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ABSTRACT. We consider a nonlinear nonhomogeneous Dirichlet problem driven
by the sum of a p-Laplacian and a Laplacian and a reaction term which is (p —
1)-linear near +o0o and resonant with respect to any nonprincipal variational
eigenvalue of (—A, Wol’p (€2)). Using variational tools together with truncation
and comparison techniques and Morse Theory (critical groups), we establish
the existence of six nontrivial smooth solutions. For five of them we provide
sign information and order them.

1. Introduction. Let O C RY be a bounded domain with a C?%-boundary 0f). In
this paper we study the following nonlinear nonhomogeneous Dirichlet problem

—Apu(z) — Au(z) = f(z,u(z)) nQ, wu o = 0, 2<p. (1)
In this problem A, denotes the p-Laplace differential operator defined by
Ayu = div (|[VulP~2Vu)  for all u € WHP(Q).

When p = 2, we have Ay = A the usual Laplacian. The reaction term f(z,z) is a
measurable function which is C! in the z-variable. We assume that f(z,-) exhibits
(p — 1)-linear growth near +oo and resonance can occur at oo with respect to any
nonprincipal variational eigenvalue of (—A,, Wy **(2)). Near zero the reaction term
f(z,-) exhibits a kind of oscillatory behavior. Using variational tools (critical point
theory), together with truncation techniques and Morse theory (critical groups),
we show that the problem has at least six nontrivial smooth solutions. For five
of these solutions we provide sign information and order them. Elliptic equations
driven by the sum of a p-Laplacian and a Laplacian ((p,2)-equations for short),
arise in problems of mathematical physics. We refer to Aris [4], Benci-D’Avenia-
Fortunato-Pisani [5], Cherfils-Il’yasov [8], Fife [11] for such applications. Recently
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there have been some existence and multiplicity results for such equations. We
mention the works of Aizicovici-Papageorgiou-Staicu [3], Cingolani-Degiovanni [9],
Gasinski-Papageorgiou [15, 16], Liang-Han-Li [20], Papageorgiou-Radulescu [27, 28,
29], Papageorgiou-Radulescu-Repovs [32], Pei-Zhang [33], Sun [35], Sun-Zhang-Su
[36], Yang-Bai [38]. However, none of the aforementioned works treats problems
resonant at higher parts of the spectrum or produces six nontrivial smooth solutions
with sign and order information.

2. Mathematical Background - Hypotheses. Let X be a Banach space and X*
its topological dual. By (-, -) we denote the duality brackets for the pair (X*, X).
Given ¢ € CY(X,R), we say that it satisfies the “Cerami condition” (the “C-
condition” for short), if the following property holds:
“Every sequence {up }neny € X such that
{¢(tn)}nen C R is bounded,
(14 |lun|)¢’ (un) — 0 in X* as n — +o0,
admits a strongly convergent subsequence”.
This compactness-type condition on ¢, leads to a deformation theorem, from

which one can derive the minimax theory for the critical values of ¢. A basic result
in that theory is the so-called “mountain pass theorem” which we recall here.

Theorem 2.1. If ¢ € CY(X,R) satisfies the C-condition, ug,u; € X, ||u1 — upl| >
r >0,
max{p(uo), p(u1)} < inf{o(u) : [u—uoll = r} = my,
and ¢ = inf max @(y(t)) where I' = { € C([0,1], X) : ¥(0) = ug,y(1) = u1},

Y€l 0<¢<1
then ¢ > m, and c is a critical value of ¢ (that is, there exists u € X such that
p(u) =c, ¢'(u) =0).
In the analysis of problem (1) we will use the Sobolev spaces
WyP(Q) and HE(Q)
and the Banach space
@) ={uec'@:u =o}.
i@ ={uec'@ |
By | - || we denote the norm of W,”(2). As a consequence of the Poincaré
inequality, we can have
lul = [|Vull, for all u e W, P(K).
The Sobolev space H{ (£2) is a Hilbert space. Again thanks to the Poincaré inequality
we can take as inner product of Hg ()

(u, h) = (Vu,Vh)2(qryy = /Q(Vu, Vh)pndz for all u,h € Hé (Q).

Then the corresponding norm of Hg (£2) is
[l @) = [[Vull2 for all u € H(Q).
The Banach space C3(Q) is an ordered Banach space with positive (order) cone
given by - -
Cr={uecCiQ) : u(z) >0 forall z€Q}.
This cone has a nonempty interior given by
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ou
int O, = C, - 0 for all z € Q, 7] ol
int C'y {ue + ru(z) >0forall z € o BQ<}

Here %‘ denotes the normal derivative of u at 992 defined by @ = (Vu,n)gny
on lag on

with n(-) being the outward unit normal on 9. The Banach space C} () is dense
in both Sobolev spaces W, (Q) and H}(Q).
Consider a Carathéodory function fj: 2 x R — R which satisfies

Ifo(z,2)] < ag(z)[1+ |z|""'] foraa. z€Q, alzecR,
N
. Eifp<n, .
withag € L®(Q), 1 <r<p*=< N-—p (the critical Sobolev exponent
~+00 if N <p,
for p). Weset Fy(z,z) = [ fo(z,s)ds and consider the C''-functional ¢ : WeP(Q) —
R defined by

1 1
wol(u) = ];||Vu||§ + §HVUH§ - /Q Fo(z,u)dz  for all u € WyP(Q).

The next proposition is a special case of a more general result of Aizicovici-
Papageorgiou-Staicu [2]. We refer to Papageorgiou-Radulescu [30, 31] for similar
results suitable for the Neumann and Robin problems. These results are essentially
an outgrowth of the nonlinear regularity theory of Lieberman [22].

Proposition 1. Ifuy € Wol’p(Q) is a local CL(Q)-minimizer of po, that is, there
exists pg > 0 such that po(ug) < wo(ug+h) for all h € C}(Q), thcg(ﬁ) < po, then
up € Cy™(Q) with o € (0,1) and it is also a local Wy P (Q)-minimizer of po, that
is, there exists p1 > 0 such that po(uo) < o(ug+h) for all h € Wy P(Q), ||h]| < pr1.

Our hypotheses and arguments will involve the spectra of
(—2p, Wy () and (=4, Hy(%)).
We consider the following nonlinear eigenvalue problem
—Apu(z) = Au(2)P2u(z) nQ, u o= (2)
Actually the results for (2) which we will present are valid for 1 < p < +o0.
We say that A € R is an “eigenvalue”, if problem (2) admits a nontrivial solution
ue VVO1 P(Q) known as an eigenfunction corresponding to the eigenvalue A. There
is a smallest eigenvalue A1 (p) which has the following properties:
e Ai(p) > 0 and it is isolated in the spectrum &(p) of (=A,, WyP(Q)) (that is,
there exists € > 0 such that (A1(p), A1(p) + &) Na(p) = 0).
e )\ (p) is simple (that is, if u,u € Wol’p(Q) are eigenfunctions corresponding to
the eigenvalue \1(p), then @ = £u for some ¢ € R\ {0}).

