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Abstract

We investigate derivations of nilpotent complex Lie algebras of type {2n,1,1} with
the aim to classify solvable complex Lie algebras the commutator ideals of which have
codimension 1 and are nilpotent Lie algebras of type {2n,1,1}.

1. Introduction. Classification results for solvable or nilpotent complex Lie algebras
are the subject of a large literature. For a nilpotent Lie algebra g with descending
central series gt = [g,g(ifl)L M. Vergne defined in [19] the type {pi1,...,pc} of g by
the integers p; := dim(g(Fl)/g(i)). In the same paper, she defined and studied filiform
Lie algebras, that is, having type {2,1,1,...,1}. Complex filiform Lie algebras became
thereafter the object of several works (e. g. [3], [4], [5], [11] and [17]) aiming to a thorough
classification in low dimension. Filiform n-dimensional Lie algebras g are precisely those
with characteristic sequence ¢(g) = (n — 1, 1), where the characteristic sequence c(g) of a
Lie algebra g was defined in [2] as the maximum sequence, in the lexicographic ordering,
of the dimensions of the Jordan blocks of ad,. The breadth b(g) of a Lie algebra g has
been recently introduced in [15] as the maximum of the dimensions of the images of
adz, for all € g, in order to classify Lie algebras where this invariant is small, and the
connection between the breadth and the characteristic sequence has been pointed out in
[16]: if ¢(g) = (c1,..., ¢k, 1), then b(g) =c1 + ...+ cx — k.

On the opposite side to filiform Lie algebras, the most simple nilpotent complex Lie
algebras are the (2n + 1)-dimensional Heisenberg Lie algebras, which have type {2n, 1},
characteristic sequence ¢(g) = (2,1,...,1), breadth b(g) = 1, and are defined on a (2n+1)-
dimensional complex vector space h = V + (x) by means of a non-degenerate alternating
form F : V xV — C putting [u, v] := F(u,v)z, for any u,v € V. These algebras and their
real forms, often in connection with a left invariant metric, have been widely investigated
in the last thirty years (for instance in [13], [14], [18], [20]), as they offer a basic model
for nilmanifolds.

As well as the type {2n, 1} characterizes, up to a central summand, (2n+1)-dimensional
Heisenberg Lie algebras, the dimension of nilpotent Lie algebras of type {2n, 1,1} deter-
mines them uniquely (see [6]). The minimal dimension for such algebras is four; more
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precisely, we have the filiform Lie algebra
ng = (ul,u2,u37u4)c
defined through the relations
[W?,u'] = u', [u? u?] = u?, (1)

corresponding to the Lie algebra gi1,0,1 with ¢(g1,0,1) = (3,1) recently described in [12,
3.2, Example (2)] and in [16, 2.1, Prop. 6 (3)]. Manifestly ns modulo its centre (u')c is
the 3-dimensional Heisenberg Lie algebra. More generally (see [6]), for any non-negative
integer n, up to a central summand the complex Lie algebra n of type {2n + 2,1,1}
decomposes, as a vector space, into the direct sum of vector spaces

n=ng+ b+ to, (2)

where
o= (0% .. . 0", w=(w v, .. . w)e

are Abelian Lie subalgebras of dimension n which fulfill the relations
o', w'] = &ju’, 3)

that is, modulo the centre we obtain the direct sum of the 3-dimensional Heisenberg Lie
algebra by a 2n-dimensional Abelian Lie algebra. Hence n is a nilpotent Lie algebra of
breadth b(n) = 2 with characteristic sequence c(n) = (3,1,...,1), and as such it appears
in [16, 2.1, Prop. 6 (3)], and as a linear deformation of the Lie algebra g1,0,n—3 in [12,
3.2, Example (2)].
Moreover, the ideal
h=(u')c+0+,

is manifestly isomorphic to the (2n + 1)-dimensional Heisenberg algebra, hence n is the
direct sum with amalgamated centre of ns and bh:

ng X b

((ut, —ul))

