POLYNOMIAL GROWTH AND STAR-VARIETIES

DANIELA LA MATTINA AND FABRIZIO MARTINO

ABSTRACT. Let V be a variety of associative algebras with involution over a field F' of characteristic zero
and let ¢ (V), n =1,2,..., be its *-codimension sequence. Such a sequence is polynomially bounded if and
only if V does not contain the commutative algebra F' & F, endowed with the exchange involution, and M, a
suitable 4-dimensional subalgebra of the algebra of 4 x 4 upper triangular matrices. Such algebras generate
the only varieties of *-algebras of almost polynomial growth, i.e., varieties of exponential growth such that
any proper subvariety is polynomially bounded. In this paper we completely classify all subvarieties of the
x-varieties of almost polynomial growth by giving a complete list of finite dimensional x-algebras generating
them.

1. INTRODUCTION

Let A be an associative algebra with involution (x-algebra) over a field F' of characteristic zero and let
(A), n=1,2,..., be its sequence of *-codimensions.
Recall that ¢X(A), n =1,2,..., is the dimension of the space of multilinear polynomials in n *-variables
in the corresponding relatively free algebra with involution of countable rank. In case A satisfies a nontrivial
identity, it was proved in [9] that, as in the ordinary case, ¢} (A) is exponentially bounded.

Given a variety of x-algebras V), the growth of V is the growth of the sequence of *-codimensions of any
algebra A generating V, i.e., V = var*(A).
In this paper we are interested in varieties of polynomial growth, i.e., varieties of x-algebras such that
(V) = ¢i(A) is polynomially bounded.
In such a case, if A is an algebra with 1, in [21] it was proved that

*

Cn

*

Cp

ci(A) = gn* + O(n*1)

n

is a polynomial with rational coefficients. Moreover its leading term satisfies the inequalities
k .
1 g (=1
TR E DI
i=0

In case of polynomial growth, the following characterization was given in [8]: a variety V has polynomial
growth if and only if V does not contain the commutative algebra F' & F, endowed with the exchange
involution, and M, a suitable 4-dimensional subalgebra of the algebra of 4 x 4 upper triangular matrices.

Hence var*(F @ F') and var*(M) are the only varieties of almost polynomial growth, i.e., they grow
exponentially but any proper subvariety is polynomially bounded.

From their description it follows that there exists no variety with intermediate growth of the *-codimensions
between polynomial and exponential, i.e, either ¢ (V) is polynomially bounded or ¢ (V) grows exponentially.
The above 2 algebras play the role of the infinite-dimensional Grassmann algebra and the algebra of 2 x 2
upper triangular matrices in the ordinary case ([12], [13]).

Recently, much interest was put into the study of varieties of polynomial growth (see for instance [3, 4,
5, 6, 15, 16, 14]) and different characterizations were given.

In this paper we completely classify all subvarieties of the varieties of *-algebras of almost polynomial
growth by giving a complete list of finite dimensional x-algebras generating them.
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Moreover we classify all their minimal subvarieties of polynomial growth, i.e., varieties V satisfying the
property: ¢ (V) ~ gn* for some k > 1,q > 0, and for any proper subvariety U SV, e U) = g'nt with t < k.

2. ON STAR-ALGEBRAS WITH POLYNOMIAL CODIMENSION GROWTH

Throughout this paper F' will denote a field of characteristic zero and A an associative F-algebra with
involution *. Let us write A = At + A=, where AT = {a € A| a* = a} and A~ = {a € A| a* = —a} denote
the sets of symmetric and skew elements of A, respectively. Let X = {x1,x2,...} be a countable set and let
F(X,x) = F(xq1,x%,z2,25,...) be the free associative algebra with involution on X over F. It is useful to
regard to F'(X, *) as generated by symmetric and skew variables: if for i =1,2,..., we let y; = z; + =} and
z; = x;—x}, then F(X, *) = F(y1, 21, Y2, 22, . . .). Recall that a polynomial f(y1,...,¥n,21,...,2m) € F(X, %)
is a *-polynomial identity of A (or simply a *-identity), and we write f =0, if f(s1,...,8n,k1,...,km) =0
for all s1,...,8, € AT, ky,...,k, € A™.

We denote by Id*(A) = {f € F(X,)|f =0 on A} the T*-ideal of *-identities of A, i.e., Id*(A) is an ideal
of F(X,*) invariant under all endomorphisms of the free algebra commuting with the involution .

It is well known that in characteristic zero, every *-identity is equivalent to a system of multilinear
x-identities. We denote by

P;:spanp{wg(l)---wo(n) |o€Sn, wi=y; or w; =z, i:l,...,n}

the vector space of multilinear polynomials of degree n in the variables yi, 21, ..., Yn, 2n. Hence for every
i=1,...,n either y; or z; appears in every monomial of P* at degree 1 (but not both).
The study of Id*(A) is equivalent to the study of P NId*(A) for all n > 1 and we denote by

P*
n n>1

“(A) = di Pt
cn(4) dlmFP;';mId*(A)’ =5

n
the n-th x-codimension of A.

If A is an algebra with 1, by [2] Id"(A) is completely determined by its multilinear proper polynomials.
Recall that f(y1,21,-..,Yn,2n) € P is a proper polynomial if it is a linear combination of elements of the
type

le ...Zikwl v.owm

where wy, ..., w,, are left normed (long) Lie commutators in the y;s and z;s.
Let T, denote the subspace of P} of proper polynomials in y1, 21, ..., Yn, 25, and I'§ = span{1}.
The sequence of proper *-codimensions is defined as
“(A)=dim——2"— n=0,1,2,....
Tn(4) T A0 (4)
For a unitary algebra A, the relation between ordinary *-codimensions and proper *-codimensions (see
for instance [2]), is given by the following:

" /n
1 " (A) = (A =0,1,2,....
) =3 ()i n=o.12
One of the main tool in the study of the T*-ideals is provided by the representation theory of the hyper-
octahedral group Zs 1 S,,.
Recall that the group Z; 1S, acts on the space P as follows: for h = (a1,...,an;0) € Z21Sn, hyi = Yo(i)

and hz; = ZZ‘(’;)) = Zo(i) OF —Zg(;) according as aq(;) = 1 or —1, respectively.