Vullp

el

A1(p) = inf cue WEP(Q), u#0|. (3)

The infimum in (3) is realized on the corresponding one dimensional eigenspace.
The above properties imply that the elements of this eigenspace have fixed sign. By
u1(p) we denote the LP-normalized (that is, ||u1(p)||, = 1) positive eigenfunction

corresponding to Ay (p). The nonlinear regularity theory implies that u; (p) € Cs..
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Moreover, the nonlinear strong maximum principle (see, for example Gasinski-
Papageorgiou [14], p. 738) gives that u1(p) € int C. Similarly all eigenfunctions
belong in C}(Q) and if Y (p), then the corresponding eigenfunctions are nodal
(that is, sign changing). Since the spectrum & (p) is closed and i (p) > 0 is isolated,
the second eigenvalue is well-defined by

~

Xo(p) = min | X € 5(p) : A > Xl(p)} .

Additional eigenvalues can be produced using the Ljusternik-Schnirelmann minimax
scheme. This way we can generate a sequence {Xk(p)}keN of eigenvalues such
that X;@(p) — 400 as k — 4o0o. These are the so-called “variational eigenva-
lues” and depending on the index used in the Ljusternik-Schnirelmann scheme,
we can have different such sequences. They all coincide in the first two elements
:\\g(p) > :\\1(p) > 0, but for the rest we do not know if this is the case. Here we
employ the sequence generated using the Fadell-Rabinowitz cohomological index
(see, Cingolani-Degiovanni [9]). Moreover, we do not know if the sequence of
variational eigenvalues exhausts o(p). This is the case if p = 2 (linear eigenva-
lue problem) or if N =1 (ordinary differential case).

For the linear eigenvalue problem (p = 2) we have

—Au(z) = Xu(z) inQ, wu 0

0.

In this case we have
5(2) = {Me(2) }ren With 0 < A1(2) < A2(2) < -+ < Ag(2) — +00 as k — +00.

The corresponding eigenspaces E (Xk (2)), k € N, are linear subspaces of Hg () and
we have

Hj(Q) = ®renE(Me(2)).
Such a decomposition is not possible for the nonlinear problem (2), where the
corresponding eigenspaces for k > 2, are cones. This makes the study of resonant
problems for the p-Laplacian more difficult.
Standard regularity theory implies that

E(M\(2)) CCLEQ) for all k € N.

Moreover, each eigenspace F (:\\;C (2)), k € N, has the so-called “Unique Continuation
Property” (UCP for short), that is, if u € E(Xk (2)), k € N, and u(-) vanishes on a set
of positive measure, then u = 0. For the linear eigenvalue problem, all eigenvalues
admit variational characterizations:

~ . V|3
A1(2) = inf [H|u||!2 cu € HYHQ), u # 0] , (4)
2
~ . YVu 2 ~ —_—
Ai(2) = inf [H|u||!2 ru€EH = EBk>1E()\k(2))]
2
Vul? — ~
= sup [HHU”!2 rueH = @21E(Ak(2))} , 1>2. (5)
2

In (4) the infimum is realized on E(X1(2)) In (5) both the infimum and the
supremum are realized on E(XI(Q))

Using (4), (5) and the UCP of the eigenspaces, we deduce the following useful
inequalities.
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Proposition 2. We have:

(a) Ifl e N, n € L>®(Q), n(z) > X;(Q) for a.a. z € Q andn # Xl(Q), then there
exists ¢1 > 0 such that

V|3 — / n(2)u?dz < —ci||ul|®  for all u € Hy.
Q

(b) Ifl e N, n € L™(Q), n(z) < XZ(Q) for a.a. z € Q and n # XI(Q), then there
exists co > 0 such that

| Vul|3 — / n(z2)u’dz > co||lul|®>  for all u € Hj.
Q

Consider the operator A, : Wy P(Q) — W17 (Q) = WP (Q)* <1 + 1 1>
defined by
<Ap(u)a h> = / |Vu|p72(Vu,Vh)RNdz.
Q

This map has the following well-known properties (see, for example, Gasinski-
Papageorgiou [14]).

Proposition 3. A,(-) is bounded (that is, maps bounded sets to bounded sets),
continuous and strictly monotone (thus mazimal monotone too) and of type (S)+
(that is, u, ~ u in Wy P(Q) and lim SUDP,, s 4 o0 (A(Un), Un — u) <0 imply up, — u
in Wy ().

Next let us recall some basic definitions and facts from Morse theory (critical

groups), which we will use in the sequel. So, let X be a Banach space, p € C1(X,R)
and ¢ € R. We introduce the following sets

K,={ue X :¢(u) =0},
K;={ue K, :¢p(u)=c},
e={ue X:pu) <c}
Let (Y7, Y2) be a topological pair such that Y5 C Y7 C X and k € Ny. By Hy(Y7,Y2)

we denote the kth-relative singular homology group with Z-coefficients. Suppose
u € K¢ is isolated. Then the critical groups of ¢ at u are defined by

Crlp,u) = H(e*NU,°NU \{u}) forall k € Ny.

Here U is a neighborhood of u such that K,Ne°NU = {u}. The excision property of
singular homology implies that the above definition of critical groups is independent
of the choice of the neighborhood U.

Suppose that ¢ € C'(X,R) satisfies the C-condition and inf ¢(K,) > —oc. Let
¢ < inf p(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hp(X, %) for all k € Ny.

This definition is independent of the choice of ¢ < inf p(K,,). Indeed, let ¢ <
¢ < inf @(K,). From Corollary 5.35, p. 115 of Motreanu-Motreanu-Papageorgiou
[25] we have that

gpcl is a strong deformation retract of (¢,

= Hp(X,¢% = Hp(X,¢) forall k € Ny (see [25], Corollary 6.15(a), p. 145).
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If w is a local minimizer of ¢, then
Cr(p,0) =, 0Z for all k € Ny,
where dj, ,, is the Kronecker symbol defined by
Som = {(1) iZ;: ke,m € N.
If w is a critical point of mountain pass type, then
Ci(p,u) #0 (see [25], Corollary 6.81, p. 168).

Before introducing the hypotheses on the reaction term, let us fix our notation.
For z € R, we set & = max{#xz,0}. Then given u € WHP(Q), we define
uF(-) = u(-)*. We know that
ut e WyP(Q), uw=ut—u", |ul=u"+u".

By || we denote the Lebesgue measure on RY. If g(z, ) is a measurable function
(for example, a Carathéodory function), then by Ngy(-) we denote the Nemytski
(superposition) operator corresponding to g, that is,
Ny(u)(-) = g(-ul-)) for all u € Wy(Q).
Also if u,v € W1P(Q), then we set
[u,v] = {h € W P(Q) : u(z) < h(z) < v(z) for a.a. z € Q}.

By int 1 (g [u, v], we denote the interior in C}(Q) of [u,v] N CE ().

