bassett, 1978) and its
generalizations (e.g., Chaudhuri, 1991) are popular methods to model conditional
quantiles. The regression model is typically written as

Q(p | x) = xTˇ(p), (1.1)

where x is a q-dimensional vector of covariates, and ˇ(p) is a vector of unknown
coefficients describing the relationship between x and the pth quantile of the response
variable, p ∈ (0, 1).
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Standard quantile regression (QR) methods can estimate different quantiles one
at a time. For varying p, ˇ(p) is treated as an infinite-dimensional parameter. When
a grid of quantiles is estimated, for example, p = 0.01, 0.02, . . . , 0.99, results are
usually summarized graphically. The estimated coefficients are generally non-smooth
functions of p and may suffer from high volatility, especially in the tails.

Recently, Frumento and Bottai (2016, 2017) suggested modelling the quantile
regression coefficient functions, ˇ(p), as parametric functions of the order of the
quantile:

Q(p | x, �) = xTˇ(p | �), (1.2)

where � is a vector of model parameters. This approach is referred to as
quantile regression coefficients modeling (QRCM) and permits modelling the quantile
function parametrically, while keeping the quantile regression structure expressed
by equation (1.1). Compared with standard QR, this method presents numerous
advantages, which include simpler estimation and inference (owing to a smooth
objective function), improved efficiency, and better interpretation of the results.
Standard QR can be seen as a special case of QRCM in which ˇ(p | �) is described
by a ‘very large’ number of parameters.

In the absence of strong parametric assumptions on the shape of ˇ(p | �), a
meaningful approach is that of using some flexible model. Consider, for example,
describing ˇ(p | �) by a kth degree polynomial function:

ˇj(p | �) = �j0 + �j1p + . . . + �jkpk, j = 1, . . . , q.

Each covariate has (k + 1) associated parameters, for a total of q × (k + 1) model
coefficients. As q and k increase, estimation may become difficult and sampling
variability may grow out of control. The dimension of the model can be reduced
by selecting the most informative covariates. The jth covariate is removed from the
model by letting �j. = 0 that forces ˇj(p | �) = 0. The goal of this article is to describe
a procedure to determine the ‘optimal’ subset of covariates.

A popular approach to perform model selection is to use some form of penalized
regression, in which a tuning parameter controls the trade-off between bias and
variance. Well-known procedures include the least absolute shrinkage and selection
operator (LASSO; Tibshirani, 1996), least angle regression (LARS; Efron et al., 2004)
and the smoothly clipped absolute deviation (SCAD; Fan and Li, 2001). In literature,
traditional criteria to select the tuning parameter include cross-validation (CV),
generalized cross-validation (GCV; Craven and Wahba, 1979), Akaike’s information
criterion (AIC; Akaike, 1974), Bayesian information criterion (BIC; Schwarz, 1978)
and generalized information criterion (GIC; Nishii, 1984; Zhang et al., 2010).

Numerous articles (e.g., Belloni and Chernozhukov, 2011; Wang et al., 2012; Wu
and Liu, 2009; Zheng et al., 2013) have investigated the estimation of penalized
quantile regression (QRp) models in high-dimensional settings. The penalization is
usually given by the l1-norm of the coefficients, denoted by l1-QR (Belloni and
Chernozhukov, 2011; Li and Zhu, 2008). These approaches, however, focus on model
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selection when estimating one quantile at a time. This is generally inefficient and
makes it difficult to interpret the results, as illustrated by the motivating example
presented in Section 2. The main advantage of the QRCM framework is that it enables
performing model selection directly on the parameters of the conditional quantile
function, using information on all quantiles. We propose applying the l1-penalty
to the integrated loss function described by Frumento and Bottai (2016), which is
minimized to estimate the unknown parameter vector � in model (1.2). We refer to
this procedure as penalized quantile regression coefficients modeling (QRCMp).