Since P¥NId*(A) is invariant under this action, the space %ﬁ’*m) has a structure of left Z21S,, module

and its character, denoted by x%(A), is called the n-th x-cocharacter of A. By complete reducibility we can

write
n

Xa(A) =0 > ma o

r=0 Akr
pEn—r
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where A and 4 are partitions of 7 and n — r respectively, x» . is the irreducible Zs ! S),-character associated
to the pair (A, ), and my , > 0 is the corresponding multiplicity.

Similarly ﬁi*(fl) is a Zo 1 S,-module under the induced action and we denote by 7 (A) its character

which is called the n-th proper x-cocharacter of A.
By complete reducibility it decomposes into irreducibles as follows

G =33 o

r=0 Akr
pEn—r

where x»,, is the irreducible Zs ! Sp,-character associated to the pair of partitions (A, ) and m’A, L, 18 the
corresponding multiplicity.

We are going to prove that, in case A generates a variety of polynomial growth, then A satisfies the same
x-identities as a finite dimensional %-algebra.

We start with the following.

Theorem 1. Let V be a variety of x-algebras. If ¢ (V) < an', for some constants «,t then V = var*(A),
for some finitely generated x-algebra A.

Proof. Since ¢}, (V) < an®, for some «,t, then by [7, Theorem 3| there exists a constant d such that

V)= D mauxou
I\ Hrel=n

and my , = 0 whenever either |A\| — Ay > d — 1 or |u| > d. This also says that m, , = 0 whenever either
h(X\) > d or h(u) > d, where h(\) and h(u) denote the height of A and u, respectively. Hence, as in the
proof of Theorem 11.4.3 in [11], it is proved that ¥V = var*(A), where A is the relatively free algebra of V
generated by d symmetric and d skew variables. O

In order to characterize the varieties of polynomial growth we need to apply the following result.

Theorem 2. [23, Theorem 1]. If A is a PI-finitely generated associative algebra with involution over a field
F of characteristic zero then A satisfies the the same x-identities as a finite dimensional associative algebra
over F.

Given two *-algebras A and B, we say that A is T*-equivalent to B, and we write A ~p- B, if Id*(A) =
Id*(B).

Theorem 3. Let A be an algebra with involution over a field of characteristic zero and suppose that ¢ (A),
n=1,2 ..., 1is polynomially bounded. Then A is T*-equivalent to a finite direct sum of algebras B1®- - -® B,
where By,..., By, are finite dimensional algebras with involution over F and dim B;/J(B;) < 1, for all
i=1,...,m.

Proof. By Theorems 1 and 2, since ¢}, (A) < an' for some a,t, we may assume that A is a finite dimensional

algebra. Hence the result follows by applying the Proposition 7 in [20]. (]

Now let us focus our attention to the algebra UT,, (F) of n X n upper triangular matrices over the field F.
One can define an involution on UT, (F'), that we shall denote by *, in the following way: if a € UT, (F),
then a* = batb~!, where a* denotes the usual transpose and b is the following permutation matrix:

0 ... 01
0 ... 1 0
b=1. . .
1 ... 00
Clearly, a* is the matrix obtained from @ by reflecting a along its secondary diagonal. Hence, if a = (a;;)
then a* = (a;kj) where af; = @p41-jn+1-;- This involution on UT, (F) is called the canonical reflection
involution.

Given polynomials fi, ..., f, € F(X, ) let us denote by (f1,..., fn)7 the T*-ideal generated by fi,..., fn.
3



The purpuse of this paper is to classify the subvarieties of the varieties of *-algebras of almost polynomial
growth. Such varieties are generated by the following two algebras [7]:
1) F @ F, the two-dimensional commutative algebra, endowed with the exchange involution (a,b)* =

(b, a);
u r 0 0
2) M = 8 (5) 2 g | u,r, 8,0 € F 5, the subalgebra of UT,(F) endowed with the reflection
0 0 0 wu
involution.

Such algebras were extensively studied in [7] and [22]; there it was proved that Id*(F®F) = ([y1, y2], [v, 2], [21, 22]) 1+
and Id* (M) = (z122)1=.

3. CONSTRUCTING #-ALGEBRAS IN VAR*(M)

The purpose of this section is to construct finite dimensional x-algebras belonging to the variety generated
by M whose *-codimension sequence grows polynomially.
For k > 2, let

k—2
Ay =spanp{ei + ez, B, ..., E¥ 7% 12, €13, ..., €1k, €t 1,2k, Ch42,2k5 - - -5 €20—1,2k |
. . . . k—1
be the subalgebra of UT5(F) equipped with the reflection involution, where E = .75 €; i11 + €2p—i 2k —i+1

and the e;;s denote the usual matrix units.
The following result characterizes the *-identities and the *-codimensions of Ayg.

Lemma 1. Let k& > 2. Then:

1) 1d"(Ax) = (Y1 Yr—25t3(Yh—1, Ybs Ykt 1)Ukt2 - Y2k—1, Y1°° Yk—12Yk - Yok—2, 2122)7~, where st3(Yr—1, Yk, Yrt1) =
> oess S9UT) Yo (k—1)Yo (k) Yo (k+1) denotes the standard polynomial of degree 3.

2) Forn<2k—1,¢,(A) =1+ Y <7Z)(nt)+t;1 (?)(ntl).

t<k-1
nfotr<k nfotr<k
N n n n—1
Forn>2k—1,c (Ax) =1+ Z <t>(nt)+ Z (t)(nt1)+(k_2)(nk+l)~
t<k-—1 t<k-1
nfotr<k nfto<rk71

qn*=t, for some q > 0.