Now we are ready to introduce the hypotheses on the reaction term f(z, x).
H(f): f: QxR — R is a measurable function such that for a.a. z € Q f(z,0) =0,
f(z,-) € CL(R) and

(i) |fi(z,2)|] < a(z)[1 + |2|"7?] for a.a. 2z € Q, all z € R, with a € L>®(Q),

p<r<p% .
(i) there exist functions wy € WHP(Q) N C(Q) such that
w_(z) <c. <0<ecy <wy(z) forall ze
Ayl ) + Aw) <0 < Ay(ws) + Aws) in W (@) = Wi ()",
flz,we(2) <0< f(z,w_(2)) foraa. z€
(#4i) there exist m € N, m > 2 such that

[z 2)

Jm P = Apn(p) uniformly for a.a. z € Q

and if F(z,2) = [, f(z,s)ds, then
f(z,z2)x — pF(z,2) = +o0o uniformly for a.a. z € Q, as  — Fo0;
(tv) there exist [ € N, I > 2 such that d; # m with

d; = dim Fl = dim @2:1 E(Xk(2))
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and functions 71,72 € L>(Q) such that
Xl(2) <m(z) foraa. ze€Q, m# XI(Q),
772(2) < /):l+1(2) for a.a. z € Q, 2 5_'5 :\\l+1 (2),

m(z) < £1(2,0) = lim @

< ma(z) uniformly for a.a. z € Q;
z—0

(v) for every p > 0, there exists Ep > 0 such that for a.a. z € §, the function
z— f(z,z)+ gp|x|p_2x
is nondecreasing on [—p, p].
Remark 1. Hypotheses H(f) (i), (¢v) imply that near zero f(z,-) has a kind of
oscillatory behavior. Evidently hypothesis H(f) (i) is satisfied if there exist c_ <
0 < cg such that f(z,¢4) <0 < f(z,c-) for a.a. z € Q. Hypothesis H(f) (iii)

implies that at +o0o we have resonance with respect to a nonprincipal variational
eigenvalue.

Example 1. The following function satisfies hypotheses H(f) with w_ = —1,
w4 = 1. For the sake of simplicity, we drop the z-dependence:
nx—ﬁxr_%c if |z| <1,
Fa) =7 | \_2 . ! |z
Am(P)|zP22 + Ble|" 2z 4+ 0 if 1 < |z,

with € (\(2), \g1(2)) where €N, 1> 2, dj#m,2<r, 2<7<p, &>nand
0 =(p—2)Am(p) + (r—2)¢.

3. Constant Sign Solutions. In this section, we prove the existence of four
nontrivial smooth solutions of constant sign (two positive and two negative). We
also localize and order the solutions.

Proposition 4. If hypotheses H(f) (i), (i%), (iv) hold, then problem (1) admits two
constant sign smooth solutions

uo € e g [0,wt] and v € inte ) [w_,0].
Proof. Consider the Carathéodory function f+ : 3 x R — R defined by
~ {f(zmc"‘) if £ <wy(z),

fe(z2) = fzywi(z) fwi(z) <z

(6)

We set Fy (z,2) = fom ﬁr(z, s)ds and introduce the C'-functional &, : W, ?(Q) — R
defined by
1 1 ~
oy(u) = 1—?||Vu||£ + §||Vu|\§ — / Fi(z,u)dz forallue Wol’p(Q).
Q

From (6) it is clear that @ is coercive. Also using the Sobolev embedding theorem,
we see that @ is sequentially weakly lower semicontinuous. So, by the Weierstrass-
Tonelli theorem, we can find uy € Wg'*(€) such that

B (uo) = inf [B4 (u) + we WyP(®)]. (7)
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Hypothesis H(f) (i73) implies that given € > 0, we can find 6 = §(¢) € (0, c4) such
that

f(z,x) = f+(z,x) > [m(z) —elz fora.a. z€Q, all0 <z <4 (see (6)),
>

~ 1
= Fi(z,x) 5[771(2) —¢glz? foraa 2€Q, all0 <z < 4. (8)
Recall that 41(2) € int C. So, we can find ¢ € (0, 1) small such that
tu1(2)(2) € [0,8] for all z € Q. 9)

Then we have

o N 2~ t? S et?
P+t (2) < IVl + 3h@) - 5 / m (=) (2)%dz + =
Q

>
(see (8) and (9) and recall that ||u1(2)||2 = 1)
P 2 -
= aum@) < CIvne+ G | [ (i) - nE)m e+

Since 41(2) € int C and | > 2, we have

b= z —Al 1(2)%dz .
/[m( ) — M (2)]u1(2)*dz >0
We have

2

peme) < Divmelg+ S -l

Choosing € € (0, 8) and recalling that p > 2 and ¢ € (0,1), by choosing ¢t € (0,1)
even smaller if necessary, we have

¢+ (tun(2)) <0,
= 04(up) <0=p,(0) (see (7)) and so ug # 0.
From (7) we have
&, (ug) =0,
= (Ap(uo),h) + A(ug), h) = /Qﬁ(z,uo)hdz for all h € WP (). (10)

In (10) first we choose h = —ug € W, *(Q2). Then
IVug I+ [IVug I3 =0 (see (6)),
= wug >0, ug 75 0.

Next in (10) we choose h = (ug — w4 )" € WyP(€2). Then

(Ap(uo), (uo —wy)™) + (Aluo), (uo — wy)™)

= [ i) = wi) i (see 6)

< (Ap(wy), (o — w)™) + (A(wy), (o —w,)¥)  (see hypothesis H(f) (ii))
= (Ap(uo) — Ap(w), (uo —w+) ") + (A(uo) — A(wy), (uo —wi) ™) <0,
= up < wy.

So we have proved that
up € [0, w4]. (11)
From (6) and (11), we see that (10) becomes
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(Ap(uo), h) + A(ug), h) = /Qf(z,uo)hdz for all h € Wy* (),

=  —Apup(2) — Aug(z) = f(z,up(z)) foraa. z€Q, u o 0. (12)

From Ladyzhenskaya-Uralseva [19] (Theorem 7.1, p. 286), we have
up € L=(Q).

Then we can use Theorem of Licberman [22] and infer that
ug € Cy \ {0}.

Let p = ||w4 |0 and let Ep > 0 be as postulated by hypothesis H(f) (v). Then from
(12) we have

Apug(z) + Aup(z) < El,uo(z)pfl for a.a. z € (L.
Theorem 5.4.1, p. 111, of Pucci-Serrin [34] implies that
0 < up(z) forallzef)

(alternatively one can use Harnack’s inequality, see Motreanu-Motreanu-Papageorgiou
[25], p. 212). Finally using the boundary point lemma of Pucci-Serrin [34], we
conclude that

ug € int C. (13)
Let a : RY — RY be defined by
aly) = ylP 2y +y forallyecRY.
Evidently a € C*(RY,RY) and
div a(Vu) = Apyu+ Au for all u € W)P(9).

We have
Va(y) = [y[P~* |idn + (p — Q)yljzy +idy,
= (Va(@)& Oy > [E[° for all y, & € RY. (14)
Note that

Ap(ug) + A(ug) — Np(ug) = 0 < Ap(wy) + A(wy) — Np(wy) in W=7 (Q) (15)
(see hypothesis H(f) (ii)).

Then (11), (14) and (15) permit the use of the tangency principle of Pucci-Serrin
[34] (Theorem 2.5.2, p. 35) and we obtain

ug(z) < wy(z) forall z € Q. (16)
From (13) and (16) we conclude that
ug € int ey [0, w4].
Similarly, for the negative solution, we start with the Carathéodory function

F ) = flz,w_(2)) ifz<w_(z),
J-(z2) {f(z,—x_) ifw_(z) < .
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We set F_( fo (2,5)ds and introduce the C'-functional $_ : Wy ?(Q) — R
defined by

N 1 1 ~
o_(u) = ];||Vu||§ + §||Vu|\§ - /Q F_(z,u)dz forall u € Wol’p(ﬂ).

Then reasoning as above (with ¢_ instead of @), we generate a negative solution
vo € intea [w_,0]. O

Next using ug € int Cy and vy € —int Cy produced in Proposition 4, we will
generate two more smooth constant sign solutions u € int C; and v € —int Cy
such that

U(z) <vp(2) <0< up(z) <u(z) forall z €.

