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1. Introduction

Since its appearing, the Mountain Pass Theorem (briefly MPT) of Ambrosetti and Rabinowitz [1], for C! functionals f
defined on a Banach space X, had a high impact in the topological study of various differential problems. This fact thoroughly
motivated not only the search for new applications to differential equations, but also the extension of the MPT to very
general situations. Regarding the so-called ‘mountain pass geometry’, two aspects have attracted particular attention:
(a) the regularity of f; (b) the Palaié-Smale condition (briefly (PS)), which represented, with every improvement, a crucial
compactness assumption. The study of part (a) refers to the weakening of the C! assumption so that the functional can also be
non-differentiable. This allows us to handle important concrete topics like variational inequalities and elliptic equations with
discontinuous nonlinearities, that, otherwise could not be approached directly through the MPT. Concerning the part (b), it
is worth to notice that, when@ver applying the MPT, the first step to prove the (PS) consists in verifying that a Palais-Smale
sequence is bounded, and only afterward a convergent subsequence is extracted (see, e. g.,[2, pag. 79] or [ 3, Lemma 3.2]). The
discussion above poses a theorétical investigation: to determine large classes of functions admitting bounded Palais-Smale
sequence, not necessarily requiring the usual (PS). In this respect, it is shown in [4] how the perturbation methods, combined
with Ekeland’s variational principle, can be used for C! functionals to construct, in a natural way, bounded Palais-Smale
sequéhces, sometimes in cases where the underlying geometry is even more general than that of the MPT (see also [5,6] for
certain non-smooth versions). For dealing with this question, it seems that the dependence of f on a real parameter can be
particularly useful. Starting from some developments in [2] and exploiting monotonicity arguments, for a family f (-, 1) of
C! functionals on X depending linearly on A in a positive real interval, it is shown in [7] that, for almost every A, the functional
f (-, A) admits a bounded Palais-Smale sequence {x,}, provided the mountain pass geometry occurs. Moreover, there holds
f(xn, ) — ¢, asn — o0, where ¢, stands for the classical mountain pass level of the function f (-, A). The abstract results
in[7] are improved in [8] by dropping the linear dependence on A and weakening the monotonicity requirement (see also [9]
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for another extension of [7]). It is relevant noting that the techniques related to the presence of parameters still work if, in
place of the mountain pass geometry, the functionals f (-, A) are bounded from below. This has been done by Schechter and
Zou [10], again under a linear dependence of A, obtaining that for every A there exists a bounded Palais-Smale sequence {x,}
satisfying f (x,, A) — o, where «; denotes the global infimum of f (-, A). A careful analysis of the proofs of all these results
reveals that in both main settings (the mountain pass geometry and boundedness from below), the key facts seem to be
the following: the involved levels, ¢, and «;, respectively, are generated through an infimum process and that deformation
arguments are available.

The aim of the present paper is to extend the abstract results contained in [7,8,10] on the existence of bounded
Palais—Smale sequences in the parametric framework to the class of non-differentiable functionals satisfying the structure
assumption

(Hp) f(x, &) = @(x, 1) + ¥ (x) forall (x, ) € X x A, withaninterval A C R, a function @ : X x A — Rsuchthat @ (-, A) is
locally Lipschitz continuous for all A € A, and a function ¢ : X — R U {400} which is convex, proper (i.e., % +00), and
lower semicontinuous.

Our main results covering both the mountain pass geometry and the boundness from below are presented in Sections 3
and 4, respectively. The essential tool in proving them is a general deformation lemma, which is set forth in Section 2. This
deformation property has actually a unifying effect on the two different situations leading through the same approach to
the main results (Theorems 3.3 and 4.3). Just for the special case of C! functionals, our results extend and improve the
corresponding statements in [7,8,10] (see hypothesis (i) and Remarks 3.1 and 4.1).