Proof. Write I = (y1-...-yx—25t3(Yk—1, Yk, Yk+1)Uk42" - " Y2k—1, Y1 Yk—12Yk " Yak—2, 2122)7~. It is clear
that I C Id*(Ay). In order to prove the opposite inclusion, first we find a set of generators of P, modulo

Prn1I, for every n > 1.
Let f € P} be a multilinear polynomial of degree n. By the Poincaré-Birkhoff-Witt theorem f can be
written as a linear combination of products of the type
yjl .. .y]/rzkl .. .Zkfwl .. -wm,

where wq, ..., w,, are left normed commutators in the y;s and z;s, j1 < -+ < j,. and k1 < --- < ky.
Because of z129 € I ([20, Remark 8]), modulo I, f is a linear combination of the polynomials

(2) Y1 Yns Yiy - yit/zlyjd e yjsm Ypy = Ypy [yra ym]yth © Yqs

where i; < ... <ip, j1 < ... <Jg, P1 < ...<pg,r>m<q <...<ggs.
Notice that in case n < 2k —1wehavet/ <k —1lors’ <k—1,t<k—1ors<k—1. That is also true for
n > 2k — 1, because of y1 -+ - Yr—12Yk - - - Y2k—2 € 1. Moreover, always in case n > 2k — 1, we can write

Yp1 " Ypn—n [yr> ym]ylh Yqi—o
modulo (y1 - Yk—25t3(Yk—1, Yks Yk+1)Yk+2 * - - Y2k—1)7*, as a linear combination of polynomials of the type
(3) Yy Yro o (Y15 YilYus = Yup_s
with 7 < ... <7rp_g, U1 < ... < Ug_o2.



It follows that the space P} is generated, modulo P* N I, by the polynomials in (2) , in case n < 2k — 1
and, by the polynomials

(4) YL Yns Yir Yip AYjn Yis Ypr = Ype Y UmlYar = Yaer Yoo Yro_ o (Y1 YilYuy *** Yur—s

where i1 < ... <y, j1 <...<je, ' <k—lors <k—-1,p1<...<p,r>m<q <...<gt<k-—1
ors<k—2,r<...<rp_p,u; <...<ug_s,in case n > 2k —1.

We next show that the above polynomials are linearly independent modulo Id*(Ay).

We assume that n > 2k — 1 (the case n < 2k — 1 is proved in a similar way). To this end, let f € Id"(Ay)
be a linear combination of the above polynomials and write

f=0by1-yn+ Z Z QLI JYiy  Yiy AY1 Y

t k11,1,
or
s'<k—1

+ 3 BrrQUp  Yp Y YmYas  Ya

t<k—171,P,Q

or

s<k—2
) Vi m U Y [V Uil Y

i, R,U

where t' +s =n—1,t+ s =n — 2. Moreover, for any fixed ¢, s, t and ', i1 < ... < iy, J1 < ... < Jo,
PL<...<pr,m<qr<...<(s,7"1<..<Tp_p,U <...<ugp—gandl="{i,....iv}, J={j1,...,0s}
P={p,....;t}, @={aqr,-...qs}, R={r1,...,rnp} and U = {u1, ..., up_2}.

First suppose that § # 0, then by making the evaluation y; = ... = y, = e11 + eax,2x and z; = 0 for all
l=1,...,n, one gets d(e11 + eax,2r) = 0 and so § = 0, a contradiction.
Suppose that there exists 3, pg 7# 0 for some ¢t < k — 1, r, P and @, then by making the evaluation
Ypy = =Yp, = E, yr = €12+ €25—12ks Y =Ygy = --- =Yg, = €11 + €22 and zy =0forall I =1,...,n,
one gets Br pgeak—t—1,2t — Br.g,pe1,24t = 0. Thus B, po = Bro,p = 0, a contradiction. Suppose now
Br.pg # 0 for some t > k41, r, P and ). By making the evaluation y,, = ... = yp, = e11 + €2 2k,
Yp = €12 + €2%—12ks Ym =Yg = --- =Yg, = F and zy =0 foralll =1,...,n, one gets 3. pg = Bropr =0
as before.

Suppose now ; gv 7 0 for some R and U. The evaluation y1 = ¥, = ... = Yr,,_, = €11 + €2k 2k,
Yi =e€12 + €2k—12k, Yus = --- =Yu,_, =& and zy=0for all I =1,...,n gives v; r,v = 0, a contradiction.

Let now oyr,7 # 0 for some ¢ < k—1, [, I and J. By making the evaluation z; = e12 — eap_1,2k,
Yy = ... =1y, = Fand y;, = ... =y;, = e11 + eap 2k one gets —ay 1 jeap—y—1 + aygrer oy = 0, thus
arry = apyr =0, a contradiction. Similarly, if 0 < s <k —1,1let ay 1,5 # 0 for some ¢’ > k—11, I and
J. Then the evaluation 2; = e12 — eap—1,2%; ¥iy = --- = ¥i,, = €11 + €22 and y;, = ... = y; , = E gives
oq,1,;7 = 0, a contradiction.

Therefore the polynomials in (4) are linearly independent modulo P N1d*(Ay) and, since P NId*(Ax) 2
Pr NI, the form a basis of P¥ (mod P NId*(Ax)) and Id*(Ax) = I.

Thus, by counting we obtain

-1
c(Ag) =1+ Z (?)(n—t)—l— Z (?)(n—t—l)—i—(Z2>(n—k+1)zan_1,
t<k—1 t<k—1
ni¥%k n—t%k—l

for some ¢ > 0 and we are done.

Incasen <2k — 1, c(A4) =1+ > (?)(n—t)—k 3 <7Z>(n—t—1).

t<k—1 t<k—1
or or
n—t<k n—t<k

O

Next we construct, for any fixed k > 2, two *-algebras with unity in the variety generated by M whose
codimension sequences grow as n*~1.



For any k > 2, let

Ny =spanp{I,E,...,E*¥ 2 €15 — €212k, €13, - - - s €1k €kt 1,2k €k+2,2k5 - - - » €26—2,2k |
be the subalgebra of UTs(F') equipped with the reflection involution, where I denotes the 2k x 2k identity

. k-1
matrix and F =" 5 €41 + €25 2k—it1-

Lemma 2. The T*-ideal Id"(Ny) is generated by the polynomials [y, y2], [y, 2], 2122, in case k = 2 and by
Y1y, Yk—1], 2122, in case k > 3.
Moreover

k—2
* _ n - n _ ~ k—1
cn(Nk)—l—l-; <i>(QZ 1) + (k—1>(k 1) = gn®", for some q > 0.

Proof. Tf k = 2 then clearly ([y1,y2], [y, 2], 2122) C Id*(N3). The opposite inclusion is a direct consequence
of [20, Lemma 10].
Let now k& > 3 and let I = ([y1,...,yx—1], 2122)7~. It is easily proved that I C Id*(Ng).