The article is structured as follows. In Section 2, we illustrate a motivating example.
In Section 3, we introduce a penalized estimator. In Section 4, we present simulation
results, and in Section 5, we briefly discuss computation. Section 6 concludes the
article with the analysis of the dataset that motivated this research.

2 Motivating example

The motivation for this article comes from a study on the association between
pulmonary inspiratory capacity (IC), a measure of lung’s volume and the following
risk factors: age, height, body mass index (BMI), a binary indicator of smoking,
and indicators for sex, occupation exposure, cough, wheezing and asthma.
Extreme quantiles of IC, and in particular very low quantiles, can be used to
identify problems and inform therapy strategies. We first estimated 13 percentiles
(0.01, 0.05, 0.10, 0.20, . . . , 0.80, 0.90, 0.95, 0.99) with standard penalized quantile
regression (QRp), as implemented in the R package rqPen of Sherwood and Maidman
(2017). Each variable was standardized to have zero mean and unit standard
deviation. Results are summarized in Table 1.

The coefficients associated with strong predictors, such as age, height and BMI,
were consistently included at nearly all quantiles. Other coefficients, however, were
only included at some quantiles, making it difficult to interpret the results. For

Table 1 Variable selection using standard penalized quantile regression

0.01 0.05 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.95 0.99

Intercept � � � � � � � � � � � � �
Age � � � � � � � � � � � � �
Height � � � � � � � � � � � � �
BMI � � � � � � � � � � � - �
Male - � � � � � � � � � � � �
Smoker � � - � - - - � - � � � �
Non-exposure � � - - - - - - � - � � �
Cough � � - � � � - � - - � � -
Wheezing - � � � � � - - - - � � �
Asthma � � � - - - � - - - � - �

Note:The symbol ‘�’ indicates that the covariate was included in the model. We estimated a grid of
percentiles, namely p = (0.01, 0.05, 0.10, 0.20, . . . , 0.80, 0.90, 0.95, 0.99), and utilized BIC for model selection.
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Figure 1 Estimated quantile regression coefficients associated with age

Note:The shaded area represents 95% point-wise confidence intervals.The dashed line represents a
hypothetical linear trend, estimated as in Frumento and Bottai (2016).

example, the coefficient of smoking was excluded at p = 0.5 and p = 0.7, but included
at p = 0.6 and p = 0.8. The observed volatility is probably accounted for by random
variation and data sparsity, which represents a main source of sampling error in the
tails of the distribution.

The idea behind QRCM is to define a more parsimonious representation of
ˇ(p). Consider, for example, Figure 1, showing the estimated regression coefficients
associated with age. The coefficient function appears to be adequately described by
a linear function,

ˇage(p | �) = �0 + �1p.

Working with a parametric quantile function enables performing model selection
using information on all quantiles. As shown in the rest of the article, this has
important consequences on the performance of penalized regression methods.

3 The estimator

Throughout the article, we assume model (1.2) to hold and adopt the following linear
parametrization:

ˇ(p | �) = �b(p), (3.1)

Statistical Modelling 2019; xx(x): 1–17
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where b(p) = [
b1(p), . . . , bk(p)

]T is a set of k known functions of p, and � is a q × k
matrix with entries �jh such that ˇj(p | �) = �j1b1(p) + · · · + �jkbk(p), j = 1, . . . , q. The
conditional quantile function is rewritten as

Q(p | x, �) = xT�b(p). (3.2)

This modelling approach was used by Frumento and Bottai (2016), Frumento and
Bottai (2017) and Yang et al. (2017), and is very flexible and computationally
convenient. As shown by Frumento and Bottai (2016), estimation is carried out by
minimizing

L(�) =
∫ 1

0
L(ˇ(p | �))dp, (3.3)

where L(ˇ(p)) is the loss function of standard QR given by

L(ˇ(p)) =
n∑

i=1

(p − I(yi ≤ xT
i ˇ(p)))(yi − xT

i ˇ(p)).