2. A deformation result

Let (X, || - ||) be a reflexive Banach space, A arealintervaland f : X x A — RU {+00} a function satisfying the structure
hypothesis (Hy) in Section 1. We recall that, if x,z € X and A € A, the generalized directional derivative of the locally
Lipschitz function @ (-, 1) at the point x in the direction z, which we denote ®@2(x, A; z), is defined by

Dd(w+tz,A) — P(w, )

(b,?(x,k;z) = limsup ; s

w—x, t—0*
while the generalized gradient of @ (-, A) at x, denoted 0,® (x, 1), is the set
K (x,A) =[x € X*: (x*,2) < DX(x, A;2),Vz € X}.

Related to the function ¢ : X — RU {400}, we set Dy, := {x € X : ¥ (x) < +oo}. Since ¥ turns out to be continuous on
int(Dy ) (see, e.g., [11, Exercise 1, p. 296]), the same holds for f. Given A € A, for every ¢, r > 0 and a € R we introduce the
set

FF,M)={xeX: |xl<r+1la—e=<f(xA1) <a+se}. (1)

The next lemma is the basic step in proving our main results.

Lemma 2.1. Let f be a function satisfying (Hy). Given A € A, assume that there exist constants ¢ > 0,1 > 0 and a € Rsuch
that Fy ,(A) # 0,

F; () C int(Dy) (2)
and

inf {[|Ix* +z*|| : x* € P (x, 1), 2" € 3P (x), X € F, . (M)} > 2. (3)
Then there exists a homeomorphism x : X — X with the following properties:

(a) x(x) = xwhenever |f(x, L) — a| > 2¢;
(b) fF(x ), 1) < f(x,2) forallx € X;
(o) f(x(x),A) <a—eforallx € X provided ||x|| <randf(x,)) <a+e.

Proof. The assumptions ensure that F; (1) is a nonempty paracompact space because it is closed. Arguing as in [12], we
construct an open locally finite covering W = {W; : i € I} of F; (1) such that, for every i € I, W; is convex,

fiw; (-, %) is Lipschitz continuous, (4)
a—2e <f(x,A) <a+2e forallx e W, (5)
and there exists &; € X, with ||&;|| = 1 satisfying

(X" + 2%, &) > 28, Vx* € DX, L), VZ* € ay(x"), VX, x" € W, (6)
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Set W = | J;; Wi and
di(x) .
di(x) = d(x, X \ Wy), pi(x) = , YxeW,Viel,
i i i Zdj(x)
Jjel
> g ifxew
@(X) = i€l
0 otherwise,
dix, X \ W
I(x) = X\ W) , VxeX,
dx, X \ W) +d (x, F1 (1))

and
Vx) =lx)O(x), VxelX.

We observe that V : X — X is locally Lipschitz continuous and

V&I <1 VxeX. (7)
The basic existence-uniqueness theorem for ordinary differential equations provides a mapping n € C°(R x X, X) such that
A
dn(t, x)
i = -V(n(t,x), V(,x)eRxX, n(0, x) = x.

We claim that
for every x € X, the function t — f(n(t, x), A) is non-increasing on R, (8)
In order to check (8), we distinguish two cases:

(@) x e X\ W,
(B) x e W.

In the case («), V(x) = 0, thus n(-, x) is constant and (8) holds true.
In the case (8), we start by noting that (R, x) C W.Indeed, setting T = sup{o > 0: n(] — o, o[, x) € W}, assume by
contradiction that T < +o00. Hence we have w, = n(T, x) = lim;_,r- n(t, x) € 0W. Then the Cauchy problem