Let now f be a *-identity of Ni. We may clearly assume that f is multilinear, and since Ny, is an algebra
with 1 we may take f proper. After reducing the polynomial f modulo the polynomials in I we obtain that
f is the zero polynomial if deg f > k and f is a linear combination of commutators

[Ziayip"wyik,QLil <... < Z‘k:—2

in case deg f = k — 1 and is a linear combination of commutators

(Zis Yins s Yiea)s Wins Yjns -+ Yju )i < oo <ls—1,J1 > Jo < ... < Js
in case deg f < k — 1. Hence

S S
f= Zai[zi,ym...,yisfl] + Z BjsYjrs - -5 yj.], for some 1 <s <k —1.
i=1 j1=2
Suppose that there exists j; such that 8;, # 0. By making the evaluation y;, = ei3 + ear—2,2k, Yj, =
..=y;,=Fand z; =0foralli=1,...,s, we get 3;, =0, a contradiction. So §;, =0 for all j; =2,...,s.
Now suppose that there exists ¢ such that o; # 0. By making the evaluation z; = e12 — ear—1,2k, z; = 0 for
all j #diand y;, = ... =y;,_, = E we get a; = 0, a contradiction. Thus o; =0 for all 4 =1,...,s. This
says that f € I, and so, Id*(Ny) C I.
The arguments above also prove that
2s—1 ifs<k—1
YE(NE)=1s ifs=k—-1.
0 if s > k.

Hence, by (1) we obtain that

k—2
cr(Ng) =1+ Z (?) (20 —1) + (kn 1) (k—1) = gn*~1, for some ¢ > 0.
i=1

Let now, for any fixed k > 2,

Uy =spanp{l, E,...,E" 2 €12 + €ap_1,2k: €13: - - - s €1k» Cht 1,2k Ch42,2k 5 - - - » €2%—2,2k |
be the subalgebra of UTy equipped with the reflection involution.
The following lemma holds and it can be proved in a similar way as the previous lemma.

Lemma 3. The T*-ideal Id"(Uy,) is generated by the polynomials [y1,yz], 21 in case k = 2 and by [z, y1, - - ., Ys—2], 2122
i case k > 3. Moreover

n

i (Us) =1 and ¢, (Uy) = 1 +§ <7Z>(2i -+ (k 1

6

)(k —2) =~ qn*7L, for some q >0, for k> 3.



Remark 1. Notice that Us ~7p= F is a commutative x-algebra with trivial involution.

Finally we give a description of the x-identities of the direct sum among U and Ny.
Here we remark that if ¢t # k than U; @ Ni ~p« U if t > k and Uy @ N ~p« Ny if t < k. Moreover, if
k=t=2, then Ny & Uy ~p+ Ns.

Lemma 4. Ifk > 3 then
(1) Id"(Nx @ Ux) = ([y1,-- - Yk}, [z, 915 - - -, Y1), 2120) 7

k—1
(2) i (Ny@Up) =1+ Z <n) (2i — 1) ~ gn*~1, for some ¢ > 0.
1

i=1
Proof. Let T = {[y1,--- 9], [2, Y1, -, Yk—1], 2122)7~. It is clear that I C Id"(Ny @ U). Now, if f €
Id* (U @ Ny), as in the proof of Lemma 2, we get that f can be written as

S S
f = Zai[ziayiu <o 7yi571] + Z le [yjmij ce- ’yjs]'
i=1 J1=2
where s < k.

Suppose that there exists j; such that 8;, # 0. By making the evaluation y;, = (0, e12 + eax—1,2k),
Yj, =...=y;, = (0,E) and z; =0 for all i = 1,...,s, we get B;, =0, a contradiction. So 5;, = 0 for all
jl = 2, ey S,

Now suppose that there exists ¢ such that a; # 0. By making the evaluation z; = (€12 — eax—1,2,0), z; =0
forall j #iand y;, = ... =y;, , = (E,0) we get a; = 0, a contradiction. Thus a; =0 for all i =1,...,s.
This says that Id*(Ny @ Ug) C I and also

2s—1 ifs<k-1
'y;‘(NkEBUk)Z{ N

0 if s > k.
Hence
=
(N ®Ug) =1+ Z (z) (2i — 1) =~ gn*~1, for some ¢ > 0.
i1

4. ON MINIMAL *-VARIETIES IN VAR*(M)

In this section we shall prove that A, N, and Uy generate minimal varieties of polynomial growth. We
start with the definition of minimal variety.

Definition 1. A variety V of x-algebras is minimal of polynomial growth if ¢t (V) ~ qn* for some k > 1,
q > 0, and for any proper subvariety U g V we have that c,(U) ~ ¢'nt with t < k.

We recall that if A = B+ J is a finite dimensional *-algebra over F' , where B is a semisimple *-subalgebra
and J = J(A) is its Jacobson radical, then J can be decomposed into the direct sum of B-bimodules

J = Joo ® Jo1 ® J1o D J11,

where for i € {0,1}, Jii, is a left faithful module or a 0-left module according as ¢ = 1 or ¢ = 0, respectively.
Similarly, J;x is a right faithful module or a O-right module according as & = 1 or k = 0, respectively.
Moreover, for i, k,1,m € {0,1}, JixJim C 0k 1Jim where 0y is the Kronecker delta and Ji;1 = BN for some
nilpotent subalgebra N of A commuting with B. For a proof of this result see [10, Lemma 2].

Remark 2. Let A = F+J be a x-algebra with J = Jog + Jo1 + J10 + J11- If A satisfies the ordinary identity
[X1,...,2¢], for some t > 2, then J1g = Jo1 = 0.

Proof. The proof is obvious since Jig = [J1o, F, ..., F] and Jo; = [Jo1, F, ..., F]. |
N—— N——
t—1 t—1

Theorem 4. For any k > 2 and t > 2, Ny and U; generate minimal varieties.
7



Proof. We shall prove the statement for Ni. In a similar way it is possible to prove the statement also for
Us.
If k = 2, the result follows from [20, Lemma 28].