Solvable extensions of nilpotent Lie algebras with any given characteristic sequence
have been the object of investigation in [1], whereas solvable extensions of nilpotent real
Lie algebras of type {n, 2} by a derivation contained in a compact Lie algebra have been
considered in [10] and [8]. This paper, instead, is a first step in classifying solvable
extensions of nilpotent complex Lie algebras of type {2n + 2,1,1}; more precisely, we
classify in section 3 extensions s of a nilpotent complex Lie algebra n of type {2n+2,1,1}
with dims/n =1 and s’ = n. In order to obtain the classification we determine in section
2 the full automorphism group of n and the Lie algebra of derivations of n. As the
Heisenberg algebra appears as the 3-codimensional ideal h of n, the automorphism group
and the derivation algebra of n contain the symplectic group and algebra, respectively,
as the Levi complements. Thus, it was necessary to know the orbits in sp(2n,C) under
the action of Sp(2n,C). This is a particular case of a classic problem, which goes back
to Weierstrass, Kronecker, and Frobenius, then continues with a series of papers by
Williamson, Zassenhaus, Wall, Cikunov, Springer and Steinberg, and Milnor, and which
is finally treated in a unified solution by Burgoyne and Cushman in [9], the paper from
which we take the description of the action of Sp(2n,C) on sp(2n,C).

A canonical form for a given derivation of n turned out to be parametrized by a com-
plex number and a set of eigenvalues, corresponding to the Jordan form of the derivation
(cf. Theorem 3).



2. Automorphisms and derivations of n. Throughout the paper n will denote
the nilpotent complex Lie algebra of type {2n + 2,1, 1} given in (2) and defined through
the relations (1) and (3). Referring to the basis u', ..., u*, 0", ... , o™ w', ... w", we

notice that an automorphism ¢ € Aut(n) leaves the flag of ideals
3= (whe, W =@ v e, &= v uP)e, o=@ W Wl 0wt w e

invariant, because the first is the centre of n, the second is the commutator ideal of
n, the fourth is the centralizer of n’ and the third is its centre. Notice that, putting
go(u4) = aqu' + avu? + asu® + agu® + p, for some p € (vl7 LR TIE ,w")c, the
coefficient aey must be different from zero, otherwise the image under ¢ of an arbitrary
element of n would be contained in €.

Moreover, the ideal
e = (u',u? 0t 0% o e e L w e

is invariant, as well. In fact, the image (v*), which belongs to the invariant ideal €2, has,

for some g € (v', ..., o™, w", ... ,w™)c, the shape

o(v") = pru’ + Bou® + Bsu + q.
In view of the defining brackets
y

[u2’u4] _ ul’ [u37u — ’LL2, [vi,wj] — 5;'711

of n, we see directly that
0=¢(0) = (p([’l)i, u4]) = [Blul + Bou® + B3u® + g, anut + asu® + asu® + auu? + 7]

= Baauu’ + Bsauu® + [q,p] = yu' + Bsaau’,

because [q,p] € (u')c. Since aq # 0, it follows that 83 = 0, that is, o(v') € t3. The
same argument holds for the image ¢(w®). Thus, with respect to the given basis, the
automorphism ¢ can represented by

L} o o ol o ... o0 0 ... 0
2 2 0o o]0 ... 0 0 ... 0
L3 3 L3 ol o ... o0 0 ... 0
LY L4 LY Li| MY ... MM|N{ ... Ni
Pl Pl 0 o0 . TR ... R}
P P 0 O [ n ro... RV
St st o o1 ..o Trlud ... UL
sr oSy o0 o |T¢ ... THlUM ... U"

Now, we have
[? u'] = u' = L3L} = L1;
[ u') =u? = L0} = L3 and L3L} = L3
and for i =1,2, ... ,n,

[u*, 0] = 0= Y7 (M} R} — N;Q}) = LiPs;