¥ (t) = —V(®(t)) VteR, H(T) = wy,

admits the constant solution 77(-) = wy, as does t + n(t, x) for t < T, which is against the uniqueness of solutions.
Fix t € R. We know that 7(t, xX) € W and, due to the local finiteness of W, the set] = {i € I : n(t, x) € W;} is finite. It
follows that W = N;; is a convex, open neighborhood of 7(t, x), and there exists § > 0 such that

n(Qt =8, t+8[,x) CW and n(Jt =36, t+3[,x) N (U W,-) =. 9)
iel\J

For arbitrary t’,t” €]t — §,t + §[ with t’ < t”, Lebourg’s mean value theorem provides y €]n(t’, x), n(t”, x)[, x* €
0D (y, L), z*¥ € oy (y) satisfying

fa", %), 2) = f(n(t',%), 1)

<X* +Z*! n(t,/v X) - n(t,a X))

t//
—/ (x* +z*, V(n(r, x))dt
t/

t//
—2¢ / (7, %) Y pyi(n(z, 0)dr
p

<
jel
t//
= —2¢ / I(n(z, x))dr,
o
thanks to (6) and (9).
Givenp, q € [0, 1]withp < q,a standard compactness argument and the above estimate enable us to find t, t;, ..., t; €

[0, 1]withp=1t; < t; <--- < t; = g such that

t
fti, %), &) — f(n(tiz1, %), 2) < —25[ I(n(z,x)dt
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foralli=0,1,...,s.Itturns out that

f(’?(q’ X)7 )") _f(n(pvx)» )") = Z[f(r/(ti’x)a )") _f(n(ti—lvx)v )")]
i=1

< —2¢ /ql(n(r,x))dr, (10)
p

which establishes (8).
Now we define

x(x) =n(,x) VxeX.

From the general theory of ordinary differential equations it is well known that y : X — X is a homeomorphism. Since (5)
renders {x € X : |f(x, ) —a| > 2¢} € X \ W, we deduce property (a). From (8) we readily derive (b).
In order to prove (c), let x € X with ||x|| < r and f(x, ») < a 4+ &. We examine separately the cases:

Y fx, A <a-—ceg,
Ja—e < f(x, A).

If (A) holds, then (c) follows immediately from (b). In the case (B), we argue by contradiction which amounts to say

a—e<f(x@,A)=f(1,%),r) <f(n(t,x),r) <fx, 1) <a+e (11)
forallt € [0, 1], where (8) has been used. In addition, through (7), for all t € [0, 1] we get

“dn(t,x)
d
A dr ﬂ

t
< r+/ IVn(e. )l de <1+ 1.
0

(A
(B

nCt, 0l < lIxl 4 In(t, %) —x|| <+

Consequently, n([0, 1], x) € F; (&), which forces I(5(-, x))|j0,11 = 1. Then (10) with p = 0 and q = 1reads as

f(x®),2) —fx, A) < —2e. (12)
Combining (11) and (12) gives
a—e<f(xx),r) <f(x,A) —2e<a-—e.

This contradiction justifies (c), which completes the proof. O

3. Main result for functionals in a mountain pass setting
Fix
Vg, V1 € Dw (13)
and consider the following set of paths

r={y € C’(0, 11, X) : y(0) = vo, y(1) = v1}
and a function f : X x A — RU {+o0} which verifies hypothesis (Hy). Corresponding to every A € A we set
¢, ;= inf sup f(y(t),r). (14)
Y€l tefo,1]
We assume the following condition related to the ‘mountain pass geometry’:
(i1) max{f(vo, A), f(v1, M)} < VA € A.
Since the path t — vy + t(v; — vp) belongs to I and v is convex, we see from (13) and (i;) that A > c; is a real valued

function.
For a later use, let us introduce

P Cu —Cy
D:= {1 € A: liminf < 400y . (15)
H—>A" )\.—,U,

Lemma 3.1. The set D defined in (15) has full measure in A.