Proposition 5. If hypotheses H(f) hold, then problem (1) has two more smooth
constant sign solutions u € int Cy, v € —int Cy such that t—ug € int Cy, vo—0 €
nt C+.

Proof. Let ug € int Cy be the positive solution produced in Proposition 4. Using
uo(+) we introduce the following truncation of the reaction term f(z,-):

) f(zue(2)) if 2 < wugp(z),
ki(zw) = {f(z, x) if ug(z) < . (a7)

We set Ky (z,2) = [; k4 (2, s)ds and introduce the C*-functional @ : WyP(Q) —
R defined by

- 1 1
oi(u) = ];HVqu + §||Vu||§ — /QK+(z,u)dz for all u € Wol’p(Q).

Claim 1: ¢ satisfies the C-condition.
Consider a sequence {u, }nen C Wy *(2) such that

|p4(un)| < My for some My >0, alln € N,

(14 [[un NG (un) — 0 in W17 () as n — +oc. (18)
From (18) we have
nllh :
(&l (un), h)| < 1€+|||”||, for all h € Wy*(Q), with &,, — 0%,
= [(Ay(un),h) + (A(u / fi(z,up) hdz| < 1En|||||”, for all n € N.
Un
(19)

In (19) we choose h = —u;, € W,P(Q). Using (17), we obtain
[V, I} < esllu, ||
= {uy, Jnen € WyP(Q) is bounded. (20)

for some ¢z > 0, all n € N,

Suppose that
lul|| — +oo asn — +oo.
+
Let y, = Hu%”, n € N. Then |ly,|| =1, y» > 0 for all n € N. So, we may assume

n

that
Yn =y in WyP(Q) and y,, — y in LP(9). (21)
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From (19) and (20), we obtain
(A1) + (A b = [ ol h

for some ¢4 > 0, all n € N, h € W) *(Q),

< cal|h]

1 Ng, (u7) cal |
= ‘(A (Yn)s h) + ———=(A(yn), h) — / —F — hdz| < ——— foralln € N.
: [l [[P=2 o Jlut [P~ s =
(22)

Hypotheses H(f) (i), (i), (iv) imply that
|f(z,2)] < csl|lz| + |z|P7Y] for a.a. z € Q, all z € R, some c5 > 0. (23)
From, (17) and (23), we infer that

Nz, (uf}) :
=T C LP (Q) is bounded. (24)
[ [P~
neN
Hence, by passing to a subsequence if necessary and using hypothesis H(f) (iii), we
have
Nz (uf) , « :
— 5 A (p)y? ! in L (Q) as n — +oc. (25)
[ [P

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 16).
In (22) we choose h = y, —y € Wy (), pass to the limit as n — +oo and use
(21), (24) and the fact that p > 2. We obtain

= yn — y in Wy P(Q) (see Proposition 3) and so [jy| =1,y > 0.  (26)
So, if in (22) we pass to limit as n — 400 and use (25) and (26), then

(A, (y), h) = / Am(P)yP hdz  for all h € WeP(Q),

Q
= —Apylz)= Am(P)y(z)P~ for aa. z€Q, y o 0. (27)
Since ||y|| = 1 and m > 2, from (27) we infer that y must be nodal, a contradiction

0 (26). Therefore
{u Ynen € Wy P(Q) is bounded,
= {tn}nen € WyP(Q) is bounded (see (20)).
Thus we may assume that
Uy 5w in WyP(Q) and u,, — u in LP(S). (28)

In (19) we choose h = (u, —u) € Wy (Q), pass to the limit as n — +oo and use
(28). Then

tim (A ().t — ) + (A), 0 — )] =0,
= limsup [(Ap(un), un — u) + (A(u), u, — u)] <0 (since A(-) is monotone),
n—+4oo
= limsup(A4,(u,), u, —u) <0 (see (28)),
n—-+oo

= u, = uin Wy*(Q) (see Proposition 3).
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This proves Claim 1.

Claim 2: We may assume that ug € int C is a local minimizer of . Recall that
0 < (wy —ug)(z) for all z € Q (see Proposition 4). (29)

We consider the following truncation of ki (z,-) (see (17)):

~ ) ky(z,) if v <wy(z),
hi(z2) = {k+(z,w+(z)) if wy(z) <. (sce (29)). (30)

This is Carathéodory function. We set K, (z,z) = fom k4 (z,s)ds and consider the
C'-functional 1y : WyP() — R defined by

- 1 1 ~
Yy(u) = 5HVUHZ + §||Vu||§ - /QK+(z,u)dz for all u € WOI’p(Q).

From (30) it is clear that 1Z+ is coercive. Also, it is sequentially weakly lower
semicontinuous. So, invoking the Weierstrass-Tonelli theorem, we can find uy €
WP (€2) such that

G (i) = inf [ (u) : we WoP(Q)],
= ¢ (o) =0 in W~HP'(Q). (31)
Using (31), (30), (17), as in the proof of Proposition 4, we show that
Uo € [ug,w4] Nint C..

If 4y # wup, then this is the desired second positive smooth solution of (1).
Moreover, via the tangency principle, we have that ug — ug € int C. So, we are
done. Therefore we may assume that 4y = ug. From (30) and (17), it is clear that

i =9+ (32)

[uo,w] [wo,w]

From (29) and (32) it follows that
ug € int Cy is a local C}(Q)-minimizer of 5,
= wg is a local W, *(Q)-minimizer of @, (see Proposition 1).

This proves Claim 2.
Using (17) we can easily see that
Kz, Clup)N int C4 ={u€int Cy : up(z) <u(z) forall z € Q}.
So, we may assume that
K3, is finite.
Otherwise we already have an infinity of positive smooth solutions of (1) all

strictly bigger than wug.
On account of Claim 2, we can find p € (0,1) small such that

P+ (uo) <inf [Py (u) « [u—uoll = p] = my. (33)

Hypothesis H(f) (#i) implies that given any n > 0, we can find M = ]/\/[\(n) >0
such that
f(z,x)x — pF(z,2) >n foraa. z€Q, all z > M.
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We have
d [F(z,x)]

f(z,x)aP — pxP~1F (2, x)
2P

f(z,z)x — pF(z,x)
ij"rl

Ul
xptl
F(z,z) F(z,v) 7]{1 1

= — > } fora.a.zEQ,allein\/i (34)
P vP plzP WP

> for a.a. z € Q, alleM\,

Hypothesis H(f) (#i7) implies that

F 1~
lim (z2) _ —Am(p) uniformly for a.a. z € Q. (35)

z—doo |x|P _p

So, if in (34) we let x — 400 and use (35), then
JoP —pF(z,v) >n foraa. z€Q,allv> M,

m

AP
Xm(p)vp — pF(z,v) = 400 uniformly for a.a. z € Q as v — +00 (36)

=

(recall n > 0 is arbitrary).
For ¢ > 0 big we have

@mmm%

~ 2 R
530)+ FIVB W+ o~ [ Pt )iz
for some ¢ > 0 (see (17)),

= 0Pt (p) < P (p) = A (0)] + SEIVEL(2)]3 + pes

[ B )02 ()" = pF (et ) (37)
Recall that p > 2 and m > 2. So, from (37) and using (36), we infer that

o4 (tur(p)) = —o0 as t — +o0. (38)

Claim 1, (33) and (38) permit the use of Theorem 2.1 (the mountain pass theorem).
So, we can find 4 € W, ?() such that

ue Ky, Clug)Nint Cp and @y (ug) < my < @y (u),
= U €int C4 is a solution of (1) (see (17)) and @ # ug (see (33)).