This estimation procedure is referred to as integrated loss minimization (ILM) and
implemented in the qrcm package in R (Frumento, 2017).

To implement an automatic procedure for model selection, we modify the loss
function (3.3) by introducing a l1-norm penalizing factor:

L
(�)
PEN(�) =

∫ 1

0
L(ˇ(p | �))dp + �

q∑
j=1

k∑
h=1

| �jh |, (3.4)

where � ≥ 0 is a tuning parameter. We refer to this estimation approach as
penalized integrated loss minimization (PILM). The LASSO minimizes L(�) subject to∑q

j=1

∑k
h=1 | �jh |≤ s, where s is a user-defined bound to the model parameters. A

one-to-one correspondence between s and � can be established. In particular, if �̂
(�)

minimizes (3.4), then it also satisfies
∑q

j=1

∑k
h=1 | �̂

(�)
jh

|= s. To ensure that all model
parameters have the same order of magnitude, both x and b(p) are assumed to be

standardized, as suggested for example in Tibshirani (1996). To minimize L
(�)
PEN(�)

with respect to � and �, we use a path-wise coordinate descent algorithm (Friedman
et al., 2010) combined with standard Newton–Raphson algorithm. The described
PILM estimator is implemented in the qrcmNP (Sottile, 2018) package in R.

3.1 Tuning parameter selection

As for all penalized regression methods, our estimator requires defining a tuning
parameter that affects the degree of shrinking to be applied to the model coefficients.
Traditional selection criteria, such as AIC-type and BIC-type selectors, are grid-search

Statistical Modelling 2019; xx(x): 1–17
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criteria that minimize

Dev(�) + cn · df(�), (3.5)

where Dev(�) is the explained deviance of the model (a measure of goodness-of-fit
defined in the following), cn is a scaling factor that could depend on the sample size
and df(�) reflects the number of nonzero coefficients.

We follow the definitions proposed by Schwarz (1978), Lee et al. (2014) and Zheng
and Peng (2017), and define

Dev(�) = log L
(�)
PEN(�̂),

the logarithm of the minimized loss function given by (3.4), in which both x and b(p)
are assumed to be standardized, and where �̂ := �̂

(�)
is the estimator of � obtained by

minimizing (3.4) at a given value of �. The AIC and BIC criteria are given by

AIC(�) = log L
(�)
PEN(�̂) + 2df(�)n−1, (3.6)

BIC(�) = log L
(�)
PEN(�̂) + log(n)df(�)n−1. (3.7)

3.2 Inference

Inference on penalized regression estimator is not straightforward, and the majority of
the existing literature refers to generalized linear models. Tibshirani (1996) proposed
using ridge-type approximation of the absolute value function; Osborne et al. (2000)
derived a covariance matrix ensuring that the estimated standard errors are positive
for all nonzero coefficients; Beran (1982) and Kyung et al. (2010) showed that
bootstrap is inconsistent. Recently, Meinshausen and Bühlmann (2012) discussed a
multisplit method to assess statistical significance and construct conservative p-values
for high-dimensional problems; Van de Geer et al. (2014), Zhang and Zhang (2014)
and Javanmard and Montanari (2014) proposed a desparsified or debiased LASSO;
Lockhart et al. (2014) discussed the covariace test for hypothesis testing problems;
and Lee et al. (2016) developed a general approach to perform inference after model
selection.

Other authors suggested to use LASSO regression as a screening procedure. For
example, Belloni and Chernozhukov (2013) and Belloni et al. (2014) studied
post-model selection estimators that apply ordinary least squares to the model
selected by the first-step penalized estimator. Following the same logic, we suggest
using the proposed penalized approach as an exploratory analysis aiming to reveal
the important associations between the regressors and the response. Standard
errors are then estimated by fitting unpenalized regression using only the selected
covariates.