Proof. We note that A \ D consists of points A € A at which both left Dini derivatives of the function c; are equal to —oo.
Then we can conclude from Denjoy-Young-Saks’s theorem [13]. O
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According to (15), for every A € D we have

M(%) == liminf e O [—o0, +00l. (16)
n—i A=

We suppose the following additional hypotheses:

(i) Forevery A € D there exists k = k(A) > 0 such that for each sequence {(x,, An)} in X x A satisfying A, 4 X, —f (xn, 1) and
f(xn, L) are bounded above, and

¢(an )”n) - qj(xn» )¥)

limsu <M@Q)+1, 17
m sup PRy (*) (17)
one has ||x,|| < k for n sufficiently large, and
liminf[® (x,, A) — @ Xy, An)] < 0. (18)
n—+o0o

(i3) For every A € D there exists g > 0 such that
() Cint(Dy),

L‘Fo

with k = k() in(ip) and E* . () in (1).

Ci €0

Proposition 3.2. Assume that the function f (x, A)fulfllls (Hy), (13), (i1), and (i). Then, forall A € D and ¢ > 0, the set F, o E(A)
is nonempty.

Proof. Fix .. € D and ¢ > 0. By (16) there exists a sequence {},} in A such that A, 1 A and

C)Ln — C),

M(A) = lim (19)
n—oo A — A,
By the definition of ¢, ,,, there is ¥, € I" such that
A —An
G = sup f(yn(6), An) < G5, + . (20)
tel0,1] 2
Using ¢, < supeco 11f (¥ (t), A) and (20), we can find t,, € [0, 1] with
n A— )‘an
G — < f(ya(ta), A) and f(ya(tn), An) < G 5 (21)
From (19) and (21), we infer that
. D (Va(tn), An) — @ (Va(tn), 1) . f(yn(tn) An) = F (Ya(ta), )
lim sup = limsu
n—00 A=Ay n—>oo A=Ay
< lim & +1_M(A)+1
n—oo A\ —
thus (17) is satisfied. Then hypothesis (i) implies that
lva(tn) || < k for all n sufficiently large (22)
and, due to (18), a relabeled subsequence can be found to have
1
Fn(t), X)) — f(ya(tn), An) = @ (yu(tn), A) — @ (Va(tn), Ay) < E (23)
Combining (21) and (23) yields
1 A—A 1
o — =< f (), 1) < fOat), ) + — < 6y F T+
= TS A+ 42 ”+] foralln (24)
T A= o 2 n '
IfM(A) = —o0,as ¢;, < ¢, for every n large enough (see (19)), (24) leads to
A—Ap 1
& — ~ < f(ta), 1) < i+ o (25)

On the basis of (22) and (25), we get the desired conclusion. If M (1) is finite, then (19), (22), (24) and (25) permit also to
conclude, which completes the proof. O
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Now we can state our main result of this section.
Theorem 3.3. Let f (x, 1) be a function fulfilling hypotheses (Hy), (13), and (i1)-(i3). Then, for every A € D, there exists a bounded
sequence {x,} in X such that

(1) f(xn, A) = cpasn — oo,
(1) PO (xn, A3 X — X)) + Y (X) — Y (Xn) > —enllx — x|l VX € X, ¥n € N, withe, — 0.

Proof. Let A € D. Then there exist the positive constants k = k() and gq with the properties in (iy)-(i3). Setting

1
g\ = min {805 5 [C)» - max{.f(UOa )")7f(v'la }")}]} ) (26)
we claim that for every ¢ €]0, &[ there holds

inf{||x* +z%| . x* € DX, 1), zF € 0Py (%), X € FC"M(A)} < 2e. (27)

To show this, we argue by contradiction. If (27) were not true, then making use Proposition 3.2 and assumption (i3), we would
find ¢ €]0, &[ for which Lemma 2.1 can be applied with a = ¢; and r = k. So there would exist a homeomorphism y : X — X
with the properties (a)-(c) formulated in Lemma 2.1. As in the proof of Proposition 3.2, we construct two sequences {A,} in
A, with A, 1 A, and {y,} in I' satisfying (19) and (20). Due to (a) and the definition of &, it is straightforward to verify that
X (va(+)) € I for every n. Hence, in view of (14), we may consider a sequence {s,} in [0, 1] such that

n A= )Ln
< f(x(Ya(sn)), &) and  f(yu(Sn), An) < Cin + .