[u', w'] = 0= 3" (M}Uj — N;}T}) = L3 S};



whereas the fact that the ideal ) = (ul>c + v+t is isomorphic to the Heisenberg algebra,

that is, the conditions [v*,v/] = [w’,w’] = 0 and [v*,w/] = §’u', says that
Qf ... Q)| Rl ... R}
1 Qr ... Q'|Ry ... R
| Tnor o | € Sp(2n,C)
v ... T} |U¢" ... U}

Summing up, we obtain a Levi decomposition of Aut(n) by taking the matrices

(L3V$)? 0 0 0 0 0 0 0
L3L Li(V$)? o 0| o 0 0 0

L3 Ly (V32 o] o ... o0 0 0

L;i Lg . LY L} 1;4;13 ... Mp | N N2

P} —N1V3 0 0 |[L3V5 0 0 0

; : SRS I z )
Pr —NAVE 0 0] 0 ...Lv3l 0o ... o0

St MIV$ 0 ol o ... 0 [LiV§ ... 0

Sy MAVS 0 o| o ... o0 0 ... L}V$

as the solvable radical, and the matrices

(L%) with X € Sp(2n, C) )
as a Levi complement.

Accordingly, a Levi complement £ of Der(n) = Lie(Aut(n)) is given, with respect to
the same basis, by the matrices of the shape

(%) with X € sp(2n, C), (6)

the nilradical A/ of Der(n) is given by the matrices of the shape

0 0 0 0]o0 0|o 0
Ag 0 0 0|0 0|0 0
A3 A3 0 ofo0 0|0 0
AT A% AY o |G Gt | D} D}
DI -Df 0 00 0 ]o 0
L : (7)
Dr —DE 0 0[]0 ... 00O 0
Gi Gf 0 0|0 ... 00O 0
Gy Gf 0 0|0 ... 0|0 ... O

(hence its nilpotency class is 3, that is, [N, [NV, N]] is central) and one of its complements
T in the solvable radical R = T + N of Der(n) is given by the diagonal matrices

diag(243 + 245,243 + A5, 243, A5, Af + Al,..., AS + A)). (8)



A direct computation shows that the only element in A/ which commutes with all the
elements in 7T is the trivial one, that is, the 2-dimensional toral subalgebra 7 is a Cartan
subalgebra of R. Moreover, [T, L] = 0, hence T @ L is the centralizer of 7 in Der(n) =
R + L, and, since £ is isomorphic to sp(2n,C), a maximal toral subalgebra M of Der(n)
is M =T @D, where

D = {diag(0,0,0,0,21,...,2n, —21,...,—2n) : 25 € C}

is the subalgebra of diagonal matrices of £. Consequently, any element ¥ in the centralizer
of M in Der(n) is the sum y = yo + y1 with yo € 7 and y1 in the centralizer of M in L,
hence, a fortiori, in the centralizer of D in L. Since L is simple, the element y; has to be
contained in D, thus M is also a Cartan subalgebra of Der(n), and the rank of Der(n) is
n 4+ 2.

3. A solvable extension of n. Note that, as £ is simple, the largest extension
of n, whose solvable radical is n and which has no semisimple ideal, is the non-splitting
extension g = n+ £. On the other hand, a solvable extension s, for which n is the
nilpotent radical, has an Abelian quotient algebra s/n, and in the following we show that
the case where n is maximal can be thoroughly described.

Assume s is a solvable complex Lie algebra the commutator ideal of which is a nilpotent
Lie algebra n of type {2n + 2,1, 1} having codimension one in s; more precisely, we have

5:<s>¢:+n

with s defining a derivation § :  — [s,z] of n that we may represent, with respect to
the given basis, by the sum of the matrices in (6), (7), and (8). Also, up to the inner
derivation