Now assume that k > 3. Suppose that the algebra A € var*(Nj) generates a subvariety of var*(Ny) and
¢ (A) ~ gnF~1, for some ¢q > 0. We shall prove that A ~7+ Nj and this will complete the proof.
Since ¢ (A) is polynomially bounded, by Theorem 3 we may assume that

A=Bi&...® By,

where By, ..., B,, are finite dimensional *-algebras such that dimpg %B";i) < 1foralli=1,...,m. This

implies that either B; & F' + J(B;) or B; = J(B;) is a nilpotent algebra. Since
C(A) < (B + .+ (B,
then there exists B; such that ¢ (B;) ~ bn¥~1, for some b > 0. Hence
var*(Ny) D var*(A) D var*(F + J(B;)) 2 var*(F + J11(B;))

and ¢ (F + J(B;)) =~ bn¥~1, for some b > 0. Moreover, by the previous remark, since N, and so F + J(B;),
satisfies the ordinary identity [x1,...,zx], we get that Jo1(B;) = Jio(B;) = 0. Hence F + J(B;) = (F +
J11(Bi)) @ Joo(Bi) and ¢ (F + J(B;)) = ¢ (F + J11(B;)) for n large enough. Hence, in order to prove
A ~r+ Ng, it is enough to show that F + Jy1(B;) ~1+ Ni. Thus, without loss of generality we may assume
that A is a unitary algebra.
Now since ¢ (A) ~ gn*~! then

k=1

=3 (7 )i

i=0

and, by [21, Lemma 2.2], v7(A4) #0forall 0 <i <k —1.
Recall that since Id*(A) D Id*(Ny), then (F?ml;w is isomorphic to a quotient module of (FMIEW

Hence, if ¢ (A) = Z‘/\szi M, X, and ¥f (Ny) = ZIM+|M|=¢ m/A,uX)\,,u are the i-th proper *-cocharacters
of A and Ny, respectively , we must have my , < m’)\’ﬂ foral \Fr, ukFi—7r,r=0,... 4.

For any i = 2,...,k — 2, let fi = [21,y2,...,¥2] and fo = [y1,y2,¥1,-..,y1] be highest weight vectors
corresponding to the partitions (A, ) = ((¢ — 1), (1)) and (A, p) = ((¢ — 1,1),0), respectively (see [1] ). It is
clear that f; and fo are not *-identities of Ny. Thus, for i =2,..., k=2, x(;_1),(1) and x(i—1,1),p participate
in the i-th proper *-cocharacter ] (Ny) with non-zero multiplicities.

Hence, for i = 2,...,k — 2, since v} (Ny) = 20 — 1 = deg x(;—1),(1) + deg x(i—1,1),, we have that

Vi (Nk) = X(i—1),(1) T X(i=1,1),0-

Similarly one obtain 9;_; (Ny) = X (k-2),(1)-
Thus, since v;_,(A) # 0 we get also that ¢} _;(A) = X(x—2),1). Moreover, for 2 < i < k — 2 one gets
Yi(A) = X(i—1),(1) T X(i—1,1),0- In fact, if ¥7 (A) = x(i—1),(1), for some 2 <4 < k — 2, then the highest weight
vector [ya,y1,-..,y1] corresponding to the couple of partitions (A, p) = ((¢ — 1,1),0) would be a x-identity
——
i—1
for A. But this implies that also [z,y,...,y] is a *-identity for A, and so, ¥} _,(A) = 0, a contradiction.
—
k—2
In a similar way one can prove that if 9} (A4) = x(i—1,1),0 Wwe would reach a contradiction. So we get that
Vi (A) = X(i-1),(1) + X(i-1,1),0; for 2 < i <k —2 and P;_;(A) = X(k-2),(1)-

Hence
i(4) = kg ()= +k§ (7)i= (" )e=1 =,

Thus A and Ny have the same sequence of *-codimensions and, since Id*(Ny) C Id*(A) we get the equality
Id*(Ng) = Id*(A). O
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In order to prove that also Ay generates a minimal variety we need to state some preliminary results.

Lemma 5. Let A= F + J € var*(Ay). Then J = [J11,J11] = 0.

Proof. From J;; = F---FJ F---F follows J;; =0, since y1 - - - Y—12Yx - - - Y2k—2 1S a *-identity of A. As a
k—1 k—1
consequence, since [J;, J;;] € J;; we get that [J1, J11] = 0.
([l

Lemma 6. Let A = F + J € var*(Ay) with Jig # 0 (hence Jo1 # 0). If ¢ (A) ~ qn*~1, for some ¢ > 0,
then A ~T, Ak

Proof. By the previous lemma, A = F + Ji1 + Jio + Jo1 + Joo with J;; = [J11,J11] = 0. Suppose that
J10(Jgp)¥=2 = 0. This says that also (Jg)¥ 2Jp1 = 0. If J™ = 0, we claim that for any n > m, the
multilinear polynomial

f =9 vy Uk—22Yk—1 - Yak—aYy, - Yj, € 1d7(A),
where t + 1+ 2k — 3 = n.

In fact, by the multilinearity of f, we can evaluate the variables in a basis of A which is the union of a
basis of Ji1, J1ig + Jo1, Joo and 1 = 1p. Since J™ = 0, if all variables are evaluated in J we get a zero value
of f. Hence at least one variable must be evaluated in 1. Since J;; = 0 we need to check the evaluation of z
in Jig + Joi1. It is easily checked that since Jio(Jgh)* 2 = (Jg5)" 2Jo1 = 0 then f vanishes on A.

We have proved that f =y, - Ys, Y1 Yh—22Yk—1 " - Y2k—aYj, - - - Yj, € 1d"(A).

In a similar way it is proved that for any n > m,

9="Yir YY1 Yk—2[Yi, YmlYk—1 Y2k—aYy, - Y5, € 1d7(A),
where t + 1+ 2k — 2 = n.
Let @ C Id*(A) be the T*-ideal generated by f and g plus the generators of the T*-ideal Id*(Ay). For
any n > m a set of generators of P¥ (mod P} NId*(Q)) is given by
{vir - vizys, -y | 1<TI<n t<k—2o0rs<k—2 i1 <...<iy, 1 <...<js} U
{yil---yit[yl,ym}yj1~--yjs [t<k—2o0rs<k—2 i <...<ip,l> m<j <... <js} U{ylyz-uyn}.