Statistical Modelling 2019; xx(x): 1–17
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4 Simulations

To evaluate the finite-sample properties of the proposed estimator, we conducted a
simulation study with four different simulation scenarios. For simplicity, we only
considered the case n > q. Note, however, that the classical regularity conditions of
LASSO regression (Sun et al., 2015; Bühlmann and Van De Geer, 2011; Zhao and Yu,
2006) must be satisfied even in low-dimensional models. In particular, the average
value of the nonzero coefficients should be ‘large enough’, that is, minj∈A | ∫ 1

0 ˇj(p |
�0)dp | ≥ c�

√
2 log(q), where �0 is the true parameter, A is the set of true nonzero

regression coefficients, c > 1 and � is a scale parameter that serves as a normalizing
constant.

We considered the quantile function defined by

Q(p | x, �) = ˇ0(p | �) + ˇ1(p | �)x1 + · · · + ˇq(p | �)xq,

in which X = (x1, x2, . . . , xq) ∼ N+
0,1(0, �), where N+

0,1 identifies the truncated
normal distribution. In simulations 1 and 1∗, we defined � = I; in simulations 2
and 2∗, we used a correlation structure based on the Toeplitz matrix, defined by
�ij = 0.5|i−j|, i, j = 1, . . . , q.

In all simulations, we used q = 15 covariates including an intercept, and defined

ˇ0(p) = 1 + z(p), ˇ1(p) = −1 + 2 log p, ˇ2(p) = 2 + 2p,

ˇ3(p) = 2 + 2
√

p, ˇ4(p) = 3 + z(p), ˇ5 = · · · = ˇ15 = 0,

where z(p) denotes the quantile function of a standard normal distribution.
The four scenarios differ by the correlation structure of X , and by the definition

of b(·) used in the modelling phase. In details, in simulations 1 and 2, we defined

ˇ0(p | �) = �00 + �01z(p); (4.1)
ˇj(p | �) = �j0 + �j1 log p, j = 1, 11, 12, 13; (4.2)
ˇj(p | �) = �j0 + �j1p, j = 2, 8, 9, 10; (4.3)

ˇj(p | �) = �j0 + �j1
√

p, j = 3, 14, 15; (4.4)
ˇj(p | �) = �j0 + �j1z(p), j = 4, 5, 6, 7. (4.5)

In simulations 1∗ and 2∗, we used

ˇ0(p | �) = �00 + �01z(p); (4.6)
ˇj(p | �) = �j0 + �j1b1(p) + �j2b2(p) + �j3b3(p), j = 1, . . . , 15, (4.7)

where {b1(p), b2(p), b3(p)} form the basis of a 3rd-degree shifted Legendre polynomial
(e.g., Abramowitz and Stegun, 1964), an orthogonal polynomial in (0, 1). In
simulations 1 and 2, the fitted model included the true model as a special case.
Instead, in simulations 1∗ and 2∗, the specification of b(p) did not correspond to

Statistical Modelling 2019; xx(x): 1–17



8 Gianluca Sottile et al.

0.0                0.2                 0.4                0.6                0.8                1.0

0.
2

0.
4

0.
8

1.
0

FP =1− Specificity

TP
 =

 S
en

si
tiv

ity

0.
6

QRCM p (sim 1)  
QRCM p (sim 1 *) 
QRp , p = 0.01  
QRp , p = 0.10  
QRp , p = 0.50  
QRp , p = 0.90  
QRp , p = 0.99

0.0                 0.2                0.4                 0.6               0.8                1.0
0.

2
0.

4
0.

8
1.