Moreover, as before using the tangency principle and the boundary point lemma
(see Pucci-Serrin [34], pp. 35 and 120), we have

u—up € int Cy.
For the second negative solution, we consider the Carathéodory function

flz,x) if © <wp(z2),

h-(z0) = {f(z,vo(z)) if vo(2) < .

We set K_(z,x) = fom k_(z,s)ds and introduce the C''-functional @_ : Wy(Q) —
R defined by

- 1 1
F-(u) = ~IVul}+ 51Vl - / K_(z,u)dz for all u € WAP(Q).
Q
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Working with ¢_(+) as above, we produce a second negative smooth solution v such
that
ve—int Cy and vy —7 € int Cy.
O

Next we will show that problem (1) admits extremal constant sign solutions,
that is, a smallest positive solution u* € int Cy and a biggest negative solution
v* € —int Cy. We will need these extremal solutions, in order to produce a nodal
(sign changing) solution.

Hypotheses H(f) (i), (4¢3) imply that given € > 0 and 7 € (2,p*), we can find
c7 > 0 such that

f(z,x)x > (m(2) —e)a® —cr|z|” for a.a. z € Q, all z € R.
We consider the following auxiliary Dirichlet problem:

—Apu(2) — Au(z) = (m(2) — e)u(z) — crlu(z)|" 2u(z) in Q, wu o 0. (39)

Proposition 6. For all ¢ > 0 small problem (39) has a unique positive solution
u € int Cy and the oddness of (39) implies that v = —u € —int Cy is the unique
negative solution of (39).

Proof. First we prove the existence of a positive solution for problem (39).
Let oy : Wy P(R) — R be the C'-functional defined by

2

for all u € WyP(Q). Since 7 > 2, it is clear that o () is coercive. Also, by
the Sobolev embedding theorem o (+) is sequentially weakly lower semicontinuous.
Therefore we can find & € W, (Q) such that

1 1 e 1
710 = SIValf + 5IVuld + I = 5 [ () el

oy (W) = inflo, (u) : ue Wy P(Q)]. (40)
Note that for ¢ € (0,1) small we have
N P t2 ~ N o .
o4t (2) = VI @)} + 5 { / (@) = m ()i (W)’dz + ¢ + el )]
Q

‘We have
B = / (m(z) — Xl)al(Z)dz > 0.
Q

Choosing ¢ € (0, 3), we have
2 T

oy (tu1(2)) < %HV%@)HZ - %Cs + %C7|\Vﬂ1(2)||: for some cg > 0.
Since 2 < T, p, by taking t € (0,1) even smaller if necessary, we have
o4 (tu(2)) <0 =04(0),
= o4(u) <0=0.(0) (see (40)),
= u#0.
From (40) we have
o'y () =0,

S (Ay(@), ) + (A@), ) = / i (2) — )@ hdz — / (@) thd  (41)
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for all h € WP ().
In (41) we choose h = —u~ € W, P(Q). Then

Iva= |5+ [[va~|3 = o,
= u>0,u#0.

From (41) we have

—Apii(z) = A(2) = (m(2) = e)i(z) — eri(z)" " for aa. 2 €Q, @ =0.

As before, the nonlinear regularity theory implies that
ue Cyp\{0}
and by the tangency principle we have
Ayu(2) + Ati(z) < erl|a|| i Pa(z)P~t for aa. 2z € Q,
= wue€int Cy (see Pucci-Serrin [34] and Montenegro [24]).

Next we show that this solution of (39) is unique. To this end let

N 2
Go(t)= —+ — forallt>0.
p 2

If G(y) = Go(Jy|) for all y € RN, then VG(y) = a(y) = |y[P~%y + y and
div a(Vu) = Apu+ Au - for all u € WP ().

Note that t — Go(t'/2) is convex.
We introduce the integral functional

i) = [y G(Vuz)dz if u>0,ur € WyP(Q), (12)
+00 otherwise.

Let u, Uz € domlj ={ue LY Q) : j(u) < +oo} (the effective domain of j(-)).
Let v; = u?, vy = u2. From (42) we have vy, vy € W) (). Let
v=((1—t)v, + trs)?, t €[0,1].
From Lemma 1 of Diaz-Sad [10], we have
[Vo()] < [(1 = 1) Vor(2) P + Vs (2) ]
= Go(IVu(2)]) < Go (I(1 = ) Vur () + 1V ()]}
(since Gy(+) is increasing)
< (1= 1)Go(|Vur(2)]) 4 tGo(|Vua(2)]) (since t — Go(t2) is convex)
= G(Vu(2)) < (1 - 1)G(Vuy(2)?) + tG(Vuy(2)?) for aa. z € Q,
= j(-) is convex.

Suppose that @, ug are positive solutions of (39). From the first part of proof we
have

’lj, 170 € int C+.
Then given h € C3(Q) and for |¢| small, we have
u+th, up + th € dom j.
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We see that j(-) is Gateaux differentiable at @ and at g in the direction h. Using
the chain rule, we have

1 —A,u— Au 1 —Ayuy — A
@0 = [ “ESthds and J)h) = 5 [ oS
Q U Q U

for all h € C3(Q).
The convexity of j(-) implies the monotonicity of j/(-). Hence

0< / [APZ Au B —Apuy — Aﬂo} (@ — 2)dz
Q U Up

- [[mer-9 (G- 3 ) -et@?-w3] @ -y <o

u Ug

= u=7up (since2<T).
Since problem (39) is odd, we infer that
v=—ue€ —int C}
is the unique negative solution of (39). O
Consider the sets
S, ={ue WyP(Q) : uis a positive solution of problem (1)},
S_ = {veWyP(Q) : vis a negative solution of problem (1)}.
From Proposition 4 we have that
Sy #0 and S; Cint Cy,
S_#0 and S_ C —int C_.
From Filippakis-Papageorgiou [13] we know that
S+ is downward directed
(that is, if w1, us € Sy, then there is u € S such that v < ug, u < ug),
S_ is upward directed
(that is, if v1,ve € S_, then there is v € S_ such that v; < v, vy < wv).

Proposition 7. If hypotheses H(f) hold, then uw < wu for allu € S and v <7 for
allve S_.

Proof. Let u € Sy and consider the following Carathéodory function

0 if x <0,
er(z,2) = ¢ (m(2) — )z — cra™ ! 0 <z <u(z), (43)

(m(2) —e)u(z) — cru(2)™™ 1 u(z) < =
We set F (z,2) = fow e (z,s)ds and consider the C''-functional v, : Wy (Q) — R
defined by

1 1
vi(u) = 5||Vu||g + §HVUH§ — / E,(z,u)dz for all u € Wol’p(Q).
Q

From (43) it is clear that vy is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find %y € W,*(€2) such that

T (i) = inflys (u) : w € WP (@)
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Moreover, as in the proof of Proposition 4 since 2 < 7, we have

7+ (o) <0 =74(0)

= g #0.
We have
vy () = 0,
= (A,(0),h) + (A(uo), h) = /QeJr(z,ﬂo)h dz for all h € WyP(Q). (44)

If in (44) we choose h = —u; € WyP(Q) and h = (g — u)t € W, P(Q), then we
show that

o € [0,u] N C4 \ {0} (nonlinear regularity),
= Up is a positive solution of (39) (see (43)),
= Up=1u € int Cy (see Proposition 6),
= u<uforalues,.