Hence .
cr(A) < Z <n ; )n—i— Z (?)(n—t— 1) ~ qn*2,
t<k—2 t<k—2
n—to<rk—1 n—t0<rk—1

a contradiction.

Therefore we must have JlO(JSB)k’Q #0. Let a € Jyg, by,...,bk_2 € JSB be such that aby ---bx_o # 0.
Also b} _, -+ -bia* # 0, with b} _,,..., b} € Jofy and a* € Jor.

Let f € Id*(A) be a multilinear polynomial of degree n > 2k — 1. By Lemma 1, we can write f, modulo
Id* (Ag), as

F=0yun+ D > sy i A, i,

t<k—11,1,J
or
s<k—1
+ Z Z Br.P.QYps =+ Yp: [Yrs Ym|Yaqr *** Ya.
t<k—1r,P,Q
or
s<k—2
+ > VR UYn Y Y1 ViV Y
i,R,U

Where]:{ilv"‘7it}7J:{jla"'vjs}vP:{pla"'apt}vQ:{qula"'vqéﬁ}
are such that JW JW{l} = PUQUW{r} ={1,....,n},and i1 < -+ < ip,j1 < - < Js, p1 < ... < Py,
r<m<aq <...<gs Also R={r1,...,rp—} and U = {1,uq,...,up_o} are such that Ry U W {i} =
{1,...,n}and r < ... <7Tp_g, U1 < ... < Ug_2.
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The evaluation y; = -+ =y, = lp and z; = 0, for all [ = 1,...,n, gives § = 0. Also, for fixed s <
k—1,1,1,J the evaluation y;,, = 1p, m <t, 2y = a—a” and y;, = by, p < s, gives oy 1 jaby -+ -bs+ay jrc =0
with aby ---bs € Jig and ¢ € Jy; linearly independent. Hence o5 = «;5r = 0. Similarly, for fixed
t <k—1,1,1,J the evaluation y;,_, = by, 1, 0 <m <t—1,2 =a—a" and y;, = 1p, p < s, gives
aM,N = 0 and Q| N,M = 0.

Also, for fixed 7 # 1, R,U the evaluation y; = 1p, v, = 1p, j < n—k, y; = a+a" and y,, = by,
I <k —2,gives v, ry = 0 and v;y,g = 0. Finally, for fixed s < k — 2,7, P,@Q the evaluation y,, = 1,
1<j<t yp =a+a", ym =brand y,, = b1, 1 <1 < 5, gives B, pg = 0 and B, g,p = 0. Similarly, for fixed
t <k—1,r P Q the evaluation y,, , =07,,,0<j<t—-1,yr=a+a", yn =1pandy, =1p, 1 <1 <s,
gives 8. po =0 and B, g p =0.

Therefore f € Id*(Ag). Similarly, if n < 2k —1 it is proved that f € Id*(Ay). Hence Id*(A) = 1d"(A). O

Now we are in a position to prove that the algebra Aj generates a minimal variety.
Theorem 5. For any k > 2, Ay generates a minimal variety.

Proof. Let A € var*(Ay) be such that ¢ (A) ~ gn¥~1, for some ¢ > 0. As in the prroof of Theorem 4, we
may assume that

A=DB1 @ @ B,

where By, ..., B,, are finite dimensional algebras with involution and either B; & F 4+ J(B;) or B; = J(B;)
is a nilpotent algebra. Since

p(A) < (Br) + -+ + ¢ (Bm),
then there exists B; such that ¢ (B;) ~ bn*~!, for some b > 0. Being B; € var*(Ay) by the previous lemma
B; ~7+« Ag. Hence,
var®(Ay) = var*(B;) C var*(A4) C var*(Ag)
and var*(A) = var*(Ay) follows. O

5. CLASSIFYING THE SUBVARIETIES OF VAR*(M)

The main goal of this section is to completely classify the subvarieties of var*(M) by giving a list of
generating x-algebras. We start with the following.

Lemma 7. Let A= F + Jy; € var* (M) and ct(A) =~ qn*~! for some ¢ > 0,k > 1. Then:

- if k=1, A is a commutative algebra with trivial involution;
- if k> 1, either A ~pe Uy or A ~ps Ny, or A ~pe N @ Uy

Proof. If k < 2, from [20, Lemma 28] it follows that either A ~p« Ny or A ~p« Uy ~p« F. Let now k > 3.
We remark that at least one polynomial among [y1,...,yx—1] and [z,¥y1,. .., yk—2] cannot be a *-identity for
A, since otherwise we would have ~;_,(A) = 0, a contradiction since c},(A4) ~ gn*~1.
Suppose first that [y1,...,yx_1] is not a *-identity and [z, y1,. .., yx—2] = 0 on A. This implies that Id*(Uy) C
Id*(A) and, since U}, generates a minimal variety and c}(A) ~ qn*~!, one gets that A ~p, Uy.
Now suppose that [z,y1,...,yx—2] is not a x-identity and [y1,...,yx—1] = 0 on A. Then Id*(Ny) C Id*(A)
and since N generates a minimal variety, as before, one gets A ~p, Ni.
Finally, suppose that neither of the polynomials [y1,...,yk—1] and [z, 41, ..., ykr—2] are identities for A. Since
ct(A) ~ gnF~1 then ;i (A) = 0, so every proper polynomial of degree k belongs to Id*(A). In particular
[yla s >yk]7 [Zvyla s 7yk—1] € Id*(A) and? S50, Id*(Nk S3) Uk) - Id*(A)

Let f1 = [2,y,...,y] and fo = [y2,¥1,...,y1] be highest weight vectos corresponding to the partitions

i—1 i—1

(A ) = ((t—=1),(1)) and (A, p) = ((¢ — 1,1),0), respectively, for i = 2,...,k — 1 Since f; and fo are not
*-identities for Ny @ Uy, we get that x(;_1),1) and x(;—1,1),¢ participate in the i-th proper *-cocharacter of
N}, @ Uy, with non-zero multiplicities. Hence, since ;' (Ny, @ Uy) = 2i — 1 = deg X(;—1),1) + deg X(i—1,1),0, We
have that

(5) ¥; (N @ Ur) = X(i—1),(1) + X(i=1,1),0, for i =2,...,k — 1.
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If 7 (A) = Xy pkier MAuXA,p and V(N @ Ur) = Xo5r pi—r m//\,MXNw then it must be my , < m/A,u
foral A\br, uki—r, r=0,...,i. Moreover, since [y1,...,yr—1] and [2z,y1,...,Yyk—2] are not *-identies for
A we must have ¥} (A) = x(i—1,1),0 + X(i—1),(1) for all i =2,..., k — 2. Hence

k—1 n k—1
=3 ()i =14 L= = o )

=0 i=1
Thus A and Uy @ N have the same #-codimension sequence and, since Id*(Ny @ Uy) C Id*(4), we finally
get the equality Id* (N, @ Uy) = Id*(A) and A ~p+ Ni @ Ug. This completes the proof. O

Remark 3. Let A= F + Ji1 + Jio + Jo1 + Joo € var*(M). Then JioJo1 = Jo1J10 = Ji1J10 = JoiJ;; = 0.