0
FP = 1 − Specificity

TP
 =

 S
en

si
tiv

ity

0.
6

QRCM  p (sim 2)  
QRCM  p (sim 2 *) 
QR p , p = 0.01  
QR p , p  = 0.1 0  
QR p , p = 0.5 0  
QR p , p = 0.9 0  
QR p,  p = 0.99

Figure 2 ROC curves based on simulations 1 and 1∗ (left panel), and 2 and 2∗ (right panel)

Note: In simulations 1 and 2, we used the true definition of b(p), while in simulations 1∗ and 2∗ we used a
shifted Legendre polynomial.

the true model. This allowed assessing the performance of the described estimator
when the true data-generating process is not known and a flexible parametrization is
used to approximate ˇ(p | �).

For each scenario, we generated B = 1 000 simulated datasets of n = 500
observations. We applied the described QRCMp method, using an evenly spaced
sequence of 100 log �-values, and selected the ‘best’ model according to AIC and
BIC separately. We compared our estimator with a standard QRp model. To have a
term of comparison, we also fitted the true model using unpenalized QRCM.

We defined ‘true positive’ (TP), the situation in which an important covariate
is correctly selected for inclusion, and ‘true negative’ (TN), the case in which an
irrelevant covariate is correctly removed from the model. False positives (FP) and
false negatives (FN) are defined accordingly. For varying �, these quantities can be
used to construct ROC curves. Figure 2 shows the ROC curves generated by simulations
1 and 1∗, on the left, and those obtained from simulations 2 and 2∗, on the right.
In the figures, we also report the ROC curves that are obtained by applying standard
QRp at quantiles p = (0.01, 0.10, 0.50, 0.90, 0.99). Results show that the proposed
QRCMp method performs well, irrespective of whether b(p) corresponds to the true
basis or is defined by a flexible model. Moreover, the described method outperforms
standard QRp, in which model selection is carried out in a quantile-by-quantile fashion.

Figure 3 summarizes the distribution of the number of covariates selected by
AIC and BIC, respectively. Results suggest that BIC can be used to select consistently

Statistical Modelling 2019; xx(x): 1–17
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Table 2 Simulation results

p = 0.01 p = 0.10 p = 0.50 p = 0.90 p = 0.99

QRCM 0.031(.006) 0.077(.010) 0.065(.005) 0.014(.002) 0.005(.002)
QRCMp-AIC (sim 1) 0.027(.006) 0.069(.010) 0.059(.005) 0.012(.002) 0.003(.002)
QRCMp-BIC (sim 1) 0.024(.005) 0.064(.010) 0.056(.005) 0.010(.002) 0.002(.001)
QRCMp-AIC (sim 1∗) 0.038(.010) 0.066(.011) 0.060(.006) 0.012(.002) 0.003(.002)
QRCMp-BIC (sim 1∗) 0.032(.009) 0.060(.010) 0.057(.006) 0.011(.002) 0.002(.001)
QRp-AIC 0.047(.012) 0.080(.013) 0.063(.006) 0.014(.003) 0.008(.003)
QRp-BIC 0.044(.012) 0.074(.013) 0.060(.006) 0.012(.002) 0.007(.003)
QRCM 0.016(.004) 0.045(.007) 0.047(.005) 0.009(.001) 0.002(.001)
QRCMp-AIC (sim 2) 0.014(.004) 0.041(.007) 0.043(.005) 0.008(.001) 0.001(.001)
QRCMp-BIC (sim 2) 0.013(.003) 0.038(.007) 0.042(.005) 0.007(.001) 0.001(.000)
QRCMp-AIC (sim 2∗) 0.022(.006) 0.038(.007) 0.045(.006) 0.008(.001) 0.002(.001)
QRCMp-BIC (sim 2∗) 0.017(.006) 0.034(.007) 0.044(.005) 0.007(.001) 0.001(.001)
QRp-AIC 0.029(.008) 0.048(.010) 0.047(.006) 0.009(.002) 0.004(.002)
QRp-BIC 0.026(.009) 0.042(.009) 0.044(.006) 0.008(.001) 0.003(.002)

Note: For each scenario, we report the measure of MSE described in (4.8), with standard errors in brackets.
In the table, QRCM denotes the unpenalized estimator in which the model is correctly specified and only the
nonzero parameters are computed; QRCMp denotes the penalized estimator in which the best tuning
parameter is selected using the criteria proposed in Section 3.1; and QRp denotes standard penalized
quantile regression in which the best tuning parameter is selected by AIC and BIC, as proposed by Lee et al.
(2014).

the true set of important covariates, while AIC tends to select overparametrized
models.