Cp — (28)
From (b), (28) and (19) it follows that
lim sup D (Vu(Sn), An) — @ (Vulsn), A) — lim Supf(yn (5n), An) — f(ya(sn), A)
n—oo }\' - )\-n n—oo )\- - )\nn
.. Gy — G
< lim = +1=M(Q) + 1.
n—oo A\ — n
This allows to invoke assumption (i), which implies
lvn(s)ll <k (29)
and
1
f(}’n(sn), A) _f(]/n(sn)» An) = @ (Va(sn), A) — @(ya(Sn), An) < E
along a relabeled subsequence. The last inequality, in conjunction with (28) and (19), leads to
A—Ap 1
f(sn), A) < ¢, + S tosadte (30)

for all n sufficiently large. Fix n to have (A — 1;)/2 < ¢ and (30). Exploiting (28)-(30) and (c), we achieve the contradiction
G—&e<G—A=2)/2 <f(XWnlsn)), 1) Scr— &,
thereby (27) holds true.
By virtue of (27), there exist x, € Fé‘m/n(}\), Xy € 0P (xn, A) and z; € 9y (x,) such that
* * 3
||Xn +Zn ”X* < ;
This guarantees that
Ixnll < k+1,
1 1
Go— = =fn, A=+ -
n n
and

(P,?((Xn, A X —Xp) + U () — Y (xn) > (X: +Z,T»X — Xp)
> —lx; + zy llx+ [1X — Xal

\%

3
——llx = Xl
n

for all x € X and all n € N, which completes the proof. O
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Remark 3.1. Theorem 3.3 extends Theorem 2.1 in [8], where the functions f(-, 1) are supposed to be of class C! on X for
every A in a compact interval. Moreover, we relax even in the smooth case hypothesis (H) in [8, Theorem 2.1], where it is
required

lim sup [(D (an )‘-) - ¢(Xn» }‘-n)] <o0.

n—+o00

Theorem 3.3 extends also Theorem 1.1 of [7] that deals with a parametric family of C' functionals fulfilling certain
monotonicity conditions.

The following example sets forth a large class of functionals satisfying the crucial assumption (iz).
Example 3.1. Let S be a nonempty, closed and convex set in a Banach space X and let f : X x A — RU {400}, with a real
interval A, be defined by
fxA) =X, M)+ v (x), Y A)eX XA,
where  is the indicator function of the set S, while & satisfies the conditions:

(hy) @(-, 1) is locally Lipschitz continuous for every A € A;
(hy) there exist £ : X x A — R such that, corresponding to A € D thereisv = v(A) > 1forwhich{x € S: &E(x, 1) <
M(A) + v} is bounded, and there exists oy > 0 such that

DX, ) — DX, L) =EX, M)A —pu), VxeS,Vre A, Vu € [A—og, Al; (31)
(hy) limsup,_,;- (@ (x, 1) — @(x, n)) < 0 uniformly with respect to x on bounded subsets of S.
Then (i) is verified. In order to show this, we notice from (h,) that for any A € D there exists k = k()) such that
fxeS: &x, 1) <M()+ v} CB(,k). (32)
Let {(xn, 1)} satisfy A, 1+ A, —f (xn, ) and f(x,, A,,) are bounded above and (17). Then {x,} C S, and from (17), (31) and
(32) it follows that ||x,|| < k provided n is sufficiently large. Then condition (hs) ensures (18).
Remark 3.2. For instance, (h,) holds if in (31) the function &£(-, ) is coercive on S, that is

lim E(X,A) =400, VA eD.

XxeS, ||x||=>+o00

4. Main result for functionals bounded below

In this section we exploit the deformation result in Lemma 2.1 when (i;) is replaced with
(i) f(-, 1) is bounded below for every A € A.