[ — Alu® — A3’ + A =307 Giv' + 31 Diw’, 2],
we may take in (7) A7 = A3 = A3 =G, = D! =0 (i = 1,2,...,n). Since we are
assuming s’ = n, the square sub-matrix determined by the last 2n + 2 rows and columns
must be non-singular and this requires that the eigenvalues 242 — A} and A} — A2 are

both # 0: thus, we may take A} = 243 — 1 up to replacing s by 5277 and we can
2 1
represent § by the matrix
242-1 0 0 0 0 .0 0 0
0 A3 0 0 0 ... 0 0 0
A3 01 o0 0 ... 0 0 0
0 0 A A3-1 Gy L o —-D} ... —D¥
0 D; 0 0 [AS-I+Bf B F ... F!
R : L : - : )
Dy 0 0 BY A3 —3+4Bn F, ... Fp
0 Gy 0 0 H{ ... H, A3 —1-Bi —-BY
0 Gy 0 0 H! ... HI -B}! A3 —1-Bp

Using automorphisms of the solvable radical (4) of Aut(n) having null entries M;* and
Nt i=1,2, ..., n, we have

PROPOSITION 1. Up to automorphisms of n, the upper-left 4 X 4 minor A in (9) is one
of the following:



-1 0 0 0
0 0 0 O

1) 0 0 1 o0 , b=1orb=0;
b 0 0 -1
3 00 0

.. 0 2 0 O

i7) 00 1 0 |’ c=1o0rc=0;
0 0 ¢ 1
2a—1 0 O 0

0 a 0 0

114 0 0 1 0 , a#0,1,2.
0 0 0 a—1

Proof. Automorphisms

L 0
0| LiVslay /)°

of the solvable radical of Aut(n) move A to LAL™'. We list, for each item in the statement,
the conditions on the entries of L we need to achieve the claimed canonical form for A.

3r3 4r4
i) Let Al = —1 and A2 = 0. Take L} = 215 13 = 14 =0, 14 = — 2354 and, if
APAL £ 0, LF = — AL
143 , L3 = ZE
- 3r3 3 4 4r4
ii) Let Al =3 and A3 = 2. Take L3=—2155 [3—r4=0, L= —ACLHASLD pq

if A3£0, L3 = A3L%.

. P 3 A?Lg 3 4 4
i41) Let the eigenvalues of A be distinct. Take L7 = ~30ai-n)> Ly =Ly =0, LT =
Al g4 Adrd
(AZ-2)AZ> 73 7 (AZ-2)"

Since the Levi complement of the automorphism group of n, isomorphic to Sp(2n, C),
operates on the subalgebra of derivations in (6) with A = D = G = 0, isomorphic to
sp(2n, C), looking at the Table II in [9] we see that

PROPOSITION 2. Congugations by automorphisms in the Levi complement (5) allow one
to put the submatriz (B%) in (9) into Jordan canonical form, as well as make H zero and
F diagonal with diagonal entries 0 and 1 where, if F; = 1, the corresponding row B* of
(Bj) is zero. Moreover, coordinates can be chosen in such a way (B}) and —(B})" do
not share nonzero eigenvalues. 0O

In order to get the desired canonical representation for §, we have only to arrange the
columns Ds and G2 of the sub-matrices D and G in (9) by using automorphisms which
preserve the results obtained by Propositions 1 and 2, automorphisms such as the ones
belonging to the solvable radical (4) of Aut(n) with L} = §%.

Choose coordinates in such a way that, if (BJ’) has eigenvalue % the Jordan sub-matrix
of (Bj) corresponding to such an eigenvalue is confined in the last n—m rows and columns
(0 <m < n). As (B}) and —(B})" do not share nonzero eigenvalues (Proposition 2),
we obtain non-sigular matrices, say Y and Z, taking the first m rows and columns of



11, + (Bj}) and 1, — (B})". Then it is well-defined the automorphism in the solvable
radical (4) with L] = 67, P} =87 =0 for all j, M = N} =0 for m+1 <k < n and