Proof. We start by proving that JigJo1 = Jo1Jig = 0. Let a € Jig, b € Jop1. Since z120 = 0 we get that
(a —a*)(b—">b*) =0, and so, ab = a*b* = 0. Now let a € J;; and b € Jyp. From 2122 = 0 it follows
a(b —b*) = ab = 0. Similarly, if b € Jp1 we get ba = 0. O

Lemma 8. Let A= F + Ji1 + Jio + Jo1 + Joo € var*(M) with Jig # 0 (hence Jo1 # 0). Then there exist
constants k,u > 2 such that
1) if J;; =0, A ~p- A ® N, where N is a nilpotent x-algebra;
2) if J;; # 0 either A ~p« Ny @Ay ®N or A~ Uy, @ A, ® N or A ~p- N, ® U, ® A, ® N, where
N is a nilpotent x-algebra.

Proof. Let 57 > 0 be the largest integer such that JlOJgO # 0 and hence JgOJm # 0. Notice that 7 = 0 means
that JigJoo = 0 and in this case A = F + Ji1 + Jig + Jo1 @ Joo.

We shall prove that either A ~p« Aj o @ Jog or A ~p« Aji0 @ Ny @ Jog or A ~ps Ajyo ® Uy @ Joo or
A [l Aj+2 D Nu D Uu &) JOO for some Z 2.

Suppose first that J;; = 0.

Let A= A/JJH". Then it is easily checked that

Y1 Yj+12Y542 Y2542, Y1000 yj5t3(yj+l>yj+27yj+3)yj+4 cr Y2543 € Id*(ﬁ)

and, so, by Lemma 1, Id*(4;42) C Id*(A).

Moreover, as in the proof of Lemma 6, it is possible to check the opposite inclusion. This says that
Aj+2 ~T, A and, SO, Aj+2 € var* (A) It follows that Id* (A) - Id* (Aj+2) n Id*(Joo) = Id* (Aj+2 D Joo).

Conversely, let f € Id"(Aj4+2 @ Joo) be a multilinear polynomial of degree n.

Suppose n < 2j + 2. Since f € Id"(A;12), then f must be a consequence of z;z, € Id*(A). Hence
feld*(A).

Now let n > 25 + 2.

We can write f as

(6) F=0yr-uynt D D 0urayi Vi A i,
t<i+1 10,7
or
s<j+1
+ )0 BerQUn Y Ve Yl Ve D Vi RUYr  Yr oY1 YilYu < Y,
t<j+1mP,Q 4 R,U
or

S

<
YD St vt Y > e Pl Yp e Y g - Ve, + 0

t>j+1,1,J’ t>j+1r',P,Q"
and and
s>j+1 s>j+1

where g € (z122)7, and I = {i1,..., 4}, J ={j1,.--,Js}, P ={p1,...,0:}, @ = {m, q1,...,qs} are such that
T Jw{l} =PuQu{r}={1,...,n}and i; < -+ <ip,j1 < - <Js, 1 < ...<p,r>m<q <...<s.
Also R ={r1,...,mn—j—2} and U = {us,...,u;} are such that R U W {i,1} ={1,...,n}and r < ... <
Tnej—2, U1 < ...<wuj. Also I' = {&},....4}, J ={j1,.... 5.}, P ={p},....0.}, Q" ={m/,¢},....¢.} are
such that I'W J'W{l'} = Py Q W{r',m'} ={1,...,n},and ¢} < --- <d},j] <--- <jl,p| <...<0pi,
rr>ml<gp<... <.
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Notice that g and

DO B R L L TR D DR DR L R A N T R

t>5+110,1,J t>j+1r" P ,Q’
and and
s>j+1 s>j+1

are *-identities of A;;,. Hence, since f € Id"(A;;2) and the monomials appearing in the the first two rows
in (6) are linearly independent modulo Id*(A;12) (see Lemma 1), then oy ;s = B, p,0 = Vi,r,u = 0 for every
L,I,J,r,P,Q,i, R,U. Hence

f= Z Z 5l’,]’,J’yi’l e Yazryy Yy + Z Z Er P ,Q"Yp, " Yp, [yr/aym’]yqi o Yq T g

t2j+10,1',J’ t>j+1 7, P ,Q’
and and
s>541 52541

Since f € Id*(Jyo), if we evaluate f into Jog we get a zero value. Since JlOJgaLl =0and J;; =01t is
immediate to see that every evaluation of f into A gives a zero value. Hence f is a x-identity of A and
Id* (Aj+2 @ Joo) C Id* (A) So A ~px Aj+2 @ Joo follows.

Suppose now thatJ;; # 0.

Let B = F + Jip + J1o + Joo- By Remark 3, B is a subalgebra of A and, since J11(B) = 0, we can apply
the first part of the lemma to B and conclude that B ~p« Ajia @ Joo.

Now let D = F' + Jy1. By Lemma 7, either D ~p+ N, or D ~p« U, or D ~p« N, & U,, for some r > 2.

We shall prove that A ~p« D & B and this will complete the proof.

Let f € Id*(A). Since B and D are subalgebras of A, f € Id*(D)N1d*(B) = 1d*(D @ B).

Conversely, let f € Id*(D @ B) be a multilinear polynomial of degree n.