To assign a numerical value to the performance of each estimator, we defined the
following aggregated measure of mean squared error:

MSEF = Eb

{
Ei

[(
F(xT

i
ˆ̌ (p) | xi) − p

)2
]}

, (4.8)

where F(· | xi) is the true value of the conditional distribution function and ˆ̌ (p)
indicates the estimated quantile regression coefficients, which can be computed either
using standard QRp, or using QRCMp; in the latter case, ˆ̌ (p) = �̂b(p). Note that, by
definition, F(xT

i ˇ(p) | xi) = p. The operators Ei and Eb are used to indicate averaging
across observations and across datasets, respectively.

We evaluated MSEF at a grid of quantiles defined by p∗ = (0.01, 0.10, 0.50,
0.90, 0.99). Results are summarized in Table 2. Also in this case, the QRCMp estimators
outperformed standard QRp, irrespective of whether the true basis or a flexible
polynomial model was used.

5 Computation

The described PILM estimator is implemented in the qrcmNP package in R. Although
computation is relatively easy, there are important issues. The procedure is described

Statistical Modelling 2019; xx(x): 1–17
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Figure 3AQ: 2

Note: Each boxplot in the figure represents the distribution of the number of covariates selected by AIC and
BIC.The top panel refers to simulations 1 and 1∗; the bottom panel refers to simulations 2 and 2∗. In
simulations 1 and 2, the true specification of b(p) was used to fit the model. In simulation 1∗ and 2∗, a
shifted Legendre polynomial was used. In each figure, we also illustrate the performance of QRp at selected
quantiles. Dotted grey lines indicate the true number of nonzero regression coefficients.
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A penalized approach to covariate selection through quantile regression coefficient models 11

in Algorithm 1. The objective function includes an integral that, in principle, can
be evaluated numerically. Under model (3.1), however, L(�) and its gradient admit a
closed-form expression, which is described in details in Frumento and Bottai (2016).

Algorithm 1 Pseudocode for our algorithm

Input: The model matrix x, the response vector y, a symbolic description of b(p)
Initialize

Evaluate numerically b(p)
Standardize x and b(p) to have zero mean and unit norm

Select the initial values �̂
(0)

Compute the unpenalized gradient vector S(�̂
(0)

) = ∇�L(�̂
(0)

)

Define �max = max | S(�̂
(0)

) | and �min = ��max, with 0 < � < 1
Compute a sequence of K values of � between �min and �max,

evenly spaced on the log scale
For t = 1 to K do:

Determine those covariates xj such that | S(�̂
(t−1)

)j | ≥ �t}
Solve ∇�j

L
(�t)
PEN(�) = 0 using Newthon–Raphson

Compute the unpenalized gradient vector S(�̂
(t)

) = ∇�L(�̂
(t)

)
End for
Output: The sequence of penalized parameter vectors �̂

�

5.1 qrcmNP package

The qrcmNP package contains a main function piqr that implements model fitting
using path-wise coordinate descent and Newton–Raphson algorithm to minimize
L

(�)
PEN at the selected values of the tuning parameter �, as described in Algorithm 1.

The function is defined as

piqr(formula, formula.p = ˜ slp(p, 3), weights, data, s,
nlambda = 100, lambda.min.ratio = ifelse(nobs < nvars, 0.01,

1e-04), lambda, tol = 1e-06, maxit = 100, display = TRUE)),

where the main arguments are: formula, a symbolic description of the quantile
regression model; formula.p, that describes how quantile regression coefficients
depend on p, the order of the quantile; s, an optional 0/1 matrix that permits
excluding some model coefficients; nlambda and lambda.min.ratio, that
correspond to K and � in Algorithm 1; and lambda, a user-defined sequence of
values of �.