Assuming (i}), the mapping A — «;, = infyex f(x, 1) is real valued and we can proceed following the pattern of Section 3.
Setting

~ Lo 0y Ty
D:={)€ A: liminf —— < 4007, (33)
u—>r— A=
the Denjoy-Young-Saks’s theorem yields the following result.
Lemma 4.1. The set D has full measure in A.
For every A € A let us set
—q;

MQ.) = liminf -~ %%
H—AT A— %%

(34)

Using (33), we note that for every A € D one has I\7I(A) € [—o0, 400l.
Next we assume the following hypotheses:

(i,) Forevery ) € D there exists k = I~<(k) > 0 such that for each sequence {(x,, An)} in X x A satisfying A, 1+ A, —f (xn, A) and
f(xn, Ay) are bounded above, and
D (X, An) — P (Xn, A)

lim sup <MQ®)+1, (35)
n—oo )\, — )\.n

there hold ||x,| < l~<,for n sufficiently large, and (18).
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(i3) Forevery A € D there exists g > 0 such that

FE, oy (%)  int(Dy),

o), &

with k = k(1) in(iy) and F¥ () in (1).

€0
Proposition 4.2. Assume (Hy), (i}) and (i}). Then, for all . € Dande > 0, the set Fi‘w()») is nonempty.
Proof. Fix . € Dand ¢ > 0. By (34) there exists a sequence {X,} in A such that A, 1 A and

Qy, — oy

M) = li n . 36
G = lim == (36)
The definition of «;,, allows to consider x,, € Dy, such that
[o7%% < f(xn, Ap) < ay, + (A —Ay) and a; < f(xs, A). (37)
Using (37) and (36), one has
. D (X, An) — P (Xn, A) . F&n, ) — f (%, A)
lim sup = lim sup
n—+o00 )\. - )\n n——+oo )» - )\n
. Ay, — Uy -~
< lim —*——=4+1=M®Q) +1,
n—+00 A — Ay
so (35) is true. Hypothesis (i}) implies that
%l < k (38)
and
1
f(XTla )“) _f(xnv )Ln) = ¢(Xna )") - ¢(an )\n) < Ea (39)

where a relabeled subsequence is considered if necessary. Then, on the basis of (36)-(39), we can proceed as in
Proposition 3.2 to complete the proof. O

The main result of the section is as follows.

Theorem 4.3. Let the function f (x, 1) fulfill (Hy), (i})-(i5). Then, for every A D, there exists a bounded sequence {x,} in X such
that A

() f(xn, ) = a; asn — 00
and (j,) in Theorem 3.3 are satisfied.

Proof. Fix A € D and consider k = l~<(k) and &g given in (i})-(i3). We claim that for every & €]0, g¢[ it is true that

inf{||x* +Z%|| . X" € 0, P (x,A), 2" € 0P (X),x € Fi‘w()\)} < 2e. (40)

Suppose by contradiction that (40) is false. ThenL bearing in mind Proposition 4.2, there exists € €]0, [ such that the
assumptions of Lemma 2.1 are satisfied with r = kand a = «;. Hence there exists a homeomorphism x : X — X with the
properties (a)-(c). Thanks to Proposition 4.2, we may fix a point x € F(’;A’S. Then, through property (c) and the definitions of

k
F,, . and a;, we are led to

a, < f(x(x),A) <a;—e.

The obtained contradiction proves (40). Now it suffices to follow the same lines as for of Theorem 3.3 to complete the
proof. O

Remark 4.1. Theorem 4.3 extends, to the non-smooth case and to a more general structure, the statement in Theorem 1.1
of [10] that refers to C! functionals of the following form

fx,A) = %M(x) —Jx), xeX, A€ A,

with an open interval A C]0, +oo[ and where [ is required to be non-positive and to have bounded upper levels. Here it is
valid that D = A.
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