(MY, ..., MY) = —(G3, ... ,G)Y ™,

(N, NA) = —((Db, - DE) 4 (MF, . MEF)Z.
Such an automorphism turns (G3, ... ,G%*) and (D3, ..., D%") into zero vectors: thus,
we may assume that % is the unique eigenvalue of (Bj).
' As above, we can make zero all the entries G5 (z =1,...,n) as well as all the entries
D5, provided the corresponding column of %In — (B})T is not zero. Let D3, D32, ..., Dy

be the entries corresponding to the zero columns of %In - (B;-)T: clearly i,, = n and we
can arrange coordinates in such a way 41 < i, —ip—1 < tpq1 — i forall 1 <r < m.
Let
(Bj) = Jir (3) @ Jig—i2 (3) @ -+ ® Jipy—ipg_1 (5)
be the decomposition of (Bj) into Jordan blocks. Since the centralizer in GL(L, C) of the
Ix1 Jordan block J;(\) of eigenvalue ) is spanned by the powers J;(0)* for k = 0,...,[—1,

the centralizer of (B}) & —(B%)" in Sp(2n, C) consists of the matrices C & C~" with

C11 cl12 ... Clm
c21 C22 2m

C:= . . ) (10)
Cml Cm2 ... Cmm

where each block Crs is either of the form K = 3 ax(r,s)J;(0)", with ax(r,s) € C, if
iy — Gp—1 = is — is—1 = [, or of the form (%)7 if 4 —d,_1 > is —is—1 = [, or of the form
(O|K), if l = ip —dp_1 < ds — Gs—1.

In order to make zero more entries D3, we have to change coordinates using the
automorphism of the Levi complement (5) of Aut(n) defined through (10), where we take

Crs =0 forr > s, bps = ... =c¢s =0 for all s and a,» # 0 for all » with m — 1
of the vectors (a11, ... ,01m), (0,a22, ... ,a2m), ... ... , (0,000 ,0,Gm—1m—1,@m—1m),
(0, ... ,0,amm) belonging to the vector hyperplane > 7", Dé’“mr = 0, and the remaining
one in the affine hyperplane > ", Dy x, = 1: such an automorphism moves the column
vector Do = (0, ...,0,D5t, ... ... ,0, ...,0,D5™) to a vector with n — 1 entries zero
and the remaining one equal to 1 for some of the row indexes {i1,i2, ... ,im}. Thus, we
can state

THEOREM 3. Let s = (s)c +n be a solvable extension of a complex nilpotent Lie algebra n
of type {2n+2,1,1}. n is the commutator ideal of s precisely if the derivation x — [s, x|
of n can be represented by means of a matriz

A 0 C
D FE F
0 0 K
with
2a-1 0 0 0
0 a O 0 . .
— A= b 0 1 0 , where a # 1 and either b=c =0, orb=1if
0 0 ¢ a-—1

a=0,orc=11ifa=2;



— E € GL, the direct sum E(e1) ® E(e2)® ... ® E(e:) of Jordan matrices of distinct
nonzero eigenvalues e, ... ,e; with

E(ei) = Jiy(ei) @ Jip—ir(€) ® .. & Jip—ip, 1 (i) (1=1,2,...,t)
the decomposition of E(e;) into Jordan blocks, i1 < iy —ir—1 < tpp1—1r for alll <7 < m;

- K:=(2a-1)I,—-ET;

— F € Myuxn a diagonal matriz, where the only non-zero entries FJ] can possibly occur

if some e; is equal to a — % and j € {i1, ... ,im}, and in this case FJJ =1;

— D € My, x4, where at most one non-zero entries D} can possibly occur if some e; is
equal to a and j € {i1, ... ,im}, and in this case D) = 1;

— C € Myxn with entries CT =0, excepting C* = —D3. O

REMARK 4 . From the proof of Theorem 3 it turns out that the parameter a and the Jordan

canonical form of E are invariants. Furthermore, if e;, = a — % for some i € {1, ... ,t},
the number of entries I/ =1, j € {i1, ... ,im}, is also an invariant, as well as the size of
the row index j € {i1, ... ,im} of the entry D} = 1 in case e; = a for some i € {1, ... ,t}.
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