Statistical Modelling 2019; xx(x): 1–17



12 Gianluca Sottile et al.

Table 3 Model selection based on different criteria

Criterion �∗ n. of parameters n. of covariates Loss P-value KS

AIC 19.25 31/39 8/10 293.31 0.77
BIC 53.56 19/39 5/10 294.01 0.53

Note: Optimal � values, number of parameters, number of selected covariates, minimized loss function,
and p-value of a Kolmogorov-Smirnov (KS) goodness-of-fit test of the model selected by AIC and BIC.The
maximal model had 39 parameters. AIC and BIC selected 31 and 19 parameters, respectively, corresponding
to 8 and 5 nonzero regression coefficients.The model selected by BIC is summarized inTable 4 and
represented graphically in Figure 5.

Summary measures, variable selection procedures, predictions and graphical tools
are provided in a variety of auxiliary functions, which include summary.piqr(),
gof.piqr(), predict.piqr() and plot.piqr().

6 Variable selection for inspiratory capacity

We applied the proposed QRCMp method to a subset (n = 2 201) of the data analysed
in Bottai et al. (2011). The data refer to a study carried out in 1988–1991 in
Northern Italy, and include 1 063 males and 1 138 females. The study aimed to
estimate percentiles of IC, a measure of lungs function. The following nine predictors
were available: age, height, BMI, sex and indicators for current smoking, occupational
exposure, cough, wheezing and asthma.

We used b(p) = [
1, log(p), log(1 − p)

]T to model the intercept, while the
coefficients associated with the covariates were described by a shifted Legendre
polynomial up to third degree, inclusive of an intercept. The maximal model had
3 + 4 × 9 = 39 parameters. We used AIC and BIC to assess model fit. Several covariates
were discarded. Table 3 and Figure 4 illustrate the results of our analysis and
report additional diagnostic tools, including the p-value of the Kolmogorov–Smirnov
goodness-of-fit procedure proposed by Frumento and Bottai (2016), in which the
fitted values of the cumulative distribution function are compared with a U(0, 1)
distribution.

We used the model selected by BIC and estimated it again using unpenalized
QRCM, as described in Section 3.2. The model is summarized in Table 4, and
represented graphically in Figure 5, while selected quantiles are reported in Table 5.
Because we were mostly interested in the low quantiles of IC, we only report the
estimated quantile regression coefficients, ̂̌(p) = ˇ(p | �̂), at p = 0.01, p = 0.05 and
p = 0.50. Age, height, BMI and sex were statistically significant. Figure 5 shows
the regression coefficient functions for all covariates over the interval p ∈ (0, 1).
Age had a negative effect at all quantiles, and the associated coefficient function
showed an increasing linear trend. Per each one-year increase in age, the 1st
and 5th percentile of IC decreased by about 0.014 and 0.013 litres respectively,
while its median decreased by about 0.01 litres. Height and BMI both had a
positive effect. Quantile regression coefficients were increasing with a non-linear

Statistical Modelling 2019; xx(x): 1–17



A penalized approach to covariate selection through quantile regression coefficient models 13

−2 0 2 4 6

−4
00

−2
00

0
20

0
40

0

log (λ)

G
ra

di
en

t

39 39 39 19 15

−2 0 2 4 6

−0
.2

−0
.1

0.
0

0.
1

0.
2

log (λ)

C
oe

ffi
ci

en
ts

39 39 39 19 15

−2 0 2 4 6

5.
7

5.
8

5.
9

6.
0

6.
1

log (λ)

AI
C

df=8

−2 0 2 4 6

5.
7

5.
8

5.
9

6.
0

6.
1

log (λ)

BI
C

df=5

Figure 4 Gradient plot and coefficient profile plot versus log (�) (top panels); AIC and BIC curves versus
log (�) (bottom panels), for the inspiratory capacity data

trend. For each one-centimeter increase in height, quantiles below the median
increased by approximately 0.03 litres. For each unit increase of BMI, IC increased
by 0.033 and 0.037 at the 1st and 5th percentile, respectively, and by 0.056 at
the median.