Similarly we show that
v<wvforallvelsS_.

O

Using this proposition we can now show the existence of extremal constant sign
solutions for problem (1).

Proposition 8. If hypotheses H(f) hold, then problem (1) admits a smallest positive
solution u* € int C1 and a biggest negative solution v* € —int C.

Proof. Invoking Lemma 3.10, p. 178, of Hu-Papageorgiou [18], we can find a
decreasing sequence {up tneny € S1 C int Cy such that

inf S, = 71121{1 Up,.

We have

(Ap(un), h) + (A(uy), h) = / f(z,up)hdz for all h € WyP(Q), all n € N (45)

Q
In (45) we use h = u, € W,"*(). Using (23) and recalling that 0 < u < u; € int C
for all n € N, we see that
{tn tnen C Wol’p(Q) is bounded.
So, we may assume that
Uy 5w in WyP(Q) and u,, — u* in LP(Q).

In (45) we choose h = (u, —u*) € WyP(Q) and pass to the limit as n — +o00. As
in the proof of Proposition 5 (see Claim 1), we have

nEIfm<Ap(un)vun —u > <0,

= wu, = u* in W}"P(Q) (see Proposition 3). (46)

So, if in (45) we pass to the limt as n — 400 and use (46), then

(A (u®), h) + (A(u®), h) = /Qf(z,u*)hdz for all h € WAP(Q).
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Also, from Proposition 7 we have

u<wu, forallneN,
= u<u* (see (46)),
= wu"'€S; and u* =infS;.

Similarly we produce v* € S_ such that v* =sup S_. O

4. Nodal solutions. In this section we prove the existence of a nodal (that is, sign
changing) solution. The strategy is the following. Let u* € int C; and v* € —int C1.
be the two extremal constant sign solutions (see Proposition 8). Using truncations
of f(z,-) at u*(z) and v*(z), we focus on the order interval [v*,u*]. Employing
variational tools (in particular using Theorem 2.1), we produce yo € [v*,u*] a
solution of (1) distinct from {0,u*,v*}. The extremality of u* and v* guarantees
that yo is nodal.

We start by considering the energy (Euler) functional ¢ : W, ?(Q) — R of
problem (1) defined by

1 1
o(u) = 5||Vu||g + §HVUH§ - /Q F(z,u)dz for all u € W, *().

We have that o € C2(Wy?(Q),R).
The next proposition will allow us to distinguish the trivial solution from the
other solutions of problem (1).

Proposition 9. If hypotheses H(f) (i), (iv) hold, then Ci(p,0) = 6k q,Z for all
k € No with d; = dim @' _; E()\;(2)).

Proof. Consider the C?-functional i : H}(Q) — R defined by
1
i) = 5|Vl —/F(z,u)dz for all u € HL(Q).
Q

Hypotheses H(f) (i), (iv) imply that given € > 0, we can find ¢g > 0 such that

1 1
§[f;(z70) —ela® — colz|" < F(z,2) < 5[
fora.a. z€Q allz € R.A

Let u € H; = @®!_; E(\;(2)). Then

fi(2,0) + elz? + colz|” (47)

1 1
p(u) < §||Vu||§ ~3 / [f1(2,0) — elu*dz + c1o|ul|” for some c19 > 0 (see (47))
Q
< —cpr|Jul® + ciolju||” for some ¢11 > 0.

(see Proposition 2 and choose & > 0 small).
Since r > 2, we can find p € (0, 1) small such that

fitu) <0 forallwe H = &l E(N(2)), [lulli o) < p- (48)

On the other hand, if u € Hy41 = FZJ' = @izlﬂE(Xi(Q)), then

R 1 1 .
Au) = SIVul3 - /Q [£4(2,0) + eludz — exafju]|" (for some ey > 0)

> cisllul|® — c1af|u|” for some c13 > 0 (see Proposition 2 and choose ¢ > 0 small).
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Since r > 2, by choosing p € (0,1) even smaller if necessary, we can also have

fi(u) > 0 for all u € Hiyy = ®i>11 E(2)), 0 < [Jul| < p. (49)

From (48) and (49) it follows that p has local linking at 0. Using Proposition 2.3
of Su [37], we infer that

Cr(11,0) = 0g q,Z for all k € Ny. (50)
Let pn = ﬁ}wol,p(m. Since Wy*(Q) is dense in HL(Q), we have
Cr(p,0) = C(j1,0) for all k € Ny
(see Palais [26] and Chang [6] (p. 14)). Hence
Cr(1,0) =0k q,Z forall k € Ny (see (50)). (51)
We have )
[p(u) = p(w)] < Zllull” for all u € Wy P (Q). (52)
Also, for all h € W,P(Q) we have
(@' (w) = p'(u), B)| = |{Ap(u), h) < crallulP~"[|A]| for some c14 > 0,
= ¢/ (w) = i (Wl < crallulP~" for all u e Wy (9). (53)

From (52), (53) and the invariance of the critical groups in the C'-topology (see
Chang [7] (Corollary 5.1.25, p. 336) and Gasinski-Papageorgiou [17] (Theorem
5.126, p. 836)), we have

Cr(¢,0) = Cx(u,0) for all k € Ny,
= Ci(p,0) =0,q,Z forall ke Ny (see (51)).
O

Remark 2. In this remark, we present an alternative proof of the above result.
This new proof illustrates the power of the nonlinear regularity theory and uses the
other basic invariance property of critical groups, namely the homotopy invariance

property.

So, let A € (A\(2), Mi41(2)) and consider the C2-functional 7ip : HL(Q) — R
defined by

fo(w) = 3 IVully — Sull3 for all u e H(®)
The choice of A implies
Cx(10,0) = dk,q,Z  for all k € Ny (54)
(see Motreanu-Motreanu-Papageorgiou [25], Theorem 6.51, p. 155). Let pg =
ﬁo‘W&,p(Q). Since W, () is dense in H{ (), we have Cj (1o, 0) = C(fio, 0) for all
k € Ny (see Palais [26] and Chang [6] (p. 14)). Hence
Ci(10,0) = 0p,q,Z for all k € Ny (see (54)). (55)
We consider the homotopy
hi(u) = (1 = t)p(u) + tu(u) for all (t,u) € [0,1] x WyP(Q).
Suppose we can find {t, }nen C [0,1] and {up ynen € Wy (Q) such that
by = t, Uy — win Wy P(Q) and (hy, ) (u,) = 0 for all n € N. (56)
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From (56) we have
(Ay (), B + (A(un), h) = / (2, un)hdz for all h € WEP(Q), all n € N, (57)
Q

= — Apuy(2) — Auy(2) = f(z,un(2)) for a.a. z € Q, =0, alln e N.

u"|8Q

The nonlinear regularity theory (see Lieberman [22]) implies that there exist 6 €
(0,1) and ¢35 > 0 such that

L6/
un, € Cy” (), H“n”cév"(ﬁ) <c¢y5 forallmeN (58)
Let y,, = ﬁ, n € N. Then |ly,|| =1 for all n € N and so we may assume that
Y — y in WyP(Q) and y,, — y in LP(9). (59)

From (57) we have

Nf(un)
o luall

hdz for all h € WP, alln € N
(60)

lunlP~2(Ap(yn), ) + (Alyn), h) =

_ Z,un (2
= — lunl[P 2 Apyn(2) — Ayn(z) = f(m()) for a.a. z € Q, y”’E)Q =0. (61)

Using (23) we have

’M‘ < ¢ [[yn(2)] + [un () P2y (2)]]

< c16|yn(2)] for a.a. z € Q, all n € N, some ¢16 > 0 (see (58)),

Ny (un)
[[wnl

€ L>(Q) for every n € N.