As above we can write fas f = fi+ fo+ 91+ 92

where

fl = 5:‘/1 o Yn + Z Z ﬁT7P7QyP1 * Yp, [yT7 ym]yth “ Yq,
t<j+17,P,Q
SO<Tj

> VRO Yra WL Yy T D D e @Y Y e Y Vg Y

i,R,U t>j+1r',P,Q’
and
5>5+1
fa= E E a1, 7Yy Yi Y5, Vit E E 51',1',1'.%‘/1 Y RrYgs ot Ys
t<j+11,1,J >4 0,017,
or
s<j+1 S

and g1, g2 € (z1292)7, are polynomials in the only y;s and in one z and n — 1 y;s, respectively.

By the multihomogeneity of the T*-ideals we may assume that either f = f; 4+ g1 or f = fo + ¢go.

We start by proving that f = fi + g1 € Id"(A). Notice that f € Id"(A;42), since f € Id*(B) and
B ~T, Aj+2 (%) Joo. Also

> D e @Yy Up v Yo Yay - Yars 91 € 147 (Aj o).
2541, PLQ

and
s2j+1

Hence, since the monomials y; - - - 4, and those ones appearing in the second and in the third sum of f; are
linearly independent modulo Id*(A,2) we must have 6 = 3, p.o = vi,r,u =0 for all r, P,Q, i, R, U.
Hence
[= Z Z Er/ P ,Q"Yp, " Yp; [yr’v ym’]yqi Y g1
t>j+1r',P,Q’

and
s>j+1

Since f € Id*(D & B), if we evaluate f into B or into D we get a zero value. Moreover, since Jlngg'Q =
Jgar 2Jo1 = Ji1J10 = 0 it follows that every evaluation of f into A gives a zero value. Hence f is a x-identity

of A and we are done.
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Similarly, if f = fo + g2 we get that a; 7 ; =0 for all [, I, J. Hence
F=3 " vy ynzysy - yi + g2,

t>g+110,1",J"
and
s>j+1

and it easily follows that every evaluation of f into A gives a zero value. Hence f is a *-identity of A and
we are done. |

Now we are in a position to classify all the subvarieties of var*(M).

Theorem 6. If A € var*(M) then A is T*-equivalent to one of the following algebras:
M,N,UkEBN,Nk@N,Nk@Uk@N,At@N,Nk@At@N,Uk@At@N,Nk@Uk@At@N,
for some k,t > 2, where N is a nilpotent x-algebra.

Proof. If A ~p« M there is nothing to prove. Hence we may assume that A generates a proper subvariety
of M and so, since M generates a variety of almost polynomial growth, ¢’ (A) is polynomially bounded. As
in the proof of Theorem 5, we may assume that

A=DB1 @ @ B,

where B, ..., By, are finite dimensional algebras with involution such that dim B;/J(B;) < 1. Now, if
dim B;/J(B;) = 0, B; is nilpotent. Suppose that i is such that dim B;/J(B;) = 1. Then B; = F + J(B;) and
let J(Bl) = J11 + Jio + Jo1 + Joo-

If J19 = Jp1 = 0, then by Lemma 7, A is T*-equivalent to one of the following algebras: Uy & N, Ny & N,
Uk ® N & N, where N is a nilpotent *-algebra, for some k > 2. Otherwise, by Lemma 8 either A ~p« Ay &N
or A~y Ny@Ay®N or A~ps Uy, AL DN or A ~ps N, ®U, ® A, ® N, for some k,u > 2, where N is
a nilpotent x-algebra.

Since A= B; @ - -+ ® B,,,, by putting together these results we get the desired conclusion. O

As a consequence of Theorems 4 and 5 we get that Uy, N and Ay generate the only minimal subvarieties
of the variety generated by M.

Corollary 1. A x-algebra A € var*(M) generates a minimal variety if and only if either A ~p» U, or
A ~p« Ny or A ~p« Ay, for somer > 2, k> 2.

6. CLASSIFYING THE SUBVARIETIES OF VAR*(F @ F))

In this section we classify, up to T*-equivalence, all the x-algebras contained in the variety generated by
the commutative algebra F' @ F endowed with the exchange involution (a,b)* = (b, a).

Notice that since F' & F' is commutative, any antiautomorphism of F' @ F' is an automorphism. So
D = F @ F can be viewed as a superalgebra with grading (D), D)), where D(®©) = Dt and D) = D~

Hence, the classification of the *-algebras, up to T™* -equivalence, inside var*(F @ F') is equivalent to the
classification of the superalgebras inside supervar(F @ F'). Such a classification was given in [17, 19].

In what follows we present such results in the language of *-algebras for convenience of the reader.

We start by constructing, for any fixed k > 1, %-algebras belonging to the variety generated by F' & F
whose *-codimension sequence grows polynomially as n*.

For k > 2, let I, be the k x k g matrix and E; = Zi:ll €iit1-

We denote by

Cr=Cp(F) ={aly+ Y  oFEj|a,a; € F} CUT},
1<i<k

the commutative subalgebra of UTj with involution given by

(@l + Y aBE) =al+ Y (-1)'oE}.
1<i<k 1<i<k
We next state the following result characterizing the -identities and the *-codimensions of C, (see [17]).

Lemma 9. Let k > 2. Then
13



1) 1d*(Cx) = ([y1, y2l [y, 2], [21, 22], 21 - - - 25 ) 1>
2) 5 (Ch) = X5 () ~ g2

The following result classifies the subvarieties of the variety generated by F & F.

Theorem 7. [17, 19] Let A € var*(F & F). Then either A ~p« F®F or A ~p« N or A ~7- C® N or
A ~ps Cr @ N, for some k > 2, where N is a nilpotent x-algebra and C' is a commutative algebra with trivial
involution.

Notice that the previous theorem allows us to classify all x-codimension sequences of the x-algebras lying
in the variety generated by F' & F.

Corollary 2. Let A € var*(F & F) be such that var*(A) G var*(F & F). Then there exists ng such that for

Z
all n > ng we must have either ¢ (A) =0 or ¢ (A) = Zk_l (™), for some k > 0.

=0 \;
As a consequence of the previous theorem, we can also classify all x-algebras generating minimal varieties
(see [17] ).

Corollary 3. A x-algebra A € var*(F @ F) generates a minimal variety if and only if A ~p« Cy, for some
k> 2.
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