7 Discussion

We described a penalized approach that can be applied to the QRCM framework
introduced by Frumento and Bottai (2016). Modelling the conditional quantile
function parametrically can be more efficient than estimating quantiles one at a
time, as in ordinary quantile regression. Moreover, it permits performing model
selection directly on the parameters that describe the conditional quantile function.
The proposed method demonstrated to be an efficient tool to recover the structure
of the true model with a high probability. A computationally efficient algorithm is
implemented in the qrcmNP package in R.

Statistical Modelling 2019; xx(x): 1–17
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Table 4 Summary of the model selected by BIC. Unpenalized QRCM estimates of � and asymptotic standard
errors (in brackets) based on the model selected by BIC

1 log(p) log(1 − p) SLP(p, 3)[1] SLP(p, 3)[2] SLP(p, 3)[3] P -value

Intercept 2.515(.002)∗ 0.212(.015)∗ −0.288(.017) - - - .000∗
Age −0.014(.002)∗ - - 0.004(.001)∗ 0.000(.001) 0.001(.001) .000∗
Height 0.026(.003)∗ - - 0.007(.002)∗ 0.005(.002)∗ 0.003(.001)∗ .000∗
BMI 0.032(.006)∗ - - 0.013(.003)∗ −0.005(.003) 0.003(.003) .000∗
Male 0.269(.063)∗ - - 0.128(.038)∗ −0.050(.032) −0.010(.022) .000∗
Smoker - - - - - - -
Exposure - - - - - - -
Cough - - - - - - -
Wheezing - - - - - - -
Asthma - - - - - - -
P -value .000∗ .000∗ .000∗ .000∗

Note: In the table, SLP(p, 3) denotes a 3rd-degree shifted Legendre polynomial.The corresponding
graphical representation is proposed in Figure 5.The bottom row contains the p-values for the null
hypothesis that the corresponding column of � is 0 and represents the significance of the components of
b(p).The last column is defined analogously and can be interpreted as the significance of a test for a null
effect of covariates.The asterisk (∗) denotes significance less than 0.05
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Figure 5 Unpenalized QRCM estimates of ˇ(p) under the model selected by BIC (seeTable 4)

Note: Confidence bands are displayed as shaded areas.The broken lines connect the coefficients of
ordinary quantile regression estimated at a grid of quantiles.The dashed line indicates the zero.
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Table 5 Estimated quantile regression coefficients at p = 0.01, p = 0.05 and p = 0.50, obtained from the
model selected by BIC

p = 0.01 p = 0.05 p = 0.50

Intercept 1.539(.049)∗ 1.893(.029)∗ 2.567(.018)∗
Age −0.014(.002)∗ −0.013(.001)∗ −0.010(.001)∗
Height 0.026(.003)∗ 0.027(.003)∗ 0.029(.002)∗
BMI 0.033(.005)∗ 0.037(.004)∗ 0.056(.004)∗
Male 0.273(.061)∗ 0.291(.051)∗ 0.462(.033)∗
Smoker - - -
Non-exposure - - -
Cough - - -
Wheezing - - -
Asthma - - -

Note: Estimated standard errors in brackets.The asterisk (∗) denotes significance less than 0.05.

Supplementary materials

Supplementary materials for this article containing R scripts to reproduce simulations
and application, and an artificial dataset with similar characterstics as the real
data are available from http://www.statmod.org/smij/archive.html. The
qrcmNP (Sottile, 2018) R package is available on CRAN.
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