From (61) and Corollary 8.6, p. 208 of Motreanu-Motreanu-Papageorgiou [25], we
can find ¢;7 > 0 such that

[Ynlloo < 17 for all n € N.

The Theorem 1 of Lieberman [22] implies the existence of 7 € (0,1) and ¢15 > 0
such that

yn € Co7 (), Hyn”cé”(ﬁ) < cg foralln € N.
Exploiting the compact embedding of C;" (Q) into C(Q) and using (59), we have
o =y in CH(@) and [ly] = 1, (62

Passing to the limit as n — +oo in (60) and using (62), we obtain
(A(y),h) = / fi(2,0)yhdz  for all y € WyP(Q). (63)
Q

From the density of Wy ?(Q) in H} (), we infer that (63) is valid for all b € HJ ().
Hence

—Ay(z) = f1(2,0)y(z) foraa. zeQ, y|,,=0. (64)
From the strict monotonicity of the eigenvalues on the weights (a consequence of

the UCP, see de Figueiredo-Gossez [12], Proposition 1), from (64) and hypothesis
H(f) (iv) we infer that y = 0, which contradicts (62). Therefore (56) can not occur
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and we can use the homotopy invariance property of critical groups (see [17], p.
836) and have

Ck(gD,O) = Ck(,uo,O) for all k£ € N,
= Ci(p,0) =0q,Z forallkeNy (see (55)).

This complete the alternative proof of Proposition 9.
Now we can produce a nodal solution for problem (1).

Proposition 10. If hypotheses H(f) hold, then problem (1) admits a nodal solution
Yo € intea ey [v*, u*].

Proof. Let v* € int C and v* € —int C; be the two extremal constant sign
solutions of problem (1) produced in Proposition 8. We introduce the following
Carathéodory function

flz,v*(2)) if x <v*(2),
V(zw) = f(z,2) if v*(2) < & < u*(z), (65)
fz,u*(2)) ifu*(z) <.
We set I'(z,x) = [, 7(z,s)ds and consider the C'-functional x : WyP(Q) — R
defined by
1 1
x(u) = ];HVUHZ + §||Vu||g - / I'(z,u)dz for all u € Wol’p(ﬂ).
Q

We also introduce the positive and negative truncations of (z,-), namely the
Carathéodory functions v+ (2, x) = y(z,£z%). We set ' (2,2) = [ v+ (2, s)ds and
consider the C'-functional 4 : W, ?(Q) — R defined by

1 1
X+ (u) = ];HVUHZ + §||Vu||§ - /QI‘i(z,u)dz for all u € W)"P(9).

Using (65), as in the proof of Proposition 4, we see that
K, C " u*1NnCy(Q), Ky, C0.u]NCy, K, C[*0N(-Cy).
The extremality of u* and v* implies that
K, C " uINnCy(Q), Ky, ={0,u"}, K, ={0,0"}. (66)
Claim: v* € int Cy and v* € —int C; are local minimizers of .

Evidently x4 is coercive (see (65)). Also, it is sequentially weakly lower semicontinuous.
So, we can find 7* € W, ?() such that

X (@) = inf [xo (u) 5w e WoP(Q)]. (67)
Since u* € int C, using Proposition 2.1 of Marano-Papageorgiou [23], we can
find ¢ € (0,1) small such that
0 < tu1(2)(2) <u*(z) forall z € Q.
Using hypothesis H(f) (iv), as in the proof of Proposition 4, we have
x+(tui(2)) <0,
= x+@)<0=x4(0) andso u*#0. (68)
From (66), (67), (68) we infer that

A~

Ut =u" eint C4.
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Clearly we have

X+ ’ [0,u*] - X‘ [0,u*]

= u* is a local C}(Q)-minimizer of ¥,

= wu* is a local W, *(2)-minimizer of x (see Proposition 1).
Similarly for v* € —int C} using this time the functional y_. This proves Claim.

We can always assume that K, C C§(Q) is finite. Otherwise on account of (66),

we already have an infinity of smooth nodal solutions of (1) and so we are done.
Using the Claim and Proposition 5.42, p. 119, of Motreanu-Motreanu-Papageorgiou
[25], we can find yo € K, C [v*,u*] N CL(Q) of mountain pass type. So, we have

C1(x;%0) #0 (69)

(see Corollary 6.81, p. 168, of Motreanu-Motreanu-Papageorgiou [25]). From
Proposition 9, we have

Ck((p,O) = 5k,d,Z for all & € Np.

Since ¢’ ) X o ] (see (65)), we have
C’k(ga, 0) = Ck(X, 0) for all k € Ny,
= Ck(X,O) = §k,dlZ for all £ € Np. (70)
Note that d; > 2 (recall I > 2). Hence from (69) and (70) we infer that
Yo 7& 0,

=y € v*,u*] N CH(Q) is nodal.
Moreover, as in the proof of Proposition 4, via the tangency principle, we have
Yo € intea (g [v*, u™].
O
5. Multiplicity Theorem. In this section, we produce a sixth nontrivial smooth
solution and we have the complete multiplicity theorem for problem (1) (six solutions
theorem).

To this end we will need the following fact about the critical groups of ¢ at
infinity.

Proposition 11. If hypotheses H(f) hold, then C,,(p,o0) # 0.

Proof. Let A € (A (D), Ami1(p)); A & &(p) and consider the C2-functional 1)
WyP(€) = R defined by

1 A
Y(u) = ;)Hvung - EHUHg for all u € WyP(Q).
We consider the following homotopy
he(u) = (1 — t)p(u) + tp(u) for all (¢, u) € [0,1] x WyP(Q).
Claim: There exist 8 € R and g9 > 0 such that
he(u) < 8= (1+ ||ul)||(he)' (u)||« > eo for all t €[0,1].
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We argue indirectly. So, suppose that the Claim is not true. Since (¢,u) — h¢(u)
is bounded (that is, it maps bounded sets to bounded sets), we can find {t,, }neny C
[0,1] and {u, }nen € WyP() such that

tn = t, |lunl| — 400, by, (un) — —o0, (1+||un ) (he, ) (un) — 0 in W_l’p/(Q). (71)

For all n € N, we have

(Ay (), B) 4+ (1= ) (A(un), B —(1—tn)/ﬂf(z,un)hdz—tn)\/g|un|p_ uph dz
enllhll

< 2 for all h € WyP(Q), with &, — 0F. (72)
L+ fun| 0
Let y, = HZ—HH, n € N. Then ||y,|| =1 for all n € N. So, we may assume that
Yn =y in WyP(Q) and y,, — y in LP(9). (73)

From (72) we obtain

1—1t, Nf(un) 9
(Ap(yn), h) + ————=(A(yn), h) — (1 — tn)/ ———=hdz — tn)\/ [yn P “ynh dz
v Tl o Tl ! o
Eth”
f 11 N. 74
S TF Tun gt oralin € (74)
Evidently

{Nf(u”)} C LPI(Q) is bounded (see (23)).
neN

[P~ -

So, by passing to a subsequence if necessary and using hypothesis H(f) (iii), we
have

2y A (0)|y[P~2y in L' () as n — 400 (see [1]). (75)
If in (74) we choose h = y,, —y € WyP(2), pass to the limit as n — +oo and use
(71), (73), (75) and the fact that p > 2, then

=y, —yin W, P(Q) (see Proposition 3) and so |jy|| = 1. (76)

Therefore, if in (74) we pass to the limit as n — 400 and use (75), (76), then

Ap)h) = [

A [(1 — ) Am(p) + tk} ly|P~2yhdz for all h € WyP(),

= —Apy(z) = ’)\\t|y(z)|p*2y(z) for a.a. z € Q, y’aﬂ =0, (77)
with Ay = (1 — £)Am (p) + tA.

If A\, & G(p), then from (77) it follows that i = 0, which contradicts (76). Suppose
that A; € o(p). From (76) we have y # 0. Hence there exists £ C € measurable
with |E|ny > 0 such that

|un(2)| = 400 for all z € E.
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Then (74), hypothesis H(f) (¢i¢) and Fatou’s lemma imply

/ [f(z,un)up — pF(2,up,)]dz — 400 as n — +oo,

= / Z, Up )Up — PF(2,up)]dz — 400 asn — +oo  (see (23)). (78)
From (71) we see that we can find ng € N such that
Vun|lf + (1= tn)§\|VUn||§ — (1 =tn) /QPF(Z,un)dZ = ta[Junll; <0 (79)
for all n > ng. On the other hand from (72) with h = u,, € W, (), we have
IV = (1= ) [Tl (1= ta) [ tmtads + A} < 0 (50
for all n € N. Adding (79) and (80) and recalling that p > 2, we have
(1—1ty,) /Q[f(z,un)un — pF(z,up)]dz < c19  for some c19 > 0, all n > ng.  (81)

We show that ¢ < 1. Indeed, if ¢ = 1, then (77) becomes

— Apy(2) = Ny(2)[P2y(z) for a.a. z€Q, ylag =0,
= y =0 (since A € 5(p)), a contradiction to (76).
Then from (81) it follows that

/ [f (z,un)tupn — pF(2,up)]dz < cgp  for some cgp > 0, all n > ng. (82)
Q

Comparing (78) and (82), we have a contradiction. This proves the Claim.
From the Claim and Theorem 5.1.21, p. 334 of Chang [7] (see also Liang-Su
[21]), we have

Ci(ho(+),00) = Ci(h1(:),00) for all k € N,
= Ci(p,0) = Cr(1h,00) for all k € Ny. (83)
For p > 0, we consider the following two sets
Cp={ue WoP(Q) : [[ull” < Allullp, Jull = p},
D= {ueWgP(©) : |lul]” = Nulp}.
Since A € (A (), Amy1(p)), we have
ind C, =ind D=m

with ind(-) being the Fadell-Rabinowitz cohomological index (see [9]). Then, by
Theorems 3.2 and 3.6 of Cingolani-Degiovanni [9], we have

Cm(¥,0) # 0. (84)
But Ky = {0} (since A & 5(p)). Hence

Ck(’t/),()) = Ck(w, OO) for all £ € Ny,
(see Proposition 6.61(c), p. 160, of Motreanu-Motreanu-Papageorgiou [25]), implies

Cn(p,00) #0 (see (83), (84)).
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Proposition 12. If hypotheses H(f) hold and K, is finite, then Ci(p,y0) =
Cr(p,0) = Ci(p,0) = dk1Z for all k € Ny.

Proof. Let x € C’l(Wol’p(Q),R) be as in the proof of Proposition 10 and consider
the homotopy

hi(u) = (1 — t)p(u) + tx(u) for all (t,u) € [0,1] x Wy P(Q).
Suppose we could find {t, }nen C [0,1] and {uy }nen € Wy P(Q) such that
by = t, Uy — yo in Wy P(Q) and (hy, ) (u,) =0 for all n € N. (85)

From the equality in (85), we have

(A (), )+ (Aun), h) = (1—tn)/ﬂf(z,un)hdz+tn/ﬂfy(z,un)dz

for all h € WyP(),
= = Apun(2) — Aup(2) = (1 = tn) f(2,un(2)) + tay(2, un(2)) for a.a. z € Q,

Un

o =0forallneN. (86)

From (86) and Theorem 7.1, p. 286 of Ladyzhenskaya-Uralfseva [19], we have that
ltnlloo < €o1  for some g1 > 0, all n € N.
Invoking Theorem 1 of Lieberman [22], we find 7 € (0,1) and cg2 > 0 such that

u, € Cy(Q), lunllcrr @) < c22 forallmeN. (87)

From (85), (87) and the compact embedding of C3'" (Q) into C'(Q), we infer that

Upn, — Yo in C(% (ﬁ)a

= uy € [v*,u*] for all n > ng (see Proposition 10).

!

[v*,u”]

Since ¢’ o] (see (65)), it follows that
{un}nan g K(pa

which contradicts the hypothesis that K, is finite.
Hence (85) can not hold and so the homotopy invariance of critical groups (see
Gasinski-Papageorgiou [17], Theorem 5.125, p. 836), implies that

Cr(p,y0) = Cx(x,y0) for all k € Np. (88)
But from (69) we know that
Cl (X? yO) 7é 07
= Ci(,90) # 0 (see (88)). (89)

We know that ¢ € C2(W,?(Q),R). Then from (89) and Papageorgiou-Radulescu
[27] (see proof of Proposition 3.5, Claim 3), we have

Crl@,y0) = OpaZ for all k € Ny,
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Similarly for @ € int C; and ¥ € —int C, using the homotopies
(hy)e(u) = (1= t)p(w) + 134 (u),
(h_)e(u) = (1 — t)(u) + tG_(u) for all (,u) € [0,1] x W P(Q).
O

Now we are ready for the multiplicity theorem producing six nontrivial smooth
solutions for problem (1). Note that we provide sign information for five of these
solutions and we also order them.

Theorem 5.1. If hypotheses H(f) hold, then problem (1) admits at least siz
nontrivial smooth solutions
ug,u € int Cy  with w — ug € int Cy,
v,V € —int Cy  with vg — U € int Cy,
Yo € intcé @ [vo, ug] nodal,
g€ Co(@)\ {0}
Proof. From Proposition 4, we know that ug € int C'y
e is a minimizer of P ;
® up € intea [0,wy].

+‘ (see (6)), it follows that
[va+]

)

Since cp‘ =
[0,w4]

up is a local CE(Q)-minimizer of ¢,
= g is a local W, *(2)-minimizer of ¢ (see Proposition 1).
Similarly we have that
vo is a local W, (Q)-minimizer of ¢.

Therefore we have

Ci(p,u0) = Cr(p,v0) = 0k 0Z for all k € Ny. (90)
From Proposition 12, we have
Cr(p,y0) = Cr(p,u) = Ci(p,V) = 0k1Z for all k € Ny. (91)
Also, from Proposition 9, we know that
Cr(p,0) = dk,q,Z for all k € Ny. (92)
Since Cy,(p, 00) # 0 (see Proposition 11), we can find § € K, C C}(2) such that
Cm(p.7) #0. (93)

(see Motreanu-Motreanu-Papageorgiou [25], Proposition 6.61, p. 160). Since m # d;
(see hypothesis H(f) (iv)), from (92), (93) we infer that

y#0.
Also, from (90), (91) and (93), we see that
/y\ g {’Ll/o, Vo, Yo, 1/1\/, E}\}

We conclude that § € C3(Q) is the sixth nontrivial smooth solution of problem

(1)-
O
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